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Gradient-Based Optimisation Methods (GBMs)
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The computation of the gradient of the objective function w.r.t. the
design variables is the heart (and the costliest part) of all GBMs!

Prof. K.C. Giannakoglou, kgianna@mail.ntua.gr, Dr. V.G. Asouti, vasouti@mail.ntua.gr



mailto:kgianna@mail.ntua.gr
mailto:vasouti@mail.ntua.gr

Parallel CFD & Optimization Unit, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

Gradient-based (GBM) Optimisation — Computing Grad(F)

Aerodynamic Shape Optimisation (ShpO) example
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Gradient-based (Deterministic) Optimisation Methods (GBMs)

Steepest Descent F(b)
—rew —
prew = pod nVF(D Dﬁd)T about n
5F old

prew = pold _ n=1,-N

Tsp,
Newton’s Methods

_b}ne-w _ E}air_’l VQF( oi,"d) 1VF( DEL’I)T

- Compute (the exact) or approximate grad(F)? Accuracy vs. Computational cost.

- Computing grad(F) is the most important part of GBMs.
- The computational cost of grad(F) should not scale with N (number of design variables).

Computing the exact Hessian! Quasi-Newton methods!
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Newton’s Method
?n + ?n) ~ F(?n) 4 p}ﬂ.TvF( ;IT:}H) Grad F(?n + ?H)% 0
VF(%H) un VQF(?H) ?n —
Design variables correction vector: A L ﬁn

F’n— _ (VZF(?H))—l VF(?H) D o (Bn)_lVF(?n)

Prof. K.C. Giannakoglou, kgianna@mail.ntua.gr, Dr. V.G. Asouti, vasouti@mail.ntua.gr



mailto:kgianna@mail.ntua.gr
mailto:vasouti@mail.ntua.gr

Parallel CFD & Optimization Unit, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

Quasi Newton (Approximating Grad(F)) (1/2)

, y" = VF (b"*) - vF (b")

widely used recursive formulas for Hess(F) = B are:

-

— -
For: st =pntl _pn

|:> SR1 (Symmetric Rank One) Method

—n n"—_’n —n n—n\T
Bﬂ-—l—l . + (y — B" s )(y — B" s )
o (?n _ Bn?n)T __Sf'n.
If‘> BFGS (Broyden-Fletcher-Goldfarb-Shanno) Method
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Attention: the recursive formula should retain the symmetry of the Hessian matrix.
Initialising matrix B (B?; scaled identity matrix?) might be critical.

Prof. K.C. Giannakoglou, kgianna@mail.ntua.gr, Dr. V.G. Asouti, vasouti@mail.ntua.gr



mailto:kgianna@mail.ntua.gr
mailto:vasouti@mail.ntua.gr

Parallel CFD & Optimization Unit, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

Quasi Newton (Approximating Grad(F)) (=2/2)

Or, even better, recursively compute the inverse of matrix B (i.e. matrix H):

Hn. — (Bn.) —

H?l-—|—1 _ (I_pnﬁ"nﬁ"nT)Hn(I pnﬁ"nﬁ"nT) + pn?n?nT

pn — . . | ?n _ _Hn. VF(?H)
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Comments

v'Newton’s methods are much faster (in terms of the number of optimisation cycles required to
converge) than steepest descent, especially if the starting point is not far from the optimal

solution.

v Requires the Hessian matrix of the objective function F (a NxN symmetric matrix with all second-
order derivatives). Expensive!

v’ Alternatively, second-order derivatives can be approximated, giving rise to Quasi-Newton
methods.

v The approximation is based on a recursive formula for the Hessian matrix or (directly) its inverse,
which requires grad(F). However, in this case, the exact grad(F) should be available.

v’ Close to the optimal solution, the Quasi-Newton method usually becomes quite fast.
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Gradient-based Methods (GBMs)
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= |t is likely to compute a local (rather than the global) optimum.
= Computed solutions heavily depend on the initialisation. Many restarts might help but this increases

the cost.
= Expected to be fast, if computing Grad(F) isn’t time-consuming.
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Important Note

Working with a GBM, the gradients of the objective and constraint functions must be computed.ﬁ |
In contrast:

Constraint handling in a GFM (such as an EA) is merely based on (escalated) penalty functions.
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Possible Ways to Compute (the exact) Grad(F)

In a problem governed by PDEs (or linear systems of equations)

* Finite Differences (FD)

* Complex Variable (CV) Method

* Direct Differentiation (DD)

* Automatic or Algorithmic Differentiation (AD)

* Adjoint Method (AM) or Adjoint Variable Method (AV)

