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Constrained Optimisation -
Background
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Type of Constraints in an Optimisation Problem

Design or optimisation variables’ bounds:

Inequality Constraints:
c;(?) <0 t1=1,..., K, =
Equality Constraints:
c;(Z) =0 i=Ky+1,...,K; + K, i € E
Feasible Space:
Q={7| c;(¥)<0, ie€l;ic;(¥)=0, i€cE} min F(X)
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Constrained Optimisation — Interesting Examples

Example 1: X1
B (0,1)
r1+x2 < 1
1| + |z2| <1 |:> ] mom s L W o
- —r1+x2 < 1
— L1 — L9 S 1
0.~
Example 2:
min t
teR,xER,
min F(Z) = min maz(z?, ) |:> -
TER TER r<t , z°<t

& J.Nocedal, S.Wright, Numerical Optimization, Springer,1999.
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Minimisation using a Single Equality Constraint

min F(7T), — ci(Z) = 0

T ERN

The necessary condition for?* to be the optimal solution is that there exists no direction ?
satisfying both equations:

PT Ve () =0
PTVF(Z*) <0 }
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Minimisation using a Single Equality Constraint

min F(7), e ()

T ERN
\ 1(X \ VC (X*) \
/ 0/4;3
VF(X*) \\\\ \\\\

~ -

A direction satisfying both equations is:

Ve () Ve ()
I -
v = Na@pr ) V)

PT Ve (Z*) =0
PTVF(Z*) <0 }
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Minimisation using a Single Equality Constraint — Example:

min F(@), F(T)=uxz +

T ER2
— ci(@) = 224+22-2=0

& J.Nocedal, S.Wright, Numerical Optimization, Springer,1999.
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Minimisation using a Single Equality Constraint — Lagrangian Function

Consider the same problem using a Lagrangian function L:

min F(7), ci(Z) = 0

2 ERN

L(Z,\) = F(Z) — Ma(D)

VL(Z,\) = VF(Z) - M\Ve(Z) = 0
At the optimal solution ?*, there should be a scalar (Lagrange multiplier) A7 zeroing VF(?*) or:

VF(Z*) = X\ Ve (Z¥)
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Feasible Space

Revisited:

min F(@), F(T)=uxz +

T ER2
— ci(@) = 224+22-2=0

Necessary Condition:

VF(Z*) = X Ve (Z¥)

/\I unrestricted in sign!

& J.Nocedal, S.Wright, Numerical Optimization, Springer,1999.
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Minimisation using a Single Inequality Constraint

min F(7),

2 ERN

(@) < 0

The necessary condition for ?* to be the optimal solution is:
VF(Z*) = X Vel (Z¥), N5 <0

and:

Ny (Z*) =0
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Minimisation using a Single Inequality Constraint — Example:

min F(7Z), F(T) =21 + 2 9 Ve,
T ER2

— cl(?):mi—l—wg—Zgo

& J.Nocedal, S.Wright, Numerical Optimization, Springer,1999.
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First-Order (Necessary) Optimality Conditions

Problem:

Lagrangian Function::

L@, X) = F(@) - Y Ne(?)

e EUl

Necessary Optimality Conditions:

or VF(T*)— > AVe(Z) =0

e EUT

Karush-Kuhn-Tucker (KKT) Conditions
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First-Order (Necessary) Optimality Conditions - Example

3 1 | R

F(CL‘l, 282) = (25'1 — 5)2 + (CCQ — §)2 ? c §R2
= c1(x1,2) = 1 +x2—1<0

62(331, 1132) = 1 — L2 — 1 S 0 (-1,0

cs(x1,T2) = —x1+x22—1<0

C4(5131, 582) = —X1 — 9 — 1 S 0

(0.-1)

Optimal Solution: ?* — (1,0)

1
R 07 0)

1 %k %k %k %k 3
VF(?*) — (—1a __)T (A17A27A37A4) — (_Za 1

2
Vel (Z¥) (1, 1)

Ve (@) = (1, —1)7

c3(T*)=—-2<0 cy(T*)=-2<0

& J.Nocedal, S.Wright, Numerical Optimization, Springer,1999.
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Possible Ways to Solve
Constrained Optimisation
Problems using a GBM
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Sequential Unconstrained Minimisation Techniques (SUMT)

Pseudo-Objective Function:

<0, el ‘I)(?awp) = F(?) + prP(?)
0 1€ E P(?) = 0 at all feasible solutions.

