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MOO Problem Definition

MOO problem with M_ (or, just, M) objectives: min f(b) = min{ f1(b).
st.e(b) =0
g(b) <0
M
Standard handling with a GBM: . - ;
min £, (b) = w; :(b
Minimise the weighted sum of the M objectives H'( ) ; J f‘?( )
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Adjoint—assisted Pareto Front Tracing — Concept:

A two-phase method:
Phase 1: Go-to-Pareto: Compute a point that belongs to the Pareto front.

Phase 2: Move-on-Pareto: Move from one Pareto point to the next by considering the local curvature of the
front (without restarting from the same initial point).

" Prediction pbints O
Correction Pareto points e
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Phase 1: Go-to-Pareto

Solve a SOO problem for min. f, or min f,?

50 | | " Prediction pbints O
Standard GBM by setting all Correction Pareto points @
but one weight equal to 0 '
M
min Fl,(b) = > " w; f;(b)
j=1
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Phase 2: Move-on-Pareto

How can we define the new target Pareto point?

50 I I i i i T
Prediction points

Two-step method 48 Correction Pareto points

Step 1: Prediction: Formulate the Karush-Kuhn-Tucker
(KKT) conditions and satisfy the requirements of the
implicit function theorem.

Step 2: Correction: bring the predicted point onto the
Pareto front (using ALM or SQP).

f2

f1
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Prediction Step — An Example (1/3)

Assume the two-objective unconstrained problem: min{f; (b), f,(b)}, beR3

Re-formulate it as: min f; (b)

s.t.fo(b) —f,=0

Lagrangian:

KKT conditions:

L(b,A2) = fi(b) — A,(f2(b) — f3)

ﬁfl 7 19_f2 -0

9b, 29b,

9 Ofa _

9b, e 19192_0 - Hf2)=0
19fl A t9f2 —0 4 equations
9bs 219193

f2(b) —fz = _
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Prediction Step — An Example (2/3)

The new system of 4 equations: H(b, Ay, fz) =0

set:  z(b,4;) z; = by = hy(f2)
Z = h(fz) or z,=b, = hz(fz)

z3 = b3 = h3(f2)

Zy = 22 = h4(f2)

First-order Taylor expansion:

VH 19H vh A
of, 9z 9f, '9f2 [ ] 9f > grew = goit 4 22 57 L e -
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Prediction Step — An Example (3/3)

9H 9H 9h - A -
— + — = 19H1/19f2 [0 ]
9f, VZ9f, 9H _|9H,/9f,| _| o
\_'_I \_'_H_'_I \_'_I 19f2 19H3/19f2 01
1 4x1 ~ —
4x1 4x4 A4x X 9 H4 /ﬁ ]cz_ | — 1]
/ Vil
9°f; s 9°f, 9°f; _3 9°f, 9%fy s 9%f, _19f2_
9b2 " Yb2 9b,9b, 29b9b, Ob,Obs ~ 29bObs | by
SH. 19b SH. /9] 9%f; _ 3 9%f, 192f1_/1 9%f, 9%f; _3 9, | 9f
g _|VH/Oby - OH D2 Ko 9b, T "2 9b0b, 967 2 0bZ  Obydb; ' 20b0bs | 0b
= : " N 2 )
vz 9H,/9b; - OH,/9A, 9%f1 _ Az 9%f, 9%f1 _ Az 9%f, V°fi _2219 f2 _19_f2
9b;9bs "2 9b,0bs ObyObs "> 9b,9bs  Ob% 9b? 9bq
A A % .
9b, 9b, 9bq
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Prediction — Correction Scheme — Generalisation (1/5)

Re-formulate the MOO problem as: min f1(b)
s.t. fi(b) = fk ) M-1 additional constraints
C(b) =0 User-defined values
g(b) <0
Lagrangian:
M Me Mie
min £(b. A X, 1) = fi(b) = Ml /il

k=2

(b) = fr) =) Nici(b) = j195(b)
i=1 j=1

M, equality constraints
M., inequality constraints
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Prediction — Correction Scheme — Generalisation (2/5)

KKT conditions:
A Me M;e
VbL(b. A A ) = Vo fi(b Z \eVo fiu(b Z AiVbci(b) = ) 1;Vigj(b) =0

0, Vk € [2,M]
)=0.Vie[l,M,]
g;i(b) <0, V) €[l M;]
) =0,V €[l, M,
0,V e[l,M,
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Prediction — Correction Scheme — Generalisation (3/5)

fu(b) — fr, =0, Vk € [2, M]
i) =0, Vie LML L g A f)=0
gj(b) <0.Vje _1,;")\-1.‘-_.1,3_
ﬂjgj(b) =0,V e 1:\[“ 3 or
i <0,V e[1,M]
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Prediction — Correction Scheme — Generalisation (4/5)

Total derivative of H:

or
with

- Vi L
OH | =V fi
0z N —Vb(.‘.k

- — V0

Prediction step:

OH OH Oh
—F : ~ — 0
of 0z Of

Oh [aﬂll OH

o

of 0z ] of

—(Vofe)' = (Veer)! —(Vige)! T T 0
0 0 0 _JOH | -1
0 0 0 of | O
0 0 0 0

of

The user-defined steps of the M-1
objective functions set as constraints
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Prediction — Correction Scheme — Generalisation (5/5)

The corresponding prred included in zP"°? may not belong to the Pareto.