The computation of the gradient of the objective and/or constraint functions is the most important
and costly part of a GBM. Its cost should be measured in terms of the cost of solving the analysis
problem (one time unit, 1 TU or 1 EPS= Equivalent Problem Solution).
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Grad(F) computation using
Finite Differences (FD)
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Finite Differences (FDs)

OF F[bl.bg,....bi—l—f....,bhr) — F(bl.bg,.“,bi,...,bw)

b; €

Eﬁ'F F(bl,bg,...,b.i—FE,...,bN) — F(bl,bg,...,b.i—E“..._bN)

3—E;[i 2¢

The cost for computing grad(F) w.r.t. b, (n=1,...,N) scales with N. Solution of 2N (for second-order
accuracy) or N (for first-order accuracy) systems of PDEs for N sensitivity derivatives, in a PDE-
governed application! Expensive!

Amenable to parallelisation! Exploit a multi-processor platform to reduce the wall clock time.
Accuracy and the role of .

Although expensive, FDs are often used to compute REFERENCE sensitivities for the assessment of
“better” methods, during development phase.
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Grad(F) computation using
the Complex Variable (CV)
Method
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Complex Variable (CV) Method

In the hypothetical case of a single design variable b:

F(b + 6b) = F(b) + ob dF + Obd°F + 0(6b3
- 11db|, ~ 2! db? (0b%)
or: b In the most general case:
, iob dF ,
F(b+iéb) = F(b) + ——| + 0(6b*) 9F  imag[F(b; + i€)]
1! db — = lim
b ﬁbl e—0 €
Real part: real[F(b + i6b)] = F(b) + -
dF * Investment/software programming needed!
Imaginary part: imag|F(b + iéb)] = &b T + - * N evaluations per gradient computation.
b * Parallelisation!

e Accuracy and the role of €.
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Complex Variable (CV) Method

Demonstration in a simple example:

OF

% — le - —162
F(by.by) = b2+ 3b3 —dbiby D= o1
2

(b1,by) = (1,2) =< |
98(1.2) = 92
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Complex Variable (CV) Method - Coding

program demo_complex_variables __#include <iostream>
#include <complex>

implicit double precision (a=h,0-z)

std::complex<double> F(std::complex<double> x,

double complex F,x,y

std: :complex<double> y){

F(x,y) = x*#*%2 + 3.d0*y**4 -4.d0*x*y return pow(x,2)+3.0%*pow(y,4)-4.0*x*y;

epsilon = 1.d-30 }

bl = 1.d0 int main()

b2 = 2.d0 {
x=b1#%(1.d0,0.d0)+epsilon*(0.d0,1.d0) const double epsilon = 1.e-30;
y=b2*(1d0,0d0) const double bl = 1.0;

const double b2 = 2.0;
std: :complex<double> x(bl, epsilon);
std::complex<double> y(b2, 0.0);

dFdbl = imag(F(x,y))/epsilon
x=b1x(1.d0,0.d0)

y=b2*(1.d0,0.d0)+epsilon*(0.d0,1.d0) double dFdbl = imag(F(x,y))/epsilon;
dFdb2 = imag(F(x,y))/epsilon x = std::complex<double> (bl, 0.0);
write(*,*)’ Computed dF/dbl = ’,dFdbl y = std::complex<double> (b2, epsilon);
write(*,*)’ Computed dF/db2 = ’,dFdb2 double dFdb2 = imag(F(x,y))/epsilon;
end std: :cout<<"Computed dF/dbl ="<<dFdbl<<std::endl;
std: :cout<<"Computed dF/db2 ="<<dFdb2<<std::endl;
return 0;
}
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Complex Variable (CV) Method — On the Accuracy of the Computed Gradient
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Grad(F) computation using
Automatic Differentiation
(AD)
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Algorithmic or Automatic Differentiation (AD)

AD computes the derivative of a code/function by transforming the underlying code that
computes the (numerical values of the) function.

— The analysis source code
b written in Fortran 77/90 or
ANSI C++

Two modes:

* Tangent or forward = equivalent to Direct Differentiation, DD
* Reverse =2 equivalent to the Adjoint Method, AV.

* Cost?
e Memory Footprint?

