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MéeBobdoL BeA/onc (Optimization Methods)

F(b)

Gradient-Based Method (M£06o&oL KAiong F)

VS.
Stochastic Methods (Ztoxaotikéc M£Bobdol)

Individual-based Methods (Atopikéc M£Bodol)

Vs.
Population-based Methods (MAnBucpiakég M£Bobol)
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Attiokpatikny BeA/on (Gradient-based Methods)

MéEBobdoc Antotounc KaBodou Steepest Descent Method:

P — —
b new _ b old L I]VF( b of.d.)T
R OF , i
bt = b,‘;ld - n—, t=1,..., N
| | 0b,,
Newton M£Bobot (3, Quasi-Newton) Method):
_>

b new __ E}oid o vQF(?OId)—IVF(E}OId)T

- AKPBNG R MPOOEYYLOTLKOC UTtoAOYLoMOC Tou grad(F). Akpipeta vs. Kootoc.

- 5 duadopetikoi Tpomnot untoAoylopov tou grad(F). KA. mapokdatw

- To BApa n otn M£06oéo tng Anotoung KaBodou. Movadeg? TiuR?

- Newton or Quasi-Newton: MNepi untoAoylopol | npoogyyiong tng Eoowavng (Hessian)

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr



Parallel CFD & Optimization Unit, Lab. Of Thermal Turbomachines, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

Attiokpatikny BeA/on (Gradient-based Methods)
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« Kivduvog eykAwBLOOU O€ TOTILKA aKPOTOTAL.
- TeAwkn/BEAtiotn AVon eapTWEVN ATTO TNV apxLKomoinon.

- To «mav» gival o ultoAoyitopog tov Grad(F).
- AsutepelWV (OAAG OXL ACHOVTOG) ELval O TPOTIOG XPriong Ttou otn BeA/on.
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Important

Working with a gradient-based optimization method not only the objective function
gradients, but the constraint function gradients should be computed too.

ZUYKPLVETE TO ME TO TL KAVETE OTN BEATLOTOMOLNGN LE MEPLOPLOUOUG OTAV XPNOLUOTIOLEITE
pLo otoxootikn pEBodo (A.x. Evav EA): Mwa rtowvr] 6tn cuvapTnon-oTtoxXo €ivat apketn!

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr



Parallel CFD & Optimization Unit, Lab. Of Thermal Turbomachines, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

Possible Ways to Compute (the exact) Grad(F)

*Finite Differences (FD) — Nenepacpévec Aladopeg

*Complex Variable (CV) Method — M£00o60o¢ Zuluywv MetafAntwv

*Direct Differentiation (DD) — EuBeia Aladopion

*Automatic or Algorithmic Differentiation (AD) — Autopatn | AAyoptOuikn Avadaopion
*Adjoint Method (AM) — H Zuluynic M€0oéoc¢

The computation of the gradient of the objective and/or constraint functions is the most
important and costly part of a gradient-based optimization.

Ektog ano tnv akpifeia utoAoyiopov tou gradF, To TILO GNHAVTLKO Eivall OV TO KOGTOG yLo
va Bpeite to gradF eivar avaloyo i avefédptnto tou mMAROouC¢ Ttwv MHeTABARTWV
oxedlaopol N. ZITIC CUYKPLOEL, O UNXOVLKOG mtavia Bewpel otL Oa kPOl va AUoeL Eva
neoBAnpa BeA/ong He MOAAEC peTABANTEC oxeSLOOMOU, SnAadn pe N>>.
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Quasi-Newton Methods (e npooeyylon tou Grad(F))
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*H Newton eiva oAU o ypriyopn aod tnv andtopn kabodo...

e Xpetaletal OpwG Tov uTtoAoyLopo tov Ecgolavol Mntpwou hess(F) tng F
(ouppetpiko untpwo NxN deltepwv napaywywv). Akpipo!!!

*Me tnv Quasi-Newton npooeyyilovtat, avti va untoAoyilovtatl akpBwc ot
deltepeg mapaywyol.

*H npoc£yyion yivetal pe avadpoko tomo, XPnNOoLHOTOoLWVTOG TRV UTTOAOYLOMEVN
kAion (grad F).

*H ouluync nEBodo¢ (R otidbnmote aAAo) xperdletan yia va Bpioketat to grad(F) ko
oo auto va npooeyyileton to hess(F).

*H Quasi-Newton pnEBodoc sivat, yevika, ypriyopn apKei va pnv ipaote moAuv
HaKpLa ano tn BEAtiotn Avon.
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Quasi-Newton Methods (e npooeyylon tou Grad(F))

Fevikn ypodn tov dtavuopatog d10p0wong Twv TIHWV TwV HeETaBAnTwv oxedLlacuov:
Fn. . (Bn)—lv}?(?’n)

F(%n_'_?n) ~ F(?n) g F?I-TVF(??I)

EMBUpNTOC 0 undeviopdc tou grad( F (2™ + P
VF(Z") + V*F(T") p" = 0

7" = — (VF(F") " V(")
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Quasi-Newton Methods (e npooeyylon tou Grad(F))
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vQF(?n-—I—l) (??1-4-1 . ?n) ~ VF(?H—H) o VF(?H)

E> MéEBobdo¢ SR1 (Symmetric Rank One)

(?n . Bn?n) (?’n . Bn?n)T
(Tn _ Bn-?;"n-)T N

Bn—l—l _ Bn 1

E> MéEBodo¢ BFGS (Broyden-Fletcher-Goldfarb-Shanno)
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Quasi-Newton Methods (e npooeyylon tou Grad(F))

'OTou: ?n L ?n—f—l ?n

y" = VEE") - VE(E")

BaoLKO: 0 aVaSPOLKOG TUTIOC TIPETEL VAL SLATNPEL TN CULLUETPLKOTNTO TOU pntpwou!!!!

Bpiokw 1o Ecolavo pntpwo N tov avtictpodo tov (anevBeiog)?

Hn. — (Bn)—
Hn—H — (I— pn—shz—mT)Hn(I pn—>?1—>?1T) + ’On?n?n—T
n 1
P = i
y 5"
?”‘ - —H" VF(_;'”) ... BA. BiBAio padnpatog
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1. Menepaopevec Aladopec — Finite Differences (FD)

oF F(bl. ba. .. .. b; +e..... E?N) — F(bl ba..... b, ..., bN)
()bg €

OF F(bi.ba. ..., b; + €
C)bz 2€

where J is the objective function. The computational cost for computing the derivatives of
the objective function F w.rt. b, (n=1,...,N) scales with N. Solution of 2N (2" order
accuracy) or N (1rst order) systems of ODEs for N sensitivity derivatives! Expensive!

*First-order accuracy, N instead of 2N evaluations per gradient computation.
*Parallelization!

eAccuracy and the role of .
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2. M€Bodoc Miyadikwv MetafAntwv — Complex Variable Method (CV)

FChrgn) = F(B) +3- 9F | 36 j;\ + O (8B)

F(b+ish) = F(B)+ 52 5F | + o (3R)

vea pavt : 'Lea\ﬁ?(mab)} TJOIET
waq pavt 1 lwa [FCMLSQ]: Sb é&%\b

OF | i?ﬂﬂg(F(bi . iE) ) *N evalu.atlo.ns per gradient computation.
_ — hm *Parallelization!
!’jbi e—0 € *Accuracy and the role of ¢.
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2. MeBobdoc Myadikwv MetapAntwv — Complex Variable Method (CV)

Entidelén oc éva anAo napddeypa He yvwotn avaAutikni Avon:

IF
: 5 oy : - % — 2b1 '—4b2
F(bl, ])2) = (JI == 3()_) — —lblbg ('?Fl’
dbz 123)2 —1()1
o 3{1_(1_,2) = —6

(b1,bo) = (1,2)