A Correction step is necessary

Solve: min f1(b)
st. fu(b) — fr =0, Vk € [2, M]

using any constraint optimisation method such as ALM, SQP, etc.
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Examples — Applications
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Simple Mathematical Example

Convex two objectlve problem:

— filb) = ) (b; —3)*
i 1 z b; € [1,6]
Min. —

(b)
— f2 N Analyrtmal S:::Iutmn : : . Prediction points

tomy

z (b; — 4)2 “Gradient—_based Method +l+ © +}Frnﬁtpn|ﬁts
=1
!!

— Analytical Pareto front i E E E E
B GBM computed front L i S | |
o Points after the prediction step .” _ ; G'
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Bihn and Korn Benchmark Problem

fi(b1, by) = 4b7 + 4b3

Minimise b, € [0,5],b, € [0,3]
— 2 2
f2(by,by) = (by = 5)+(bz = 5)
ot (by — 5)2+b3 < 25
(b1 — 8)%2+(by + 3)2= 7.7 o .
The effect of approximating the Hessian
ALM: Cost 288 cycles SQP (SR1): Cost 79 cycles : SQP (Analytic): Cost 52 cycles
> | P‘redictionI oints e 0% ' ' icti ints >t | Predict‘ion ointsI =
50 g : (:Iorrectiop Pareto:goints . ] 45 E ------------ . COrtectiEEegﬁﬁg Eg:ﬂ%g E - 45 E T Corr:ection Papeto goints: ° N
e R e I S sofe T I 40 facd T I —
N0 Y B B e —— - CIoJ R — S— T S— . 35 [l :
R R A ’ R I R i I S A S B |
« 30| % __—_—_ . o S0 T et | |
- ; T — R SO . . ——_— I — S R — .
25 | e R i B N 25 “ - 25 "
20 | - 20 e S 2 20 e S B .
T-3 S RSN VOSNRRSSRINS S: U | L R e e e — 5 - R R =
L I . 3 i !
O T s (R SRS . L s A g R N 10 i o .
5 | | i i Lo 5 | | i *io 5 \ | i o
0 20 40 60 80 100 120 0 20 40 60 80 100 0 20 40 60 80 100
f1 f1 f1
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e e 0
L NACA 4415 airfoil, inviscid flow: M_=0.7, AoA =2°. "’%ge’fﬁﬁ%gﬁ AT
e

U Parametrisation with a 10x7 NURBS lattice; red control points can be
displaced in the normal-to-the-chord direction = N=16 design variables.

U Objectives: e
- . . fi(b) = ¢p(b) SSNEEe e
1. Min. drag coefficient SRR
1min PR
2. Max. lift coefficient fa(b) = — cr(b)
% o o o o 8 ¢ o
U Consider two optimisation scenarios: |
GBM-1: Repetitive solution of SOO constrained problems with user L ¢ o e o ® ® Ll
defined c, values; use the previously computed point on the Pareto (’\\‘
e eie e e . (12 d L — — ‘ (<1}
front as initialisation (only the correction step).
GBM-2: Use the prediction-correction Pareto tracing method. ‘ @ o [ () ©
Q i L 4 ® @ (] @ :
L L L o L
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Go-to-Pareto: 44TUs.
GBM - 1: Repetitive solution of SOO constrained problems. ~21 TUs per Pareto point = 255 TUs in total.

GBM - 2: Prediction — Correction method. ~12 TUs per point 2165 TUs in total.

2.5 | | | B | | | |
GBM - Scenario 1 B g g
o |...GBM-Scenario2 ® i i |
0 | | | | | | | |
o e
L}ﬂ 1 B i i i i i i i : |
A
.A - R R e e e
\F_._“! _____ mi_--..__.i._____.__.i__..____..i_____..__'_.._____. —— Lo A'

min ¢,, min ¢, 0 02 04 06 08 1 12 1.4 16 1.8
GL”CLb
The Prediction — Correction method divided the cost by ~2.
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Aerodynamic ShpO — Case 2 (1/2)

U NLF(01)-04122 airfoil at transonic flow: Re=4 10, M_=0.7, AoA =2.03°,
Tu=0.15%.

U Parametrisation with a 8x7 NURBS lattice; red control points can be
displaced in the normal-to-the-chord direction = N=12 design variables.