Prof. K.C. Giannakoglou, kgianna@mail.ntua.gr, Dr. V.G. Asouti, vasouti@mail.ntua.gr
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AD - Modes

Possible Implementations of AD:

Forward AD or Reverse AD

AP dr . _ _

Adjoint of input b,
Adjoint of output b,
Adjoint of F (generated by the reverse AD)

b Tangent direction of input b
F Tangent of F (generated by the forward AD)

23
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AD — Introduction of Intermediate Variables

The evaluation of F is represented by a sequence of elementary (unary or binary) functions,
by introducing the necessary intermediate variables (indices: N+1,...,m).

independent
variables

A
'a Y

[ bf‘lﬂ—l — f N+1 (bl: LR bf\")

Z}N—I-Q — fj\-"_|_2 (bl: Cee bf\-" _|_1)

intermediate <
variables

\ b?n — f-yn_ (blj Ce b?n—l)
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Forward AD

bN—l—l = f?\-'_H (bl ..... b ,-‘\.-')
0f\+l —
Viny — z
INH ; b, €
bnya = f N+2 (b1, ... bnst) Apply the chain rule of differentiation of
P f\+2—> O frio composite functions, by associating its statement
Vg = Z o D Vb with an extra statement computing its derivatives.
1 7 T+

: Forward AD represents how an infinitesimally
small change in the input/independent variables
m f m (bl ----- Z:’]m 1) .
propagates and, finally, affect the output.

m—1
f??’t—) fm
vz-m —
L T ?,;1 b
_ At the expense of memory!!!
F = bm-
VI = Vb,
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Forward AD - Example

: E}‘5 — bl
F:blbgb;;,b4 Vb5 _ ?l
%4 — QR b@ — 1121}5
VE}‘G — 1}5?2+E12Vb5
Intermediate variables:
E}‘T — Z}‘gl}‘ﬁ

bs = f5 (b1, 0o, b3,b4) =0
5 f5(l 2, Y3, 4) 1 VE}T — 8}6?3+E?SVZ?6

be = fo (b1, Do, b3, by, bs) = bobs
2;7 = [ (b1, by, b, by, bs, bg) = babg bs = bybs
bs = f7 (b1, b9, bs. by, bs, bg, b7) =Dybr Vg = Z}7?4+E}4V57
F = b F = bg
VF = Vig
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Reverse AD (1/2)

Compute the sensitivity of the output to changes in the input/independent variables.

_0b,,

Define: b ;=
0 Z}‘ig

(i=N+1,...,m) with b, =1

Compute:

&L ob, Of Of; T

b= ) b.—L  i=N4+1.....m—1

} b, Ob, Z o, DT
=it J=iAl Intermediate variables

abm afj‘ - ij I AT
b= Z 0113 Ob; Z bi—p ob; =1 N

J=N-+l -

Independent variables
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Reverse AD (2/2)

Forward loop: ?3 — {;(E (b1, ... ibz'l) ; fl: N+1,..., m
y —= U, = 1,...,1m—
Em =1

do 3 = m, N + 1,@

dor=1,7—1
o,
bi_bl—i—bﬁ%

Backward (reverse) loop:

enddo
enddo
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Reverse AD — Example (1/3)

Intermediate variables

b4 = f4 (blj bgj bg) — bl

F= 2}1 Z}Q 2}3

_ﬂ

o — %: B3 bs = fs (b, by, bs, by) = boby
6

2 o, _“Z o, by — f (bl by, by, by, b) = bsbs
a Obe Obs 0b5 m F =

d fe 0f6+0f6 d [ 7 0f6 d [

~ Obg Oby  Oby Oby 6054 moz;q ” ” O3 _ O fq _ O fs
Iy — Ofs Ofs  OfcOfs Jfe 0f4_ % % dJa dby  Oby  Oby
5 s by T Ol Oba | Oby by <’ Ot Ol e ab

.6.3.5'3.4.‘3m ‘3” ‘3“‘3
, _ Ma0fs 0 0fs 0k 0fi N 0N ofs Jofy

Obg Oby  Oby Oby  Oby Dby m 052” 0bs m@bg
b — dfe af6+af6 af5+af6 af4—16%+b5%+b4

abg 82}1 82)5 Obl C)b_l 82}1 ()bl C)bl C)bl
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Reverse AD — Example (2/3)
be=1. bs;=0, by=0, bs=0, by=0. b =0
n | fo = babs fe B dfe B d fe B dfe B J fe B

S A L e L A L W
Obs 27 by Dby b, by

E ??5253 \ ??_1:0 \ ??328?5 \ EQ:O \ Z_}l:()

0 , 55 0 \ 0

E fo =1 dfs dfs dfs Jfs
f5s="b2by =y, =0, ——=b,, —==0
by 27 Obs 0 Oby Y Ob
E ?)428}28}3 \ ?}3:8)5 \ 5228)3@1 \ Z_)l —0
) f 0 f4 Ofs
4 AV YIs _g YA _ Y4y
fa=b obs " Oby O ob
E by=0bs ., by=Dbsby . by=bobs
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Reverse AD — Example (3/3)