Different ways to define the Penalty Function P() ....

& G. Vanderplaats, McGraw-Hill Book Company,1976.
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SUMT: The Exterior Penalty Method (1/3)

P(Z) = ) [maz(0,c:(@)))* + ) [e:(@))

el 1€ B

o :small value 2 @ is easily minimised but constraint violation might occur.
w
p
I :large value - easier to satisfy the constraints; convergence issues.

& G. Vanderplaats, McGraw-Hill Book Company,1976.
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SUMT: The Exterior Penalty Method — Example (2/3)

x + 2)2 3 N
min F (x) = (z +2) = punt
20 | |
1 —x
= ci(z) = <0
2
xr — 2 ~
co(x) = 5 <0 s

& G. Vanderplaats, McGraw-Hill Book Company,1976.
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SUMT: The Exterior Penalty Method — Example (3/3)

(T, w,) = F(T) + w,P(T)

Programming tips: start with a small w,, value 10

and increase it (e
optimisation cycle.

In any premature termination, the optimal

solution is unfeasible!

o}nega=1 0I ———
omega=10 ==-----

omegas

w

.g. *2 or *3) in each

Phi

-1 -0.5 0 0.5 1 1.5

(w, = 100,10, 1)

& G. Vanderplaats, McGraw-Hill Book Company,1976.
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SUMT: The Interior Penalty Method (1/2)

P(Z) = ) [~In(—ci(T))]

el

(7, wp) = F(T) + w,P(T) + wy ) [ei(T)]?

1€F
L : : / , :
Programming tips: start with a high w, value w, — 0
and decrease it during the optimisation loop.
w, —> 0O

0

1
05

]
1

I
1.5

IH
2

25

3

w!, = 0.5, 0.1,0.01

& G. Vanderplaats, McGraw-Hill Book Company,1976.
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SUMT: The (Extended) Interior Penalty Method (2/2)

(T, w,) = F(T) + w,P(T) + w, ) [ci(T)]

1€ F
1

i) = — :
() (D)

P(x) = ) &) |
ieZI &) = —25_(;*(?)

if () <e

. , if cz(?) > €

€ is a small negative number.

& G. Vanderplaats, McGraw-Hill Book Company,1976.
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The Augmented Lagrange Multiplier (ALM) Method (1/2)

min F(T),

2 ERN

L@, X) = F(7) =Y Aei(T)

1€ F

c(¥) =0, i€E

Use the KKT conditions and the exterior penalty method to minimise the pseudo-objective function:

(T, X,wy) = F(Z)+ Y (—hiei(T) + wple:i(D)])

1€FE

& G. Vanderplaats, McGraw-Hill Book Company,1976.
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The Augmented Lagrange Multiplier (ALM) Method (2/2)

« -
(T, X, wp) = F(T)+ ) (—ici(@) + wyle: (D))
1€ F
Step 1: Initialise x, A, wy, its multiplier y and the max. value w; ...

Step 2: Minimise @" by solving an unconstrained minimisation problem.
Step 3: Modify

A — A\ — prci(?) . 1€ FE

ma,a:)

wp < man(ywp, w;

Return to Step 1.

This can be modified for problems with inequality constraints.....

& G. Vanderplaats, McGraw-Hill Book Company,1976.
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Sequential Quadratic
Programming (SQP)
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Sequential Quadratic Programming (SQP) (1/3)

Consider a minimisation problem with N min f(x) x € RN 8ROpt
unknowns and M equality-constraints: s.t. c(x) =0 c e RM
Lagrangian function: L(x,A) = f(x) — ATc(x) A ERM

KKT conditions, i.e. the necessary conditions for optimality (derivatives w.r.t. x and A) (N+M egs.):

Flx2) = [vzfu)czxf)l(qu — 0

where the transposed Jacobian matrix of the constraints is:

AT = [Ve () Vea(x) oo Ve (0)]
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Sequential Quadratic Programming (SQP) (2/3)

Solution of the Newton’s method (k=iteration index):

xk+1] _ xk] N [P] p€R"
Ak+1 Ak q q € RM
where p,q are the Newton’s steps:
- Reminder:
W, —Ag [p] _ _|Vfi —Ark _ T
[ A, 0 ] q| = [ . L(x,A) = f(x) — A" c(x)
_ T
- Fx,2) = [Vf(x) A(x) /1] 0
KKT Matrix c(x)

and W(x,1) = V2, L(x, ).