—

OF (1 9) = 99

—
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2. MeBobdoc Myadikwv MetapAntwv — Complex Variable Method (CV)

program demo_complex_variables
implicit double precision (a-h,o-z)

double complex F.x.v

Kwdwkacg CV:

F(x,y) = x**2 + 3.d0xy*x4 -4.d0*x*y
epsilon = 1.d-30

bl = 1.d0

b2 = 2.d0

x=b1%(1.d0,0.d0)+epsilon*(0.d0,1.d0)

y=b2#(1.d0,0.d0)
dFdbl = imag(F(x,y))/epsilon
x=b1*(1.d0,0.d40)

y=b2%(1.d0,0.d0)+epsilon*(0.d0,1.d0)

dFdb2 = imag(F(x,y))/epsilon

write(*,*x)’ Computed dF/dbl = ’,dFdbl
write(*,*)’ Computed dF/db2 = ’,dFdb2
end

2e onowdAnote yAwooo
npoypopupatiopoy, ot AINAHZ
AKPIBEIA METABAHTEZ eivau
ANAPAITHTE2

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr 15
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2. MeBobdoc Myadikwv MetapAntwv — Complex Variable Method (CV)

Evw o kwdika o€ Nenepaocpuéveg Atadopeg Oa Rrav:

program demo_central_diff

2e  omowdnAmnote yAwooo

implicit double precision (a-h,o0-z)

nPoypappatiopov, ot AIMNAHZ

F(x,y) = x**2 + 3.d0*y**4 -4.d0xx*y

epsilon = 1.d-30
bl = 1.40
b2 = 2.40

AKPIBEIA METABAHTEZ eivow
ANAPAITHTEZ

dFdb1l = (F(bl+epsilon,b2)-F(bl-epsilon,b2))*.5d0/epsilon
dFdb2 = (F(bl,b2+epsilon)-F(bl,b2-epsilon))*.5d0/epsilon

write(*,*)’ Computed dF/dbil
write(*,*)’ Computed dF/db2
end

K.C. Giannakoglou,

= 7 dFdbi
= 7 dFdb2

Professor NTUA, kgianna@mail.ntua.gr
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2. MeBobdoc Myadikwv MetapAntwv — Complex Variable Method (CV)

Parallel CFD & Optimization Unit, Lab. Of Thermal Turbomachines, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

€ C)F/db1 (}F/()bg
102 | -6.000000000000000 | 92.000000000000000
10720 || -6.000000000000000 | 92.000000000000000
10~ || -6.000000000000000 | 91.999999999999986
10719 -6.000000000000000 | 92.000000000000000
1075 || -6.000000000000000 | 91.999999997G00000
€ OF /0b, OF /by
10739 11 0.000000000000000 | 0.000000000000000
10720 | 0.000000000000000 | 0.000000000000000
1071 || -7.105427357601001 | 92.370555648813010
10719 || -5.999964969305438 | 92.000007612114132
10=° || -6.000000000128124 | 92.000000003267232

Napatnpiote noco
avaioOnteg eiva oL
nopaywyot oo tn pEbodo CV,
o€ avtiBeon e QUTEC MO TN
pnéBodo FD

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr
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3. MebBobdoc Eubelac Atadoplong — Direct Differentiation Method (DD)

Oa nopovolactel tavtoxpova e tn cvluyn pEodo...

Oa gival Opw¢ Ko avth pa HEBodog mou To KOGTOC yLoL TOV UTIOAOYLOMO
tou GradF eiva avaAoyo tou nAnOou¢ twv petaBAntwyv oxedroaopou N,
onw; ZuvERatve Kat Pe TG U0 nponyoupeveg pebodouc (FD kan CV).

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr
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4. AAyoplBukn N Autopatn Atadopion — Automatic Differentiation (AD)
Adsetnpia:

Kwdikag AvaAuong tou npoBARHATOC

3 o€ Mnyaio Mopdn.
b ‘ Fpappévog oe Fortran 77/90
N ANSI C++.
ZKOTOG:

Méow TNG aAUTONATNG EMEEPYAOLOC TOU TIAPATIAVW AOYLOMULKOU ME TO AOYLOMLKO AD va
napoxOel Evac véog kwdikag, otnv idla Y\wooa, 0 ornoiog EKTOC ano 0oa EKAVE O
PONYOUEVOC va Sivel eMUTAEOV Kal TG TTapoywyoug TG cuvaptnong F wg mpog Tig
eAeVOepeg petafAntec.

KaAod, aAAd SouAevel mavta; Eival t0oo autopoto 600 AEEL TO OVOMA TOV;

Mov Bpioketatl auto to Aoylopiko; ExeL KOGTOC;

Mouwa eival ta petovektpata tou (Aev propei!! Oa xel!!)

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr 19
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4. AAyoplBukn N Autopatn Atadopion — Automatic Differentiation (AD)

Avo onpavtika dtadopetikol tpomnol va yivetan n AD:
EvBeia AA ) Avtictpodn AA
Forward AD n Reverse AD
YBpLdikn AA
Hybrid AD

2uoystion: Awokpuen Zuluync M£0odoc / Discrete Adjoint Method kaiw DD
(O To KataAdPete apyotepa, OTOV YVWPLOETE AUTEC TIC HEBAdouc!)

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr
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4. AAyoplBukn N Autopatn Atadoplon — Automatic Differentiation (AD)

Ny ey
Ve
APOrMHOEY S .
%
1311“\!??0 1)

Awadoxn teAéoewv Kata tnv VUAomoinon tng aéloAdoynong:

Ave&aptnteg
MetaBAnteg
s .
bN+l — ]( N+1 (bl. 5w uy bN)
EvéiLapeoeg bnio = faso (b1, ..., bni1)
E§aptnpéveg <
MetafAntég

\ byn, — m (bl-« LI b‘”l-—l)

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr
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4. AAyoplBukn N Autopatn Atadoplon — Automatic Differentiation (AD)

EvOBeia AA — Forward AD:

bva = fapa (bay .o, by )
N .
‘ d fN—H —_
l, 41 = — )
V IN-H — P bi €
bN+2 = fN+Q ([)1 ..... I)N +1)
N :
Ofwir—s  Ofw
l),. T = . 2 4 - [) il
Vs 2 o ©F Tt Db |
bm — fm (bl ----- bm—l)
N D) ][ m—1 9 f
i=1 i=N+1
F=b,
Vif = Yoy,

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr

Me damavn apKETNG

pvrpng!!!
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4. AAyoplBukn N Autopatn Atadoplon — Automatic Differentiation (AD)

EuOsia AA — Forward AD — MAPAAEITMA: b5 — bl
Vb,r; = ?1
bg = bob:
F =bybybsby o
Vbﬁ - b5 e 2+b2vb5
R — R
1)7 — bgl)g
Evoiapeoec E€aptnueveg MetaBAntec: Vb'y _ 1)6?3 _|_b3v b6

135 — f5 (bl, bQ, bg, 134) :bl b8 — b4 bT

be = [f6 (b1, ba, b3, by, bs) = bal ‘

56 = Jo (b1, b2, b3, by, bs) = babs Vbe = 1)7?4+174Vb7
b?' == f7 (bh bg, bg, 134, b5, b@) :bgbﬁ

bg = f7 (bl, bg, bg, 134, b5, b@, b?’):bJ:bT F - b8

F = b VF = Vig

K.C. Giannakoglou, Prdfessor NTUA, kgianna@mail.ntua.gr
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4. AAyoplBukn N Autopatn Atadoplon — Automatic Differentiation (AD)

Avtictpodn AA — Reverse AD:

7 db m -

Opifovrat: bi = Y (i: N+1,....m) E€ oplopou: l}m =1
)b,

YnoAoyilovtadt:

B m 0b (,) f T () f, . )
b= it b b=t i=N+1,...,m—1
; ; b, b, ; g 1 L T T

E€aptnpéveg MetaAnteg

B e (,)b (,)f . e () f . )
b= mOi N 520 =1, N
=2 ob; b, Z g 0 =L

j=N+1 j=N+ Aveéaptnteg MetaBAntég

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr
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4. AAyoplBukn N Autopatn Atadoplon — Automatic Differentiation (AD)

\ A <EY
Ve
APOrMHOEY S .
%
1311“\!??0 1)

Avtictpodn AA — Reverse AD:

b = fi(by,....biq) . 1=N+1,....m
1. Npog ta Eunpo¢ (kavovikn) Zapwon: - .

b, =0. i1=1,....m—1

bm.. =1

do j =m, N + 1@

doi=1,7—1
. Of
b — b+ b2
); = 0; o0,
enddo

enddo

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr 25
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4. AAyoplBukn N Autopatn Atadoplon — Automatic Differentiation (AD)

Avtictpodn AA — Reverse AD- Napadslypa:

Evéiapeoec E€aptnuévec MetaBAntéc:
b4 = ](4 (bl. bQ. b;},) = bl
bs = f5 (b1, ba, bs, by)=boby

F — bl bg b3

fs _

= 3 g b = fo (b1, by, by, by, by)=b3bs
s R° — R 6 = Jo6 (D1. D2, b3, by, bs) = bsb:
dfe dfe - Ofe F = bg
5= Dbp O~ b —
I df(» ()f(, ()fﬁ ()f = ()f() —i—l S f i))lf} _ i))[](} _ d)’fz
4= Bbg Ob,  Obs Ob;  CObs > ob, g e Oby

_ OfeOfs 0fs0fs 010ty g Ofs g 0fs T O

3= Db Oby | Obs Obs by Oy S0y " b 4()1)3
Ofs Ofs Ofs0fs Ofs0 0

~_ 9 fo+ fe f.+ fe f4—16 f6+[ dfs s dfy

0[)6 ObQ f)bg; 01)2 0[)4 0[)2 ()1)2 ()bg ()Z)Q

s Ofe O fg +0f'e Ofs +c')f's 0.1‘4_ ; dfe 1% Ofs 13 Ofy
Dbs Dby | Obs Ob1 | Obs by 0k T S ab, | Yok,

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr 26




Parallel CFD & Optimization Unit, Lab. Of Thermal Turbomachines, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

4. AAyoplBukn N Autopatn Atadoplon — Automatic Differentiation (AD)

l_)(,El l_)r;:() 54:() Z)g:O [_)2:() l_)lz()

' 0 f6 ) fo A fo 3 fo 9 fs
f() :bSbS C f() —} C f() 0. C f(, . C f() 0 ( f() _0

8bs 27 b, ' Obs P’ @b, ' 0b
AVTiCTpOd)n AA T)5 —_— [)3 5 T)_l —_ () \ 7)3 —_— b5 ) T)Q — () y l_)l —_ ()
— Reverse AD- . . 9 b 0 9
3 _ Ofy Js 5 Js
NapdSewypa: J5="baby 0y, 2=0, —=2=p,, —=2=0
SPESEES Oby 20 Obs ' Oby X b
7)4 — bQ 1)3 \ l_)g — l)5 ) Z_)Q — l)g b4 ) Z)l =0
Ofs dfy df
W = Oa_o Oa_, Oh_,
) 9} b;g 0 bQ b 1
bs=bs , by=bgby , by=bobs

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr 27



Parallel CFD & Optimization Unit, Lab. Of Thermal Turbomachines, School of Mechanical Engineering, NTUA (PCOpt/NTUA)
4. AAyoplBukn N Autopatn Atadopion — Automatic Differentiation (AD)

Avtictpodn AA — Reverse AD- MNapadsypa:

TeAwkn ZuvaBpoion Opwv Mpog ta Eunpoc:

by = by

Vb, = ¢
by, = boby

Vbs = by € 9+byVby=bs € q4+by ey
bg = b3bs

Vbg = 235?3+Z)3Vb5:215?3+bgb4?2+bgbg?1

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr
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4. AAyoplBukn N Autopatn Atadopion — Automatic Differentiation (AD)

Software:

ADIFOR (Automatic Differentiation of Fortran)

AMC (Tangent linear and Adjoint Model Compiler}

TAF (Transformation of Algorithms in Fortran)

DAFOR (Differential Algebraic Extension of Fortran)
GRESS (Gradient--Enhanced Software System)

Odyssee

TAPENADE

ADO1

ADOL-F (Automatic Differentiation of FORTRAN Codes)
IMAS (Integrated Modeling and Analysis System)
OPTIMA90

ADIC (Automatic Differentiation of C Programs)
ADOL-C (Automatic Differentiation of Algorithms written in C/C++)
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4. AD — Using TAPENADE (o€ Forward Mode)

C
C
C

Generated by TAPENADE (INRIA, Tropics team)
Differentiation of ff in forward (tangent) mode:

SUBROUTINE FF_D(x1, x1d, x2, x2d, x3, x3d, f1, f1d, f2, f2d)
IMPLICIT NONE
DOUBLE PRECISION x1, x2, x3, x1d, x2d, x3d, f1, f2, f1d, f2d

fid = x1d + x2d + x3d

fl=x1+x2+x3
f2d = (x1d*x2+x1*x2d)*x3 + x1*x2*x3d
f2 = x1*x2*x3

RETURN
END

subroutine ff(x1,x2,x3,f1,f2)
implicit double precision(a-h,0-z)
f1 = x1+x2+x3

f2 = x1*x2*x3

return

end
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4. AD — Using TAPENADE (o€ Forward Mode)

C Generated by TAPENADE (INRIA, Tropics team)
C Differentiation of ff in forward (tangent) mode:

C
SUBROUTINE FF_D(x1, x1d, x2, x2d, x3, x3d, f1, f1d, f2, f2d)
IMPLICIT NONE
DOUBLE PRECISION x1, x2, x3, x1d, x2d, x3d, f1, f2, f1d, f2d

C
fld = x1d + x2d + x3d : . .
£ = Xi( s xz)i 3 X H poutiva Ba kAnBei tooec popEC 000 TO
f2d = (x1d*x2+x1*x2d)*x3 + x1*x2*x3d niAnBog twv petaAntwv oxedlaopou (edw
f2 = x1*x2*x3 3: x1, x2, x3). KOs kAnon yivetal pe:

C (x1d,x2d,x3d)=(1,0,0),(0,1,0) kot (0,0,1)
RETURN

2e KAOE pa ano auTeG TLC KAQOELG
uTrtoAoyilovtal oL mapAaywyoL OAWV Twv
ouvaptioswv (edw fl ko f2) wg po¢ tnv
avtiotowyn petaPBAntn nmou deixvel n «1»

END

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr 31



Parallel CFD & Optimization Unit, Lab. Of Thermal Turbomachines, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

4. AD — Using TAPENADE (o€ Reverse Mode)

C

Generated by TAPENADE (INRIA, Tropics team)

C Differentiation of ff in reverse(adjoint) mode:

C

SUBROUTINE FF_B(x1, x1b, x2, x2b, x3, x3b, f1, f1b, f2, f2b)
IMPLICIT NONE

DOUBLE PRECISION x1, x2, x3, x1b, x2b, x3b, f1, f2, f1b, f2b
x1b = f1b + x3*x2*f2b

x2b = f1b + x3*x1*f2b

x3b =flb + x1*x2*f2b
flb = 0.DO
f2b =0.D0

RETURN
END

subroutine ff(x1,x2,x3,f1,f2)
implicit double precision(a-h,0-z)
f1 = x1+x2+x3

f2 = x1*x2*x3

return

end
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4. AD — Using TAPENADE (o€ Reverse Mode)

C

Generated by TAPENADE

(INRIA, Tropics team)

C Differentiation of ff in reverse(adjoint) mode:

C

SUBROUTINE FF_B(x1, x1b, x2, x2b, x3, x3b, f1, f1b, f2, f2b)

IMPLICIT NONE

DOUBLE PRECISION x1, x2, x3, x1b, x2b, x3b, f1, f2, f1b, f2b

x1b = f1b + x3*x2*f2b
x2b = f1b + x3*x1*f2b
x3b = flb + x1*x2*f2b
f1b = 0.DO
f2b =0.D0

RETURN
END

H poutiva Oa kAnBei t0oeg popég 600 TO
nAN0o¢ Twv cuUVAPTHOEWV TIOU
napoywyilovral (edw 2: f1, f2). KaBe kAnon
yivetou pe: (f1b,f2b)=(1,0) kaw (0,1)

2e KAOE pLa ano aUTEC TG KAQOELS
umtoAoyilovtal oL moeAywyoL Tng
ouvaptnong mou deixvel n «1»

WG TTPOC OAEC TIC petafAnteg (x1,x2,x3).
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4. AD — Using TAPENADE (o€ Forward Mode) — C Code

void ff_d(double x1, double x1d, double x2, double x2d, double x3, double x3d, double *f1,
double *f1d, double *f2, double *f2d)  //function produced by TAPENADE - forward

(tangent) mode

{ #include <stdio.h>
/* Generated by TAPENADE (INRIA, Ecuador team)

Tapenade 3.16 (develop) - 3 Jan 2023 19:02 void ff(double x1, double x2, double x3, double* f1,
. double* f2) //functions to be differentiated
/* {

*f1=x1+x2+x3; //1stfunction

Differentiation of ff in forward (tangent) mode:
*f2 =x1 *x2 *x3; //2nd function

variations of useful results: *f1 *f2
with respect to varying inputs: x1 x2 x3 }

RW status of diff variables: f1:(loc) *f1:out f2:(loc) *f2:out
x1:in x2:in x3:in  Plus diff mem management of: f1:in f2:in
*/
Acgite 0dnyiec ota
*f1d = x1d + x2d + x3d; nponvoﬁueva slides

*f1 =x1+x2 + x3; |
: napadewyua Fortran
*f2d = x3*(x2*x1d+x1*x2d) + x1*x2*x3d; (rap YH )

*f2 = x1*x2*x3;
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4. AD — Using TAPENADE (o€ Reverse Mode) — C Code

void ff_b(double x1, double *x1b, double x2, double *x2b, double x3, double *x3b, double
*f1, double *f1b, double *f2, double *f2b) //function produced by TAPENADE - reverse
(adjoint) mode

{

/* Acite obnyiec ota
Differentiation of ff in reverse (adjoint) mode: nponyoUueva slides
gradient  of useful results: *f1 *f2 (rap&detypa Fortran)

with respect to varying inputs: *f1 *f2 x1 x2 x3
RW status of diff variables: f1:(loc) *f1:in-out f2:(loc) *f2:in-out
x1:out x2:out x3:out

Plus diff mem management of: f1:in f2:in #include <stdio.h>

*/
*x1b = x2*x3*(*f2b) + *f1b; void ff(double x1, double x2, double x3, double* f1,
*x2b = x1*x3*(*f2b) + *f1b; double* f2) //functions to be differentiated
*x3b = x1*x2*(*f2b) + *flb; {
*f2b = 0.0; *f1=x1+x2+x3; //1stfunction
*flb = 0.0; *f2 =x1 *x2 *x3; //2nd function

} }
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4. AD — Using TAPENADE (Main) — C Code — Part 1

int main()
{
inti;
double x1,x2,x3;
double f1,f2,f1d,f2d,f1b,f2b;
double x1b,x2b,x3b;

//point where the derivatives are calculated

x1=2.0;
x2=3.0;
x3=1.0;

printf("Computation of the derivatives of the functions f1 =x1 + x2 + x3 and f2 =
x1*¥x2*x3 w.r.t. x1,x2,x3\n");
printf("at x1 = %f, x2 = %f, x3 = %f \n\n",x1,x2,x3);

ff(x1, x2, x3, &f1, &f2);
printf("f1 = %f \n",f1);
printf("f2 = %f \n",f2);
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4. AD — Using TAPENADE (Main) — C Code — Part 2

printf("\nAnalytical Differentiation:\n");
printf("f1_x1 = %f, f1_x2 = %f, f1_x3 = %f\n",1.0,1.0,1.0);
printf("f2_x1 = %f, f2_x2 = %f, f2_x3 = %f\n",x2*x3, x1*x3, x1*x2);

printf("\nForward (tangent) AD:\n");

ff d(x1, 1.0, x2, 0.0, x3, 0.0, &f1, &f1d, &F2, &f2d);
printf("f1_x1 = %f\tf2_x1 = %f\n",f1d,f2d);
ff_d(x1, 0.0, x2, 1.0, x3, 0.0, &f1, &f1d, &f2, &f2d);
printf("f1_x2 = %f,\tf2_x2 = %f\n",f1d,f2d);
ff_d(x1,0.0,x2,0.0,x3, 1.0, &f1, &f1d, &f2, &f2d);
printf("f1_x3 = %f \tf2_x3 = %f\n",f1d,f2d);
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4. AD — Using TAPENADE (Main) — C Code — Part 3

printf("\nReverse (adjoint) AD:\n");

filb =1.0;

f2b =0.0;

ff_b(x1, &x1b, x2, &x2b, x3, &x3b, &f1, &flb, &f2, &f2b);
printf("f1_x1 = %f,\tf1_x2 = %f\tf1_x3 = %f\n",x1b,x2b,x3b);
fib =0.0;

f2b=1.0;

ff_b(x1, &x1b, x2, &x2b, x3, &x3b, &f1, &flb, &f2, &f2b);
printf("f2_x1 = %f,\tf2_x2 = %f,\tf2_x3 = %f\n",x1b,x2b,x3b);

return O;
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4. AAyoplBukn N Autopatn Atadopion — Automatic Differentiation (AD)
Zovoyn:

Av B£Aete va Xxpnoronotoste AD npEmel o KWSLKAG oag va Elvoll 0€ pLoL ortd TG YAWOOEC
TPOYPOLUUATIONOU TLG ontoiec utootnpilel n AD. Mniopei va anattnOei avadounon
ONMOVTILKOU TUAHNOTOG TOU AOYLOHLKOU oag 1ov Sev gival «apectd» oto AoyLlopko AD.

To npoiov/amnotéAeopa TG AD aVAaMEVETOL VOL EXEL LEYAAEC OITOULTOELG MVAMNG ( Yia KWOLKEC
Ax mou AUvouv puoikd tpoPARpaTa, EMAVOANTITIKA, AX Evac eMIAUTNC €€LOWOEWV PONG KAT).
Xpnowornoteiote AD o€ forward mode av dtadopilete o MOAAEC cuVOPTAOELS WG TTILO AlYEC
HETABANTEG oXeSLOOHOU (0L KAROELG 0TO AOYLOMLKO €lvallooeg oL peTaPAntég oxedlaopmo).
Eivaw w¢ va epappdlete Direct Differentiation (EuBeia Aladopion).

Xpnowonoteiote AD oc reverse mode av dtadopilete o Aiyec cuvapTAOELS WG TILO TLIOAAEC
HeTaBANTEG oxeblaopol (KAROELS 00EC oL cuvaptioeLg tov dtadopifovran). Eivat wg va
epappolete tn Zuluyn (Adjoint) M€Boébo.