Final (forward) summation:

by = by

Vb, = ¢
by = byby

Vby = by e o+-byVby=by € 9+by ey
bg = b3bs

Vbg = 235?3+213Vb5:235?3+Z;3314?2+Z;3212?1
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AD Software

ADIFOR (Automatic Differentiation of Fortran)

AMC (Tangent linear and Adjoint Model Compiler)

TAF (Transformation of Algorithms in Fortran)

DAFOR (Differential Algebraic Extension of Fortran)
GRESS (Gradient--Enhanced Software System)
Odyssee

TAPENADE

ADO1

ADOL-F (Automatic Differentiation of FORTRAN Codes)
IMAS (Integrated Modeling and Analysis System)
OPTIMA90

ADIC (Automatic Differentiation of C Programs)
ADOL-C (Automatic Differentiation of Algorithms written in C/C++)
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AD using TAPENADE (Forward Mode)

void ff_d(double x1, double x1d, double x2, double x2d, double x3, double x3d, double *f1,

double *f1d, double *f2, double *f2d)  //function
(tangent) mode

{
/*

Differentiation of ff in forward (tangent) mode:

produced by TAPENADE - forward

#include <stdio.h>

void ff(double x1, double x2, double x3, double* f1,

variations of useful results: *f1 *f2 double* f2) //functions to be differentiated
with respect to varying inputs: x1 x2 x3 {
RW status of diff variables: f1:(loc) *f1:out f2:(loc) *f2:out *f1=x1+x2+x3; //1stfunction

x1:in x2:in x3:in
Plus diff mem management of: f1:in f2:in

*/

*f1d = x1d + x2d + x3d;

*f1 =x1 +x2 + x3;

*f2d = x3*(x2*x1d+x1*x2d) + x1*x2*x3d;
*f2 = x1*x2*x3;

*f2 =x1 *x2 *x3; //2nd function
}

The ff_d function must be called as many times as there are
design variables (x1, x2, x3), with
(x1d,x2d,x3d)=(1,0,0),(0,1,0) and (0,0,1).

Each call computes the derivatives of all objectives (both f1
& f2) w.r.t. the design variable for which xkd equals 1.
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AD using TAPENADE (Reverse Mode)

void ff_b(double x1, double *x1b, double x2, double *x2b, double x3, double *x3b, double

*f1, double *f1b, double *f2, double *f2b) //function produced by TAPENADE - reverse

(adjoint) mode

{

/*
Differentiation of ff in reverse (adjoint) mode:
gradient  of useful results: *f1 *f2
with respect to varying inputs: *f1 *f2 x1 x2 x3

#include <stdio.h>

void ff(double x1, double x2, double x3, double* f1,
double* f2) //functions to be differentiated

{

RW status of diff variables: f1:(loc) *f1:in-out f2:(loc) *f2:in-out *f1=x1+x2+x3; //1st function

x1:out x2:out x3:out
Plus diff mem management of: f1:in f2:in
*
/
*x1b = x2*x3*(*f2b) + *f1b;
*x2b = x1*x3*(*f2b) + *f1b;
*x3b = x1*x2*(*f2b) + *f1b;
*f2b = 0.0;
*f1b = 0.0;

*f2 =x1 *x2 *x3; //2nd function
}

The ff _b function will be called as many times as there
are objective functions (f1, f2), with (f1b,f2b)=(1,0),(0,1).
Each call computes the derivatives of fkb for which k
equals 1 w.r.t. all design variables (x1,x2,x3)
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AD — An Example

Forward AD:

F = 61 Sin(bz) + b152COS(b2)

[ operator * ]

b, sin(b,) b,cos(b,)
addto F b2
lblb.z COS(bz)
addto F

F (b4, b;) = bysin(b,)

[ b;sin(b;)

[ operator * ]

Reverse AD:

by += sin(b,)F

b, += bycos(b,)F

[ operator * ]

To stack
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AD - An Example using TAPENADE

Assume a (piece of) code computing the values #include <iostream>

of 2 functions f,(b,,b,,b;) and f,(b,,b,,b,), written #include <cmath>

in any language that can be processed by an AD void my(double b1, double b2, double b3, double& f1,
tool (herein Tapenade by INRIA). AD will be used double& f2) {

to compute six derivatives, in total. f1=bl * bl + b2 * std::sqrt(b3 / b1) + std::sin(b1 * b2) *

std::exp(b2 + b3);
f2 = std::log10(b1 * b2 * b3)-5.0 * (b2 - b1) *

bg std::tan(b3);
fl — b% + bz b_ + Sin(blbz)exp(b2+b3) }
1
subroutine my(b1,b2,b3,f1,f2)
— . . fl=b1*b1+b2*sqgrt(b3/b1)+sin(b1*b2)*exp(b2+b3)

f2 = 10g10(b1bzb3) — 5(b;—by)tan(bs) f2=log10(b1*b2*b3)-5.*(b2-b1)*tan(b3)
return
end
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C