The efficient application of the Newton’s method requires the efficient solution of the linear system,
by exploiting its block 2x2 structure, the possible use of Quasi-Newton methods (approximate rather

than solving the exact Hessian matrix) and usually needs a good initialication of A.
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Sequential Quadratic Programming (SQP) (3/3)

Instead, one may define the quadratic problem:
p € RN

_ 1
min [EpTWkp —kaT p] s. t. Ap + ¢, =0 q € RM

where p, q are constant vectors; the objective function is quadratic in p, whereas the constraints
are linear in p. Its Lagrangian is expressed as:

1
L= EpTWkp Vi p— uT(Arp + c)

We can solve this problem by calculating the setting the gradient of the new Lagrangian L to
zero! It can easily be seen that we get the exact same system so solve as in the previously
presented Newton’s method at step k. This means that, in Newton’s method, at each step k, we
exactly solve a minimisation problem with a quadratic objective function and linear constraints!
This is usually refereed to as a quadratic program! This is the essence of the SQP method.

& J.Nocedal, S.Wright, Numerical Optimization, Springer,1999.
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Constrained ShpO of a Cooling Channel using SQP (1/2)

CHT problem: TF =291.2 K, T° =500 K. L :
Objective: min. total pressure losses (J!)
st. a) same solid volume .
b) max. T° does not increase fluid
solid
AJPt=-26.9% N
Constraints satisfied R
4
Cycles
27
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Constrained ShpO of a Cooling Channel using SQP (2/2)

Temperature field

Velocity field

290 350 400 450 500 0 0.2 04 0:6 0;8 1 1.21.3

**x,y axes not in scale
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The Method of Moving
Asymptotes (MMA)
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Constrained SOO Problem Definition

Minimise: fo(l_;)
fi(b) <0, i=1,.... M,
b < by < b, j=1,..,N

subject to:

Minimisation using a special type of convex optimisation; initially proposed only for structural
sizing problems.

In each step of the optimisation algorithm, a convex approximating sub-problem is formulated
and solved.

Questions:
1. How these approximating functions are defined?
2. How each sub-problem can be solved?
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Local Problem Definition (at cycle (k))
At the (k)-th cycle, define:

j=1 J J
where:
o - N[ W o)
t Z (k) (k) (k) (k) |’ ?
71=1 UJ b b] o LJ
and:
(k) (k)2 f .. OFfi (k) _ . O
U b 1 > 0 i =0, 1 >0
8f o fi af;
(k) : (k) __ (k) (k)2 -
.. — O’ < 0 i = b — L (/ < 0
Pi; vf b, d;; — ( J j ) abj’ f db,
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Local Problem Definition (at cycle (k))

Properties:

£:(6%) = £ B®), i=o0,.., M,

af:(B®) _ af (5™

. i=0,...,M., j=1,....,N

ob, b,
Why is this a Convex Problem?
Pfi _ iy . 2qy
35? (U;k) . b;_k))s (bg-k) _ L;k))?’
9% f; .
obob, O IT™
where: p; >0, qj >0
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Selection of the Moving Asymptotes

k=0.k=1: L® = — Ab;, UM =) + Ab;
Ab; = b — b, j=1,..,N
k> 2

. k k—1 k—1 k—2
oif (B —bFBE Y — b ) <o
k) (k) (k=1)" 7 (k—1)

(k) _ (k) (k—1) (k—1)

oif (B — by — by > 0

where:
L = b — b — L) /s s = 0.7
(k) __ (k) (k—1) (k=) /. orso....
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Redefine the Problem:

N N p(k_) q(k_)
Minimise: ék)(b) — T(()k) + Z ( 07 i 07 )

subject to: — J=1

mam(bg””i”,agk)) <b; < min(b;”aw,ﬁj(-k)), j=1,.... N

—

where, for instance:
o = 0.90L" + 0.106
B = 0.90U" + 0.1055"

J
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Solve it using a Lagrangian Function

