
Mèjodoi Aerodunamik c BeltistopoÐhshc
Autìmath Diafìrish (Automatic Differentiation, AD)

Autìmath Diafìrish (Automatic Differentiation)eÐnai h jewrÐa, o algìrijmoc kai
to antÐstoiqo logismikì me ta opoÐa, ìtan up�rqei ènac algìrijmoc-logismikì pou
(a) lamb�nei wc eisìdouc tic timèc twn N eleÔjerwn metablht¸n

−→
b , (b) analÔei èna

prìblhma kai (g) upologÐzei tim    timèc gia M antikeimenikèc sunart seic (bajmwt 
F (
−→
b ), gia M =1   dianusmatik 

−→
F (
−→
b ), gia M >1), sÔmfwna me thn apeikìnish

<N → <M), sqhmatÐzetai ènac nèoc algìrijmoc kai èna nèo logismikì pou k�nei
ìla ta parap�nw kai epiplèon upologÐzei timèc gia N×M parag¸gouc ìlwn twn
antikeimenik¸n sunart sewn wc proc ìlec tic eleÔjerec metablhtèc.

'Estw ìti o mhqanikìc pou asqoleÐtai me thn aerodunamik  beltistopoÐhsh kai
skopeÔei na efarmìsei mia aitiokratik  (basismènh sthn klÐsh thc antikeimenik c
sun�rthshc) mèjodo sqediasmoÔ�beltistopoÐhshc, diajètei ènan k¸dika pou (a) dia-
b�zei tic metablhtèc sqediasmoÔ pou kajorÐzoun th morf  miac aerotom c, (b) dh-
miourgeÐ to perÐgramma thc aerotom c, (g) dhmiourgeÐ to upologistikì plègma, (d)
epilÔei arijmhtik� se autì thc exis¸seic Navier–Stokes kai (e) apodÐdei-tup¸nei thn
tim  twn suntelest¸n �nwshc kai opisjèlkousac, wc proc tic opoÐec gÐnetai h belti-
stopoÐhsh. 'Estw, epÐshc, ìti ta anwtèrw pragmatopoioÔntai me eniaÐo k¸dika (giatÐ,
sun jwc, ta parap�nw pragmatopoioÔntai me th diadoqik  ektèlesh poll¸n kwdÐkwn
- h perÐptwsh poll¸n kwdÐkwn den eÐnai prìblhma, apl� apaiteÐ diaforetik  antime-
t¸pish). Tèloc, èstw ìti o k¸dikac autìc eÐnai grammènoc se Fortran 77/90   ANSI
C/C++ kai eÐnai diajèsimh h phgaÐa morf  tou. To teleutaÐo eÐnai shmantikì kai
ousiastik� apokleÐei th qr sh thc Autìmathc Diafìrishc se emporikoÔc k¸dikec (oi
opoÐoi potè den eÐnai diajèsimoi se anoikt  morf  - o mhqanikìc èqei p�nta prìsbash
mìno ston ektelèsimo k¸dika.

Se mia tètoia perÐptwsh, o mhqanikìc mporeÐ na qrhsimopoi sei logismikì Autì-
mathc Diafìrishc, na to trofodot sei me ton k¸dika an�lushc se phgaÐa morf  kai
na par�gei ton k¸dika pou ja upologÐzei thn klÐsh thc antikeimenik c sun�rthshc
pou ja qreiasteÐ sth beltistopoÐhsh. Sunep¸c, to logismikì Autìmathc Diafìrishc
brÐsketai ousiastik� se uyhlìtero epÐpedo apì to logismikì an�lushc kai par�gei
k¸dika antÐ na par�gei arijmhtik� apotelèsmata.