ZUVIOTWHEVO dwpedv Aoylopko yia e€dptnon to TAPENADE ano tnv INRIA (FTaAAia).
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3. MéBobdoc EubBeiac Atadoplonc — Direct Differentiation Method (DD)

Eva 1A apadsiypa Kartavononc: AX
&>
o—e @ @
o L= =2
o

e .'}‘__1-‘:
1 +'b1L + b, W= =0

1o FEX < i
coiaudy ew@vkes ¢ V(@)=1 , B(1)=>
*Eivat mpOBANpa YpOHUKO 1 1UN-YPOLUHIKO;

*[ati £xeL oplakég ouvOnKeg Ko ota SUO AKpa;
*H apOuntkn tov enidvon B€AeL emavaAP el | popet va AVOEel «pe Tn pio»;

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr

40



Parallel CFD & Optimization Unit, Lab. Of Thermal Turbomachines, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

3. MéBobdoc EubBeiac Atadoplonc — Direct Differentiation Method (DD)

Npwtevov MpoBAnua: Atakpirtonoinon tov xweiov (Ypappng) e N loaméXovtec KOUBOUG

DK
&—>
Oy ———& 7 7/ 7] 2,

‘L:-.j_ L—:Z L:l.(

Awakprromnoinon tng ZAE pe Nenepacpéveg Atadopég (Mpappikonoinon!!!)

o Mo 2¢l<kA:
& L=4: N €W
NEw NEW OLD Né&EW —
_ N&W VvV, =
Ub'fd. 22U + UL_‘L +bU ¥ b—u..'v— _5 =¢ 4 j_
QN> :
< & L=K v_Nem
. e oy =
n Lm_xilvuﬂ “'["Dr‘rb U“L i ‘““ll} = [ﬂf":l V=D i
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3. MéBobdoc EubBeiac Atadoplonc — Direct Differentiation Method (DD)

Npwtevov MpdBAnua: Atakptrtontoinon He tn AéAta Alatinwon

MO old ) Q.
2 o\d 2
ol Byt o old
dxg_ 4 2
) | Y old ohi*
dov 4+ b, &V + 2&:)2”13”°HAU =b- P b(v S
dxZ -
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3. MéBobdoc EubBeiac Atadoplonc — Direct Differentiation Method (DD)

Npwtevov MpdBAnua: Atakptrtontoinon He tn AéAta Alatinwon

- old 92 -i—— ) 4
[i—x;k& ﬂi’rf[%‘)rz});{ B Aﬁl ik LM %Am .

old old _qeld 3 4%
anl UL+\"2"}5L + Ui\ __bqv-‘i\ _ EQ_VLO
iy g
ZupBoAilovtag:
A, = ‘\/AXZ
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3. MéBobdoc EubBeiac Atadoplonc — Direct Differentiation Method (DD)

Npwtevov MpdoBAnua: Awakpirtonoinon pe tn AéAta Awatuniwon (ov N=6 koppot)

94
&

Xa | A

)| & |[EX
x| By A
| &8s

e
a.

o
a—

AV

AV,
Vg
&\
AND/A

— o=

I

—

—
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3. MéBobdoc EubBeiac Atadoplonc — Direct Differentiation Method (DD)

Xpnon: Eotw n (npog eAaxiotonoinon) cuvaptnon KOOTOUG

< 1 1<
F=(veddn = Z:iv‘ A% (or B%/2)
o g

Oa sivat
SF SV o évl. A% SF _ g 1% A ';J__L —— SN
5b4 Sggb - %— Sbi ‘ 5b2 5b ’ =4 Sby

Onorte xperafovran ta nedia twv 6v/6b, kat &v/éb,.
BeA/on pe tn nEB0SO TG anotoung KaBodou (steepest descent method):

NEW olLD oL oD

= b
By, 2 By, - gb 5, Cor 2 )
New | ouw SF oL.D OL-D
‘Dz - bz o (
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3. MebBobdoc Eubelac Atadoplong — Direct Differentiation Method (DD)

ciz Eu N
= "‘ll?" = O
d'x."' ij_) o v+ b.’.l. Sb_i - 213 5]‘:1
Npwtn ZAE: 6o PEX<d

D?mu“é‘i E”"%""""Eﬁ ?C.;Ei : )'-=@ ) ﬂ:: (‘l):

5 3 2 ap .
o 1 Ry, B b, S8

AgUtepn ZAE:

Bt DeR<d

OPlABEl GNTNVES - %;@.):cb S 5% Y () =&

DD otn ouvexn/continuous ek6oxn Tou:
MNpéneL va AuBouv N g§iowoelg DD. Zupdépey;
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5. H 2uluync Mebodoc — Adjoint Method

Continuous Adjoint Method:

1. Differentiate the primal equations (PDEs). Derive adjoint equations in the form of PDEs.
2. Discretize & solve the primal and adjoint equations (PDEs).

Discrete Adjoint Method:

1. Discretize the primal equations (PDEs) and differentiate them in discrete form.

2. Derive the adjoint equations in discrete form (linear system) and solve them.

Adjoint is the art of computing the derivatives of J (or F) w.r.t. b, (n=1,...,N) without first
computing the fields of the derivatives of the primal variables w.r.t. b_.. The adjoint
method makes the cost of computing the gradient of J independent of N!
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Eloaywyn otn Awakpurr) 2uluyny MeBobo — Discrete Adjoint Method

Ny ey
Ve
APOrMHOEY S .
?
qﬁI!JH\!M?O 1)

Objective Function: Minimize

F=FT,7%)

or
F=FU($),7)

Constraint: Subject to

B -_TT. T~

or

B = BUOELT) =0
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E¢nynoeic yia tic E€aptnoelg
- =

F=FT(),7)

£

- %?.P?&ds M@ (vaNDao;
2

KaTa pakos
c:\ec? oTo w1 =
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Eloaywyn otn Awakpurr) 2uluyny MeBobo — Discrete Adjoint Method

5F 8F  8FsU

- 4 . F:Fﬁb,b
T " o7 " omsp (e (LB B)

subjectto 0K OR  OROU

- 4 0 (since 7?) =

Or, compute

IMPORTANT: Total vs. Partial Derivatives:
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Eloaywyn otn Awakpurr) 2uluyny MeBobo — Discrete Adjoint Method

5F  8F  OF U

Tu «kpUPEWL» TO: — = — + —
55 96 8UGb

SF  oF [T 11 OF 11
5v ' eb «N- o0 — K -

T Av umOUME OTOovV KOMo (ouoLaoTliKA OTo KOOTOG) va
UTtOAOYIOOUME TG METOPOAEC TWV TPWTEUOUCWV
HETABANTWV WCE POG TG peTaPANTEG oxedlaopov (6nA. to
aplotepd KXN pntpwo) tote kavoupue EuBeia Awadopion

gil’

_ K
ﬁ - (DD) kot TO UTIOAOYLOTIKO KOOTOC €ival avaAoyo Ttou
nAnOouc¢ N twv petaBAntwv oxedtaopov.
il Auto Oa anodpuyouue pe tn Zuluyn MEBodo

—N —
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Elcaywyn otn Awakpuer 2uluyn MeBobo — Discrete Adjoint Method

‘Eva oAU anAo napAdelypa yia To TL MITopPEL va ivol ta:

OF

=
o b

af | -] | oF
gy +N-— T — K -
=g % pds ——Z_'P AS;
o awfeil
> Ty =S,
aU 5\’3)\

re (ASA

= 2P

ab
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Eloaywyn otn Awakpurr) 2uluyny MeBobo — Discrete Adjoint Method
ALEUKPLVAOELG YLOL TO TL

«KPUBEL» TO UNTPWO:
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2D Flow Problem,
3469 nodes, 6787 triangles
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®

k=3469x3 ywa 2A acupmnicotn pon, | kK=3469x4 ywa 2A GUMTLECTN

pon (Tt yivetan av 3A7?). NMoieg ot (mpwtevovoec) HetaBAnTeEC POon¢
Kotd epintwon; Tpomnog anoBrikevong oto U?
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Eloaywyn otn Awakpurr) 2uluyny MeBobo — Discrete Adjoint Method

B OB dﬁa_?