U Objectives:

1. Min. drag coefficient min fi(b) = ¢p(b)

2. Max. lift coefficient fa(b) = — cr(b)

U Compare the Prediction-Correction GBM with a GFM (Stochastic
algorithm; MAEA of EASY).
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Aerodynamic ShpO — Case 2 (2/2)

S
GBM (Prediction — Correction method). Go-to-Pareto: 15TUs; Move-on-Pareto: ~15TUs per Pareto point—>165 TUs in total.
GFM (Stochastic method) = 255 TUs in total.

1.6 | | T i T Ve — ______j.-_—% T
Gradient-based Method = a P
1.5 - Stochastic Method o 7
O : : : : :
& | | | | =
GBM may compute points in areas 0.9 - h ! !
not well explored from the GFM - o C .
and/or dominate those of the GFM 0.8 I ———

1.2 1.3 1.4 1.5 1.6 1.7 1.8
GLJ'J'CLb
The Prediction — Correction method required ~50 less function calls than a well-performing MAEA.
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ShpO of a Compressor Stator (1/2)

L Compressor stator at turbulent flow; N=45 design variables.
O Objectives:
1. Min. total pressure losses (w) between the inlet and exit.
2. Min. flow angle deviation from the axial direction at the stator exit (o).

2,0

1,8 4 B Reference point
® Pareto points

1,6

Go-to-Pareto: 36TUs
Move-on-Pareto: 159TUs

1.4

1,2

g/ e

1,0

0,8

0,6
L Y
10

0,4
09 09 09 09 098 09 1,00 1,01 1,02

w/w,
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ShpO of a Compressor Stator (2/2)

TIP 1

S 0.5

HUB/LEO L |

xlc 0.5

(a)BS (h) OPS, (c) OPS, (d)OPS, (e) OPS

{1 | [ ITE P | [ITE SRR P11 1 TWITE
40 0 40 60 -40 0 40 60 -40 0 40 60 40 0 40 60
y [mm]
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Handling Discontinuous
Pareto Fronts
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Discontinuous Fronts

= Possible discontinuity in the design space ( due to constraints? ) is not known a priori.
= Need for an enhanced algorithm:

o Detect the discontinuities. Dominance check for each new point.

o Skip “gaps” and continue the Move-on-Pareto.

9 ¢ 1 T [T I [ R | I R LI
8¢ Non-dominated points e i
7 """""""""""""" o o e ﬁ
6% dominated points -
| ‘ : points :
« 50N D i
R i L S S R -
! .. 1® \ , , '
g ._ ______________ R é./, _____ s i _
E— - o : : —
1- I .
0 Lol I doo I LS le . [ oo
0 1 2 3 4 5 6 7 8 9 10
f1
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Move-on-(discontinuous) Pareto Front (1/3)

Target-objective Jump: Select a different §f, step.

9
8 " Discontinuous Pareto front |
7 -
6 —
§ 2% l
4 1 %, |
3.25p % ]
0 fa
15 SRS Y f!'. _|
1T Te. |
0 ' | | | 1* e | \
0 1 2 3 4 5 6 7 8 9 10
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Move-on-(discontinuous) Pareto Front (2/3)

Swap Target-objective: Swap the objective and target of the Lagrangian function.

9

f2
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Move-on-(discontinuous) Pareto Front (3/3)

could have been omitted during a “large” target-objective jump.

9 | | ! | | I | |
| Discontinuous Pareto front e
8 . First Back-tracked Point <& 7
718 & Last Back-tracked Point O
[ ] . . . . . . . .
* : : : : ' : :
6 _.".".‘.q; .......... .......... ........ _
% : 5 |
Ell 5 _.:.. ..... I,.\,\ .......... :". .......... . ........ —]
: * : : ; X
4 | ' '. .............................. - SRR A - N
3 ' é_stepiZ :
LYy é Ioéd ;
2 SRS R SRS S S fteﬁf...:_...........; .......... I
- P - 3tep
1 | | E J | ] ['“HF"
0 05 1 15 2 25 3 35 4 45

f1
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Move-on-(discontinuous) Pareto Front — Example

Discontinuity detection while predicting Use a combination of the Target-objective Jump
the 24t Pareto point and Back-Tracking
I I I I
Prediction points O _ ] I l Paretlo front l . |
Correction Pareto points e g g
I U TN SN U _ e N A S O _
| o o | |
S I R B e = = _"..' .......................................... -
T N i
ISR SRR SRR T R S S — IESRRRRRREEEE SLELEREEEELERL ELEELEEEE @-; ---------------------------------------- —
I - E-.. <
L . lj ............................ — _L.‘.. ...... sommmmemeden e —
I 5 S . SO & — —IIrr.-vb ----- P —
I I I I I I I I I
4 6 8 10 12 2 4 6 8 10 12
f i
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Multi-Dimensional Pareto
Fronts
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3D Pareto Front Tracing

.. Paretofronte e

Y

e 0.45

0.5 - ny 0.4
83 CHEE
0’ Un?;% B R 0.25

2
0.25 ez’ B 92
0.5 Y 0.1
0.1
0
0.1
0
f2
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Read more in:
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