To kef�laio autì den apoteleÐ egqeirÐdio qr shc gia k�poio apì ta up�rqonta lo-
gismik� Autìmathc Diafìrishc. ProspajeÐ na exhg sei, me aplì majhmatikì trìpo,
to pwc leitourgeÐ èna tètoio logismikì. Wc par�deigma, ìmwc, kai prin thn parousÐash
thc jewrÐac, ac doÔme ti ja èkane èna (eleÔjero) tètoio logismikì, to Tapenade (èqei
anaptuqjeÐ apì to Gallikì Ejnikì Ereunhtikì InstitoÔto INRIA), an trofodoteÐto
apì to upoprìgramma

subroutine ff(b1,b2,b3,F1,F2)

implicit double precision(a-h,o-z)

F1 = b1*b2*b3

F2 = b1+b2+b3

return
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end

To upoprìgramma autì upologÐzei tic aplèc sunart seic F1 =b1b2b3 kai F2 =b1+b2+
b3, èqontac treÐc eisìdouc kai dÔo exìdouc wc orÐsmata. H epexergasÐa tou me to
Tapenade (me ènan apì touc pijanoÔc trìpouc pou perigr�fontai sth sunèqeia) ja
epèstrefe ton k¸dika

C Generated by TAPENADE (INRIA, Tropics team)

C Version 2.0.12 - (Id: 1.30.4.1 vmp Exp - Wed Nov 10 11:04:16 MET 2004)

C

C Differentiation of ff in forward (tangent) mode:

C variations of output variables: F1 F2

C with respect to input variables: b1 b2 b3

C

C

SUBROUTINE FF_D(b1, b1d, b2, b2d, b3, b3d, F1, F1d, F2, F2d)

IMPLICIT NONE

DOUBLE PRECISION x1, x1d, x2, x2d, x3, x3d, y, yd, z, zd

C

F1d = (b1d*b2+b1*b2d)*b3 + b1*b2*b3d

F1 = b1*b2*b3

F2d = b1d + b2d + b3d

F2 = b1 + b2 + b3

C

RETURN

END

ArkeÐ na klhjeÐ to upoprìgramma pou proèkuye me orÐsmata (b1d, b2d, b3d) ta (1, 0, 0)
  (0, 1, 0)   (0, 0, 1) kai na prokÔyoun sta (F1d, F2d) oi timèc twn parag¸gwn
(∂F1

∂b1
, ∂F2

∂b1
)   (∂F1

∂b2
, ∂F2

∂b2
)   (∂F1

∂b3
, ∂F2

∂b3
), antÐstoiqa. Shmei¸ste ìti, gia na upologisjoÔn

oi timèc ìlwn twn parag¸gwn, ja qreiastoÔn tìsec klÐseic ìsec kai oi eleÔjerec
metablhtèc (treic).

H mèjodoc thc Autìmathc Diafìrishc eÐnai ousiastik� ènac automatopoihmènoc
trìpoc na ulopoieÐtai h suzug c mèjodoc pou epÐshc parousi�zetai ekten¸c se autì
to m�jhma. Se austhr  diatÔpwsh, h mèjodoc thc Autìmathc Diafìrishc par�gei to
diakritì suzug  k¸dika (discrete adjoint code) tou k¸dika an�lushc. To logismikì
Autìmathc Diafìrishc qrhsimopoieÐ mia seir� èxupnwn lektik¸n kai majhmatik¸n
kanìnwn. Efarmìzetai se k¸dikec grammènouc se Fortran 77/90   ANSI C/C++.
Genik�, up�rqoun entolèc ston phgaÐo k¸dika pou �duskoleÔoun� th diafìrish, all�
autì all�zei �pì logismikì se logismikì. EÐnai, ìmwc, polÔ shmantikì na diatupwjeÐ
ìti h mèjodoc thc Autìmathc Diafìrishc odhgeÐ se upologismì thc akriboÔc tim c
thc parag¸gou.

Up�rqoun dÔo trìpoi Autìmathc Diafìrishc, o legìmenoc EujÔc (Forward)
kai o legìmenoc AntÐstrofoc (Reverse). S mera, h èreuna strèfetai se ubridikèc
parallagèc touc, pou sundu�zoun èxupna ta pleonekt mata twn dÔo trìpwn. Kai oi
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dÔo trìpoi Autìmathc Diafìrishc qrhsimopoioÔn ton kanìna thc alusÐdac gia thn
eÔresh twn parag¸gwn. Gia N anex�rthtec metablhtèc (metablhtèc sqediasmoÔ)
(b1, . . . , bN) kai (èstw) mia bajmwt  antikeimenik  sun�rthsh F (M=1), h tim  thc F
jewreÐtai ìti prokÔptei wc apotèlesma m−N diadoqik¸n telèsewn (pr�xewn, me �lla
lìgia), kajemi� apì tic opoÐec antistoiqeÐ se mia entol  tou k¸dika. Kat� sunèpeia,
h seir� aut  twn pr�xewn eis�gei m−N endi�mesec (exarthmènec, dhlad ) metablhtèc
bN+1, . . . , bm.