= — +
55 ot oUsb

Tu «kpUBEW TO:

5B OR B : - OR _ A K
55 88 | | av

+—N — — K —

A= lakwplavi opilovoa (Jacobian) twv utoAoinwv
TWV TIPWTEVOUOWV EELOWOEWV
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Eloaywyn otn Awakpurr) 2uluyny MeBobo — Discrete Adjoint Method

Movu éxouvpue Eavadel tnv lakwBravn opifovca (A):

Solve the state/primal equations ﬁ(ﬁ) = if}

through an iterative method (linearization, delta formulation ...)

ﬁ(ﬁn—l—l) — 0

B@) - B + OB @ Ty = B + AT

ol |3
o AT = ~BO™) B - T4 AT

Numerics Physics
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Mwc Ba to AUvaype pe to DD?

. S sE  0R _ 0RsU
(1) EmiAvon twv N e§iowoewv DD, ano tnv — = ‘__; J ?
db d b 0b

dnAadn twv
E‘)ﬁdﬁ ) E)E’}. ik 1t 0
au 6 PY 4

(1) Avtikatdotaon: R K .
Fo_ar | oF 6T . HEH, -~
o0 o0 o b L T +N — «N —

Eivan pua cupnayng popdn mapouvciaonc N
OVEEAPTNTWV YPOLULULKWY CUCTNUATWV KxK
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Eloaywyn otn Awakpurr) 2uluyny MeBobo — Discrete Adjoint Method

YrtevOouion Itoxou:

Na anodpUyoupe To KOOGTOG UNMOAOYLOMOU TWV UETABOAWYV
TWV MPWTEVOUOWV METABANTWV WG MPOC TG UETAPBANTEC
oxedlaopou (6nA. to de€id KXN pntpwo), dnA. va pnv
kavoupue EuBeia Aladopion (DD). Autd yivetor MpeE TN
Zuluyn MéEBodo (Adjoint Method), eite otn Slakplti
(discrete adjoint) eite otn ouvexn (continuous adjoint)
ekdoxn tng. .. 1
+—N —

=B
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Discrete Adjoint

5B 0B | oRoU 5T _(az_ﬁ)l i

= - = 0=

)b db db db 9] oU db
; 8 T /4 Field Adjoint
Opilovpe: i dﬁ = E?T = dﬁ @} — (C)F) Equations (FAE) in
dﬁ dﬁ ﬁ ﬁ discrete form

Sensitivity Derivatives (SD) —_; = = = v ——F
d b db
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H Atakputr) 2uluyng MeBoboc — Discrete Adjoint Method

EvaAlaktikda: H Atakpur) Zuluyng M€Bodocg av ypadei os popdn petaBoAwv (variations)
avti ntapaywywv (derivatives)

aJ a.J OR OR
0] = —= oU + —= db SR = —= 6U + —= b= 0
U db U db
aJ _.0R\ _. [(8J _.0R
5Jaug — —— ‘IJ — 6U —|— E——— l]:1 5b
G140 au ab ab
oR]" . 81" aJ .. 0R  OF
—| ¥ = {_—o} — =V — 4+ —
U U db ab ab

Field Adjoint Equations (FAE) Sensitivity Derivatives (SD)

in discrete form
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Discrete Adjoint

Awatuniwon tng Atakpttic Zuluyoug MeBodou pe aAAo Ttpomo:

Augmented Objective Function [ =~ = F — @}Tﬁ = -
or Lagrangean: 0 b o b

0 OB SU
i

0T 0T

= T s T ==

6Fm, OF  OF U 37

OFug _ OF _ —0R . (9F =7 0R ) 0T
5T o o5 \oU o | 6
\ | j
| |

SF _ oF 39k | (0B 5 _ (aF)T
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Efli%

Vo

"

vP¢opos

POMHOEY

>

il
n

Understanding the Discrete Adjoint Equation

T
) 5

#) ¥ 7

— K — 1 1
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Understanding the Discrete Adjoint Equation

Ny ey
Ve
APOrMHOEY S .
?
qﬁI!JH\!M?O 1)

g A @}Taﬁ SF — [ -TT & + 98 5T
_ g _
T
S il K s 71 N
R = — K — TN i
i
[}
I <N — ]
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The Adjoint-Based Optimization Loop

REANEIG

GG W

Define design variables b,,

\ 4

ﬂI

Solve flow equations —» U

|}

- Kéotog: Mia Movada Xpovou (Time Unit)

Compute J

'

Solve adjoint equations - ¥

- Kootog: (nepimouv aAAn) Mua Movada Xpovou

l

Compute §//6b,, (U, V)

% i A
\J“"?‘?a
2 e Il ¢
. H T
A

Me tn Zuluyn M£0060, To UMTOAOYLOTLKO KOGTOG ava

Update design variables

KUKAO BeAtiotonoinong (optimization cycle) eivou 2

A

povadeg xpovou, ANEZEAPTHTQZ TOY NMAHOOYZ N

Update grid

TQN METABAHTQN 2XEAIAZMOY
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Awakpttn 2uluync MeBoboc— Discrete Adjoint

Ito 1610 1A mapadelypa Kortavononc ue to DD:

OW“ +bL°~1—b‘\} B>
dAx>

6o @Fexs4
@?iﬂuéﬁ cuvbwnkec ¢ v(@)=1, ¥(1)=>

AkoAouOei napadsiypa pe 6 koppouc (Ax=0.2 av L=1)
U =20+ Up-—g.

o - 3
Ry = Usi=e Ri= KUy + b Ui+ b U KU K\t =5
‘l.I .
IRG = Ug,-?)=§25. whore l»<.=§q_
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Awakpttn 2uluync MeBoboc— Discrete Adjoint

210 610 1A napadsypa katoavonong pe to DD:
Zuvaptnon otoxog oe dakpity popdn:

ORIECTIVE FUNCTION ©

5
F= \Udw= &y + Z van+ 3

Ve
o =2
_rf)i — AN
>0 AX Gm. 2&«LEH
OF _DF . AX
U, 12l —

oF OF DF_ _
= [Qﬁ ;zsl Siuce Bb‘babﬂﬂgzs
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Awakpttn 2uluync MeBoboc— Discrete Adjoint

Ito 1610 1A mapadelypa Kortavononc ue to DD:

Ry= KUy + bUi+ b, U 9Ky + K Vi =5 +cb

A
whote :E"-
PR _
B'Ul:‘i | TC PROBIEM: .
STA G /.P\a’iz\xA
oR; il Al s~ FiaWy @
= l:>1+ ZlozUI‘ "ZK K| Ba| K AV, ~Rs
oV k| Ha| K o [ rs®
mray AT, i
aﬁzl K [ pg| K OUg —R?";d
= 4,
OVUja 1 & i
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| T
) 3

ﬁ

- (@)

e

oY AT LT) =(IZ}"E)T

A -

il

DU/
Ax(2 |
DA
INK
DX
it 4

| A2
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Awakpttn 2uluync MeBoboc— Discrete Adjoint

Ito 1610 1A mapadelypa Kortavononc ue to DD:

Ri= KUi-y +bUi baU 9K Uy + K VUi~ 5% o Mapaywyot Evaiodnoiag
e wedn oF _ of/_ groR
0 b 7b o b
B BRu o &
by Dbz =
oRe E;E_ =cb . wT : -]T 5 o
2bs O %‘% @ e o U2
éPL bR\. U' SF — _\j:).‘ q’)g L‘é\_\/{r S [ g Uq- UL:L
= U — = :
E.)hm L : L b, (;b Us b;
2¢€1£5 | [hom) Qﬁ Q_’)

Sensitivity Derivatives (SD):
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2uvexnc 2uluync Meboboc— Continuous Adjoint

Ito 1610 1A mapadelypa Kortavononc ue to DD:

Fave= F + SLP

A
=> BFg= 3 gmﬁ Su)a( b+, U=5)ex =
7 J

=% 8\? 8 DU + S wé@ dx + SLP‘S (b‘U}Rwr S\Pa 03515)

oo @ @
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2uvexnc 2uluync Meboboc— Continuous Adjoint

210 1610 1A mopASELYHA KOTAVONGNC p.s 0D DD:
4

®‘éd§§‘i‘d* & V420 - (34 4E0an

L%(:fﬂ j}% ¢} ' -

g WL ) dx = S QJSU'A)L - S PUdbdx.