—

L(b, %) = f5”(b) + Z Wi f;Y (B) = o (b) + BT (B

—

J

pOJ) + \IjTﬁ(k) QOJ) + \I;T—‘( )

L(b,¥) =i + BTF

con + +
Z ( U™ — b, b, — L(.’“)

j
L,-(;,@)
N
or: E(g, \I_;) = ’r‘[()k) + \I_}Tf‘:(jgzl + Z L;(b;, \I_})
j=1

Due to the KKT conditions:

Prof. K.C. Giannakoglou, kgianna@mail.ntua.gr, Dr. V.G. Asouti, vasouti@mail.ntua.gr
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Solve it using a Lagrangian Function

Separable Problem: Min L; & find the corresponding b;:

o=
M=

Aj(\I_;)Z(pOJ)—I—\IJT_'(k)) , Bj(xf;):(qojwqﬂ ) L oi=1,...

k k
A;LY + ;U™

b (V) =
i ===—5
k) N 2 82
o\ T (k) J
L(D) =7y’ + BTFF) Z ( CE b e + o) - L(.k))

Prof. K.C. Giannakoglou, kgianna@mail.ntua.gr, Dr. V.G. Asouti, vasouti@mail.ntua.gr
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Simple Example (MMA-1/7)

Minimise: fo= ((zc —1)% + 3) (x — 7)°
SUbjECt to: fl = {I}z —9<0 200
and: 0<x<8
Analytical Solution: xr = 1.6340
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Simple Example (MMA-2/7)

200

150 1

— 100
>
o

T 50

0 L

-50

-2 0 2 <l 6 8 10 12 10 12

Step O Step 1
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Simple Example (MMA-3/7)

200 ' 200
150 1 150 1
— 100t — 100 |
> >
% =
= 50 T B0¢
0r Or
-50 -50
-2 0 2 - 6 8 10 12 -2 0 2 4 6 8 10 12
40
x 20 3
O L
-20 20
-2 0 2 4 6 8 10 12 -2 0 2 4 6 8 10 12
X X
Step 2 Step 3
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Simple Example (MMA-4/7)

200 200
150 1 150 1
— 100 — 100 ¢
> >
<% =
= 50 B0
0r Or
-50 A — -50
-2 0 2 4 6 8 10 12 -2 0 2 4 6 8 10 12
40
x 20 3
0 L
-20 20
-2 0 2 4 6 8 10 12 -2 0 2 4 6 8 10 12
X X
Step 4 Step 5
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Simple Example (MMA-5/7)
2 . ;

00 ' 200
150 1 150 ¢
— 100 — 100
= =
B0 50
Or 0r
-50 50
-2 0 2 4 6 8 10 12 -2 0 2 4 6 8 10 12
40
x 20 3
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Step 6 Step 7
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Simple Examole (MMA-6/7)

200 . 200
150 150
— 100 — 100
= =5
= 50 = 50
Or Or
-50 50
-2 0 2 4 6 8 10 12 -2 0 2 4 6 8 10 12
40 40
< 20 < 20
0r 07
S —
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-2 0 2 4 6 8 10 12 -2 0 2 4 6 8 10 12
X X
Step 8 Step 9
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Simple Example (MMA-7/7)

Step xr fo f1 L U 8} I6; €T

0 4 108 7 0 8 | 04 | 7.6 2.88
1 2.88 110.90 | -0.71 | -1.12 | 6.88 | 0 | 6.48 . 10783
2 3-107% | 196 9 | 48 | 4.8 0 4 4

3 4 108 7 0.64 | 7.36 | 0.98 | 7.02 2.82
4 2.82 110.24 | -1.07 | 0.46 | 5.17 | 0.70 | 4.93 0.70
5 0.70 122.74 | -8.51 | -2.12 | 3.52 | 0 | 3.24 2.63
6 2.63 107.99 | -2.1 | 0.65 | 4.60 | 0.85 | 4.41 0.85
7 0.85 114.38 | -8.28 | -0.53 | 2.23 | 0 | 2.09 1.93
8 1.93 99.31 | -5.29 | 0.96 | 2.89 | 1.05 | 2.80 1.05
9 1.05 106.14 | -7.89 | 0.38 | 1.73 | 0.45 | 1.66 1.63
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Read more in:
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