H EujeÐa Autìmath Diafìrish dhmiourgeÐtai me th diadoqik  metafor� pa-
rag¸gwn twn endi�meswn metablht¸n wc proc tic anex�rthtec metablhtèc. Ac jew-
r soume thn parak�tw diadoq  bohjhtik¸n telèsewn (pou antistoiqoÔn se entolèc
eikonikoÔ k¸dika)

bN+1 = fN+1 (b1, . . . , bN)

bN+2 = fN+2 (b1, . . . , bN+1)
...
bm = fm (b1, . . . , bm−1)

F = bm

oi opoÐec katal goun sto na par�goun thn epijumht  apìkrish F . O eujÔc trìpoc
anagk�zetai na apojhkeÔsei ìlec tic klÐseic twn endi�meswn metablht¸n (autèc pou
ed¸ sumbolÐzontai me ∇bi) kai oi opoÐec upologÐzontai me ton kanìna thc alusÐdac
wc ex c:

bN+1 = fN+1 (b1, . . . , bN)

∇bN+1 =
N∑

i=1

∂fN+1

∂bi

−→e i

bN+2 = fN+2 (b1, . . . , bN+1)

∇bN+2 =
N∑

i=1

∂fN+2

∂bi

−→e i +
∂fN+2

∂bN+1

∇bN+1

...
bm = fm (b1, . . . , bm−1)

∇bm =
N∑

i=1

∂fm

∂bi

−→e i +
m−1∑

i=N+1

∂fm

∂bi

∇bi

F ≡ bm

∇F ≡ ∇bm

ìpou −→e i eÐnai h i�iost  st lh tou N×N monadiaÐou mhtr¸ou. Ston antÐstoiqo par�-
gwgo k¸dika, pou èqei entolèc antÐstoiqec twn telèsewn pou parousi�sjhkan para-
p�nw, h epijumht  klÐsh eÐnai to apotèlesma thc teleutaÐac tèleshc (∇F ). 'Amesa
faÐnetai to kìstoc se mn mh upologist  eÐnai shmantikì, afoÔ apojhkeÔontai ìlec
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oi endi�mesec metablhtèc kai oi par�gwgoÐ touc.

AkoloujeÐ èna aplì par�deigma efarmog c tou algorÐjmou thc EujeÐac Autìma-
thc Diafìrishc. 'Estw ìti èqoume èna prìblhma me N =4 eleÔjerec metablhtèc, tic
b1, b2, b3, b4 kai mia antikeimenik  sun�rthsh, thn F = b1b2b3b4. H apeikìnish dhlad 
eÐnai h <4 → <. Eis�gontai oi bohjhtikèc (endi�mesec, exarthmènec) metablhtèc

b5 = f5 (b1, b2, b3, b4)=b1

b6 = f6 (b1, b2, b3, b4, b5)=b2b5

b7 = f7 (b1, b2, b3, b4, b5, b6)=b3b6

b8 = f7 (b1, b2, b3, b4, b5, b6, b7)=b4b7

F = b8

eÐnai dhlad  m=8. Bèbaia, o parap�nw trìpoc ektèleshc tou pollaplasiasmoÔ den
eÐnai monadikìc. O anagn¸sthc mporeÐ na ton antikatast sei me èna diaforetikì,
l.q. orÐzontac ìti b5 = b1b2, kok. H EujeÐa Autìmath Diafìrish ulopoieÐtai me ta
b mata�entolèc k¸dika pou kat� seir� ja eÐnai ta ex c:

b5 = b1

∇b5 = −→e 1

b6 = b2b5

∇b6 = b5
−→e 2+b2∇b5

b7 = b3b6

∇b7 = b6
−→e 3+b3∇b6

b8 = b4b7

∇b8 = b7
−→e 4+b4∇b7

F = b8

∇F = ∇b8

Sthn AntÐstrofh Autìmath Diafìrish orÐzetai mia bajmwt  par�gwgoc
(sumbolÐzetai me b̄i) kai antistoiqÐzetai se k�je endi�mesh metablht  (i = N +
1, . . . , m). Oi nèec posìthtec orÐzontai wc ex c

b̄i =
∂bm

∂bi

Ex orismoÔ, b̄m ≡ 1. O orismìc epekteÐnetai kai stic anex�rthtec metablhtèc (meta-
blhtèc sqediasmoÔ, dhlad  gia i=1, . . . , N). SÔmfwna me ton kanìna thc alusÐdac,
ìlec pl n thc m�iost c posìthtac b̄i, pou antistoiqoÔn stic exarthmènec metablhtèc,
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mporoÔn na upologisjoÔn apì th sqèsh

b̄i=
m∑

j=i+1

∂bm

∂bj

∂fj

∂bi

=
m∑

j=i+1

b̄j
∂fj

∂bi

, i=N+1, . . . , m−1

en¸, gia tic anex�rthtec metablhtèc, eÐnai

b̄i=
m∑

j=N+1

∂bm

∂bj

∂fj

∂bi

=
m∑

j=N+1

b̄j
∂fj

∂bi

, i= 1, . . . , N

Apì algorijmik c skopi�c, h AntÐstrofh Autìmath Diafìrish dhmiourgeÐtai me dÔo
diadoqikèc sar¸seic, thn proc ta emprìc (forward sweep) kai thn proc ta pÐsw s�-
rwsh (backward sweep). Me th s�rwsh proc ta emprìc, upologÐzontai kai apojh-
keÔontai ìlec oi exarthmènec metablhtèc en¸ stic parag¸gouc touc dÐnontai arqikèc
mhdenikèc timèc. SÔmfwna me ton prohgoÔmeno sumbolismì:

bi = fi (b1, . . . , bi−1) , i = N+1, . . . , m

b̄i = 0 , i = 1, . . . , m−1

b̄m = 1

H proc ta pÐsw s�rwsh, h opoÐa sugkentr¸nei (sunajroÐzei) summetoqèc sta b̄i, i=
m, . . . , N+1, apoteleÐtai ousiastik� apì dÔo brìqouc, ton èna mèsa ston �llo (nested
loops), oi opoÐoi gr�fontai se yeudok¸dika sth morf 

do j = m,N + 1,−1

do i = 1, j − 1

b̄i = b̄i+b̄j
∂fj

∂bi

enddo

enddo

'Ena antÐstoiqo par�deigma me autì pou parousi�sjhke prohgoumènwc gia thn EujeÐa
mèjodo epanalamb�netai, ed¸, kai gia thn AntÐstrofh Autìmath Diafìrish. T¸ra,
epilègoume mìno N = 3 eleÔjerec metablhtèc, tic b1, b2, b3 kai to ginìmenì touc wc
antikeimenik  sun�rthsh, eÐnai dhlad  F =b1b2b3. H nèa apeikìnish eÐnai, profan¸c,
h <3 → <. Oi endi�mesec (exarthmènec) metablhtèc ja eÐnai oi

b4 = f4 (b1, b2, b3)=b1

b5 = f5 (b1, b2, b3, b4)=b2b4

b6 = f6 (b1, b2, b3, b4, b5)=b3b5

F = b6

eÐnai dhlad  m = 6. Gia tic exarthmènec kai anex�rthtec metablhtèc isqÔoun kat�
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seir� ìti:

b̄6 =
∂f6

∂b6

≡1

b̄5 =
∂f6

∂b6

∂f6

∂b5

= b̄6
∂f6

∂b5

b̄4 =
∂f6

∂b6

∂f6

∂b4

+
∂f6

∂b5

∂f5

∂b4

= b̄6
∂f6

∂b4

+b̄5
∂f5

∂b4

b̄3 =
∂f6

∂b6

∂f6

∂b3

+
∂f6

∂b5

∂f5

∂b3

+
∂f6

∂b4

∂f4

∂b3

= b̄6
∂f6

∂b3

+b̄5
∂f5

∂b3

+b̄4
∂f4

∂b3

b̄2 =
∂f6

∂b6

∂f6

∂b2

+
∂f6

∂b5

∂f5

∂b2

+
∂f6

∂b4

∂f4

∂b2

= b̄6
∂f6

∂b2

+b̄5
∂f5

∂b2

+b̄4
∂f4

∂b2

b̄1 =
∂f6

∂b6

∂f6

∂b1

+
∂f6

∂b5

∂f5

∂b1

+
∂f6

∂b4

∂f4

∂b1

= b̄6
∂f6

∂b1

+b̄5
∂f5

∂b1

+b̄4
∂f4

∂b1

ìpou, eidik� gia tic dÔo teleutaÐec sqèseic èqei lhfjeÐ upìyh ìti

∂f3

∂b1

=
∂f3

∂b2

=
∂f2

∂b1

afoÔ ta b1, b2, b3 eÐnai anex�rthtec metablhtèc.
Arqik� pragmatopoieÐtai h diadoqik  sun�jroish ìrwn proc ta pÐsw (antÐstro-

fh s�rwsh), kat� thn opoÐa o algìrijmoc thc AntÐstrofhc Autìmathc Diafìrishc
leitourgeÐ me ta ex c b mata:

• B ma 0: ArqikopoioÔntai ta:

b̄6≡1 , b̄5 =0 , b̄4 =0 , b̄3 =0 , b̄2 =0 , b̄1 =0

• B ma 1: OrÐzontac f6 =b3b5, prokÔptoun oi par�gwgoi:

∂f6

∂b5

=b3 ,
∂f6

∂b4

=0 ,
∂f6

∂b3

=b5 ,
∂f6

∂b2

=0 ,
∂f6

∂b1

=0

kai sunajroÐzontai summetoqèc sta megèjh bi wc ex c:

b̄5 =b3 , b̄4 =0 , b̄3 =b5 , b̄2 =0 , b̄1 =0

• B ma 2: OrÐzontac f5 =b2b4, prokÔptoun oi par�gwgoi:

∂f5

∂b4

=b2 ,
∂f5

∂b3

=0 ,
∂f5

∂b2

=b4 ,
∂f5

∂b1

=0
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kai sunajroÐzontai summetoqèc sta megèjh bi wc ex c:

b̄4 =b2b3 , b̄3 =b5 , b̄2 =b3b4 , b̄1 =0

• B ma 3: OrÐzontac, tèloc, f4 =b1, prokÔptoun oi par�gwgoi:

∂f4

∂b3

=0 ,
∂f4

∂b2

=0 ,
∂f4

∂b1

=1

kai sunajroÐzontai summetoqèc sta megèjh bi wc ex c:

b̄3 =b5 , b̄2 =b3b4 , b̄1 =b2b3

Sto tèloc, pragmatopoieÐtai h diadoqik  sun�jroish ìrwn proc ta emprìc, ìpou

b4 = b1

∇b4 = −→e 1

b5 = b2b4

∇b5 = b4
−→e 2+b2∇b4 =b4

−→e 2+b2
−→e 1

b6 = b3b5

∇b6 = b5
−→e 3+b3∇b5 =b5

−→e 3+b3b4
−→e 2+b3b2

−→e 1

pou eÐnai kai h zhtoÔmenh tim  thc klÐshc tou F .

MetaxÔ twn diafìrwn tÔpwn logismikoÔ Autìmathc Diafìrishc pou up�rqoun
(k�poia eÐnai dwre�n kai brÐskontai sto DiadÐktuo) gia k¸dikec grammènouc se For-
tran 77/90   se ANSI C/C++, anafèroume ta ADIFOR (Automatic Differentiation
of Fortran), TAMC (Tangent linear and Adjoint Model Compiler), TAF (Tran-
sformation of Algorithms in Fortran) DAFOR (Differential Algebraic Extension of
Fortran), GRESS (Gradient–Enhanced Software System), Odyssée, TAPENADE,
AD01, ADOL-F (Automatic Differentiation of FORTRAN Codes), IMAS (Integra-
ted Modeling and Analysis System), OPTIMA90, ADIC (Automatic Differentia-
tion of C Programs), ADOL-C (Automatic Differentiation of Algorithms written in
C/C++).
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