& &
1 1 -
g W3 (b, 1) dx :2_528 YUsSUdx + S YU Bk, d
@ @ &
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2uvexnc 2uluync Meboboc— Continuous Adjoint

Ito 1610 1A mapadelypa Kortavononc ue to DD:
1

2
%> OF,,. = 8 ST [___1_ +.j—“i"<.2+ b 4 2b 0 |X +
@
du 2 . e
¥ LKP 5(3?)1@ 3 AKPUS\D_ldx . SLPU &k, A x.
&

Field Adjoint Equation (FAE): dW
MNebiakn Zuluyrc E§iowon Ax2 + b+ 2b U +d=0
Adjoint Boundary Conditions (ABC): \P(X:SZS) (5 (%_,:_1_) = A

2uluyeic Oplakég ZuvInKeg
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2uvexnc 2uluync Meboboc— Continuous Adjoint

Ito 1610 1A mapadelypa Kortavononc ue to DD:
1

= 5ch,= S EU[___L*E- -+ b4 ob W |dX 4+
&

1

ey
AL g&%}li : & AKPUS\D_ldx 4 Swulabldx,

&

Sensitivity Derivatives (SD):
MNapaywyot Evatodnoiacg
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Discrete Adjoint for other than Optimization purposes

Compute F=9TU 7.7 e RY
where AT =7, 7€ BY, AeRVHN
Direct Computation Adjoint Computation
— —
Step 1: 113 — ? — ﬁ Step 1: AT = ? — U
_}
Step 2: F = ?Tﬁ — F Step 2: F= ‘«IIT? — F

Their Equivalence: 1113"7 T (A_J}) _ T 4{7 (AT@})T ﬁ — ?Tﬁ

Benefits:
Assume we have m vectors ~ Usethe ~ Usethe
q ?\ Direct Computation Adjoint Computation
and n vectors ' if m<n. if m>n.
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'3
&

L 22
nvp¢opos

3,
A

4

POMHOEY § -

>

Inverse Design of a Quasi-1D Duct — To MNMpoBAnua

|

] Target Duct
Cross Section

+1
F = / “){;} —Pmr{:-"]]gfﬁf'
0

given

1
2

Pressure Convergence History

Objective function

# iterations
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

P(x)
A

Objective Function (min.):

= | 0@) = prant)? e

o e e e o= o

Shape (Cross-Sectional Area) Parameterization: > x

0
S(z,by1,ba, by, by) =by (—a®+3a® —3z+ 1)+ (32® — 62?4 3 Hbs (—3a® + 32* Hbya®

Design/Optimization Variables:
b,, n=1,2,3,4
State/Primal/Flow Equations (ODEs):
d(vS) dv dp

— 0 S — =10
dax vdm+d$

State/Primal/Flow Boundary Conditions:

V| ee0=v0 Pla=1= Po
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Differentiation of the objective function:
oJ _fl op J 4 N
5o =, (P@) = Prar(@)) F-dw, n=1,..

T

Differentiation of the flow (primal or state) equations (non-conservative):
d { sv dS sv | dv &S d (58 _
Sa(a) W e bt am“’a(m) =i
dv duv d duv d dp \
Sb o ’Ua(m) +a(a§n) =0
Differentiation of the flow (primal or state) boundary conditions:
ov op

=1 IN

=0

_ 0, ——

5bn =0 5bn x=1 —
0 )

Adjoint is the art of computing 5_J without first computing % and '

‘5 bn

T ™

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Define & differentiate the augmented objective function or Lagrangian of J:

L d(wS) 1 dv dp
L:J+/ q y dl’+/ U 'vd—Jr— dx
D ,

€Xr

5L_5J+/1 d [d6(vS) +/ v dv d [ dv er op 5
36 0bn " Jo Ydz | 0bn | % Sbndz | dz \ob,) " dx \5b, )| "
where q and u are the adjoint pressure and velocity (1D) fields.

Integrate by parts:

oL /1 dv N d(vu) +qu v p +/1 du . 5 )
ob, 0 dx d:t: dx 5.5 . P— Ptar

d:r ob,,
—_ . T _ U —- v
0 diI‘ (55 v a 6b11, a=0 (sbn =0 q‘ﬁbn =0
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Adjoint field equations:

du dv  d(vu) dq
E:p_pm"" ud;r_ dx _Sﬁzo
Adjoint boundary conditions:
U
ul,o=0, q|l,_;=— g

=1

Compare with the primal problem equations & boundary conditions:

d(vS d d
vS) _ g w20 P
dx dx dxr

V| 2=0= Vo Plem1= Po
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Ny ey
Ve
APOrMHOEY S .
?
1311“\!??0 1)

Sensitivity derivatives:

5L_5J_ /1 dq 5Sd + oS 0S8 | "
5. ob. L Ud;z: 5b. T vqébn - Uqﬁbn » , n=1,...,
or:

oJ L dq

5!)1:_/0 va (—;1:3+3;132—3;1: + 1) dx—vq|__,

0J L

_:_/ v2 (32° — 6224 3z) d

(sbg 0 dx

oJ Ld

= —/ v—q (—3m3+3:1:2) dx

(553 0 dx

oJ L d

e —/ v—q$3d33+ vgl|,._,

5b4 0 dx
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Inverse Design of a Quasi-1D Duct — Compressible Flow

State/Primal/Flow Equations (ODEs):

8[7_'_81?__, oU Aaﬁ_d
ot g ot + B
where:

U = [p pu pE|T

F=[pu pu*t+p u(pE+p)|”

7=—+%L[pu pu? u(pE+p)]”
__of
A= oU
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Inverse Design of a Quasi-1D Duct — Compressible Flow

Variation in the objective function J:

—

i 15 o
3105 = [ (0= pur) o0dz % — (y—1)[1/2u® —u 1]

Direct Differentiation (DD) of the flow (primal or state) equations & boundary conditions
a(80) N a(df)
ot dxr

3(q)

at a cost that scales with the number of design variables N. Solution of N systems of ODEs
(see next slide)! Expensive!

Adjoint is the art of computing the derivatives of J w.r.t. b, (n=1,...,N) without first
computing the fields of the derivatives of the primal variables w.r.t. b_, . The adjoint
method makes the cost of computing the gradient of J independent of N!
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Inverse Design of a Quasi-1D Duct — Compressible Flow

The Direct Differentiation (DD) systems of ODEs, in full expansion:
(by omitting the pseudo-time derivative term)

Y ot g = B il B8]
g P T PN = ATg g\ P T PO

1d

0 S
—(u?dp + 2pudu + 6p) = 6(——=—)(u?dp + 2pudu)
Jx S dx

dx
o
B—m([pE+p] du + u[Edp + p(C,0T 4 udu) + dpl) =

1dS
6(—55)([,01?4—1)] ou + u[Edp + p(C,0T + udu) + dp))
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Inverse Design of a Quasi-1D Duct — Compressible Flow

Ny ey
Ve
APOrMHOEY S .
%
qﬁI!JH\!M?O 1)

Define & differentiate the augmented objective function or Lagrangian of J:

— Ty 06U — T6b | d

.. (O F
(SJaug:(SJ—/\IJT (0f)

L ox

.. (O
—6q dm:&J—/lIlT (9f)

E ox

where ¥ is the array of the adjoint variable (1D) fields and

_ o7 T, — 94
=% , 1v=3%%
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Inverse Design of a Quasi-1D Duct — Compressible Flow

Integrate by parts:

.. (O F .. (O . o
ajaugzaj—/npi"( gf)—aq)dmzaj—/w( ;f)—TU(SU—Tbéb)d;c
L £

= ov
0Jgug = /LJUT [(p Ptar) ( _.)T+AT3—+TT\IJ dx
) FAE ’
= [\i?TAal“J'] L [\TITAéﬁ] +1/2 / GTT, obdx
& out i@ L 5
ABC SD
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Inverse Design of a Quasi-1D Duct — Compressible Flow

Ny ey
Ve
APOrMHOEY S .
%
qﬁI!JH\!M?O 1)

Field Adjoint Equations:

Compare with the Field Primal Equations:

oU v A aU
Bt B:L'

I
R
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Inverse Design of a Quasi-1D Duct — Compressible Flow

Adjoint Boundary Conditions (ABC):

SUTAT® = 0
or:
[52u?W, + (—yuE + (v — 1)u®) U3 6p +
(@1 + (3 — 7)u¥z + (vE — 7573u?) 3] 6(pu) +
(v — 1) s + yuly] 6(pE) = 0
nlet ABC:
[1 uz]‘l'-i— {1 uzlw_'_ 2[ u2+ ~v—3 n 1 62]\11 o

- — ul|l— — u” | — =
F 2 S 2|’ e 2c¢2 2(y—1) v —1u? ’
Outlet ABC:

oy— 2

2 3 Y—3 ,
—uWy + | —vyuFE + u” | Wy =0, Wi+ 2u¥,+ (~vE — > u” | g =0
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55

nvp¢opos

I

eT508.,

i
B8

3
POMHOEY
Bl

Inverse Design of a Quasi-1D Duct — Compressible Flow

B

Sensitivity Derivatives (SD):

ob; 3

K.C. Giannakoglou, Professor NTUA, kgianna@mail.ntua.gr 86



Parallel CFD & Optimization Unit, Lab. Of Thermal Turbomachines, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

2TIBapoc 2xedlaopog — Robust Design (Design under Uncertainties)

S Conventional Algorithm —— . . . -
g ™ Robust Algorithm For N design (b)) & M environmental (c,) variables, minimizeé
) n $ 3
2 F'= pp + kor
[=
s | where the mean and the standard deviation of F (Qol) are:
>
=4 . 1 [d*F
: “FFDM[(m] %
o Environmental variable op
) dF1*, 1[ &F 7°
( Second-Order, Second-Moment, OF = —| 67 + < | 5——| oio7
de; |, 2 | degdey |
SOSM, approach)
~ ’ adF d°F _2 d?F A3 F 2 .2
dF r/F 1 (Z’SF t = (L0 O- + ;G0 ac:ac;ao O- O-
If Steepest Descent: = B 4 = o2+ k de; de;db O T deyde, degde;db; O O
) dby 2 dczdby o272 , A 2
N N—— 2 lg} o f = [ ¢ } o o
terml term?2 \/ ¢c; P T3 Aoy & ol

Needs the Hessian of F w.r.t. to c and one more differentiation w.r.t. b. The recommended
approach, if M<<N, is: DD_-DD_-AV,
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YTIRapoc 2xedlaouocg — Robust Design (Design under Uncertainties)

Uncertainty Quantification (UQ) refers to the computation of the statistical moments
(mean value, standard deviation) of a Quantity of Interest, Qol (drag, lift, losses).

The computation of the Hessian of the Qol is needed even if optimization is not to be
performed. A gradient-based optimization under uncertainties (in a Second-Order,
Second-Moment, SOSM, approach) leads to the need of computing third-order mixed
derivatives.

Working with the Newton method means that fourth-order derivatives are needed.

An interesting case: Some of the design and uncertain (environmental) variables may
coincide.
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Robust design of a compressor cascade: Two environmental variables: M, ;. and a,.

E.M. PAPOUTSIS-KIACHAGIAS, D.I. PAPADIMITRIOU, K.C. GIANNAKOGLOU: ‘Robust Design in Aerodynamics using 3rd-Order

Sensitivity Analysis based on Discrete Adjoint. Application to Quasi-1D Flows’, International Journal for Numerical Methods in Fluids,

Vol. 69, No. 3, pp. 691-709, 2012.

E.M. PAPOUTSIS-KIACHAGIAS, D.I. PAPADIMITRIOU, K.C. GIANNAKOGLOU: Discrete and Continuous Adjoint Methods in Aerodynamic

Robust Design problems, CFD and Optimization 2011, ECCOMAS Thematic Conference, Antalya, Turkey, May 23-25, 2011.
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AMec Xpnoelc tng Hessian(F) 1 Hess(F)

In (exact) Newton’s Method:
_b>ne*w — ?old o VQF(E}OM)_IVF(?OE(E)T

The most efficient approach is: DD-AV.
(DD to compute the gradient, AV=adjoint to compute second derivatives).

Mrnopeite va deiete otL n Sttt xprion tng culuyoug peBodouc (AV-AV) eival o apyn ano
tn DD-AV. O Aoyoc: Xperalopaote to grad(F) mpw BpoUpe to Hess(F). (Asite mapoakatw).
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Computation of the Hessian(F) or Hess(F)

Hessian Matrix Computation using the DD-DD method:
(Think “Discrete” , program Continuous Adjoint)

dF  OF d?F  O*F " O*F  dUy - O*F  dU,
db - ob, T dbidb;  Obidb; | 060Uk db;  OUxdb; db;
02F dU,dU,, OF/dU,

. . g k== =
k=1,...,N design variables OUROUy, db; db; — OU\db;db;

i i > d’R,, B O’R,, i O’R,, (IUk+ PR, dU}
dRm = d__]?m -+ C)Rn®: 0 (H)i([bj B ()bl()bj ()b,()lT]‘ ([bj QU b dbi
dbi  0bi  OUr\db; R, _dUy Uy,  OR{ Uy )

= OUROU,, db; dbj — OUpNdb;db;
The cost for computing the Hessian via the DD-DD approach scales with N2.
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Computation of the Hessian(F) or Hess(F)

([RT?T _ aR,,l n E)Rm ([L'Tk _ 0 l:> (_]L'Tk i‘,\r

b, b, AU}, db; 1b; .
s ' k04 i System solutions (EFS)

L =

ou, ' " "oU; EFS

The Adjoint equation is the same with that used to compute the Gradient !!!

PE F . 9*R,  O*F dU.dU, . &R, dUydU,
— 7 + L]:)(n.. z T arT arr + \Ijn. aTT arr
(H),j(lbj ()bl()bj ()b,()bJ ()DkdUm (lb,‘ (le ()(/’;‘:()[,fl,,, (lb,‘ (]bJ
2 T 2 T 2 T 2 T
, OF Ui g @Ry dU | OF dUp g @R, U ppy g
db,;UUk (]bj 01),(6)[/";‘.. dbj é)[jkdbj (]b,j d(/rk()bj (I’.b.lj (le —
: : . dbf([bl dbi
L (OF g 2T\ &, -
L db;db;

» The cost per Newton cycle is N+1+1=N+2 EFS! Scales with N, not N2.
» DD-AV is the most efficient approach (among DD-DD, AV-DD, AV-AV)!
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Computation of the Hessian(F) or Hess(F)

Ot mapovuoiaotnke yia tn Atakpi) 2uluyn M£00odo, epappdletar e€ioovu ko HE T ZUVEXNA
Zuluyn Mé£6oébo.

AnAwg, mpotiunOnke n napovoiaon va yivel pe tn Arakpity M€Bodo, yati ival
TLEPLOCOTEPO GUVTOMN KOl ETOTITLKA !

AkoAouOei napadetypa (otov nivaka) pe epappoyn tng culuyouc ouluyoug pebaddou ywa
Ttov urtoAoylopo tou Hess(F).....
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