AD - An Example using TAPENADE (in tangent/forward mode)

Generated by TAPENADE (INRIA, Ecuador team) in forward (tangent) mode:
SUBROUTINE MY_D(b1, bld, b2, b2d, b3, b3d, f1, f1d, f2, f2d)
argld = (b3d-b3*b1d/b1)/b1
argl = b3/bl
temp = DSQRT(argl)
resultld = argld/(2.D0O*DSQRT(argl))
resultl = temp
temp = DEXP(b2 + b3)
tempO = DSIN(b1*b2)
fld = 2*b1*b1d + result1*b2d + b2*resultld + temp*DCOS(b1*b2)*(b2*

Call this routine as many times as there are
design variables (3 calls, for: b1, b2, b3)., with:

+ bld+b1*b2d) + tempO*DEXP(b2+b3)*(b2d+b3d) (b1d,b2d,b3d) = (1,0,0),(0,1,0) and (0,0,1).
f1=b1*b1 + b2*resultl + temp0*temp In each call, derivatives of all functions (f1 and
templ = b1*b2*b3 f2) w.r.t. the design variable marked with «1»
tempO = DTAN(b3) are computed.

f2d = (b3*(b2*b1d+b1*b2d)+b1*b2*b3d)/(templ*DLOG(10.D0)) - 5.
+ temp0*(b2d-b1d)+(b2-b1)*(1.D0+DTAN(b3)**2)*b3d)

f2 = DLOG10(temp1) - 5.%((b2-b1)*temp0)

RETURN

END
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AD - An Example using TAPENADE (in tangent/forward mode)

b
fl = b% 5= bz\/b:i = Sin(blbz)exp(b2+b3)

b bzq — b3sb4q/b b
by=-2 @ by =403 1a/b1 ad

= b =./b by =
bl bl ‘5\/_4‘ 5d zm

be = sin(b1b,) € b, =exp(by+b;) @  f1=Dbiby+bybs+bgb;

f1a = 2b1by1q + bygbs + bybsgq + bycos(byby)(bygby + bybyg) + bgexp(by,+b3)(byg + b3g)
f2 =1log1o(b1b,b3) — 5(b,—bq)tan(b3)

b8 = b1b2b3 ‘ bg — tan(bg) ‘ .f2 — loglﬂ(bB) T 5(b2_b1)b9

[bS(bZdbl | bzbm) ; b1b2b3d]
= — 5 |bg(byq—b — (b,—b 1+ tan?(b b
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C

AD - An Example using TAPENADE (in reverse/adjoint mode)

Generated by TAPENADE  (INRIA, Ecuador team) in reverse (adjoint) mode:
SUBROUTINE MY_B(b1, blb, b2, b2b, b3, b3b, f1, fl1b, f2, f2b)
tempbl = f2b/(b1*b2*b3*DLOG(10.D0))
tempbO = -(DTAN(b3)*5.*f2b)
b3b = bl*b2*tempbl - (1.D0+DTAN(b3)**2)*(b2-b1)*5.*f2b
b2b = tempb0 + b1*b3*tempbl
blb = -tempbO
temp = b3/b1l

temp0 = DSQRT(temp) Call this routine as many times as there are

functions to be differentiated (2 calls, for: f1,

SB[ = P8 e DI DSOS f2), with: (f1b,f2b) = (1,0) and (0,1).
tempb0 = DCOS(b1*b2)*DEXP(b2+b3)*f1b In each call, derivatives of the function (f1 or
blb =blb + b2*b3*tempbl + 2*b1*f1lb + b2*tempbO - temp*tempb £2) marked with «1»,w.r.t. all design variables
tempbl = DEXP(b2+b3)*DSIN(b1*b2)*f1b are computed.

b2b = b2b + temp0*flb + tempbl + b1*tempbO
b3b = b3b + tempbl + tempb

f1b =0.DO

f2b = 0.DO

END

kgianna@mail.ntua.gr, vasouti@mail.ntua.gr



mailto:kgianna@mail.ntua.gr
mailto:vasouti@mail.ntua.gr

Parallel CFD & Optimization Unit, School of Mechanical Engineering, NTUA (PCOpt/NTUA)
An AD Example using TAPENADE (in reverse/adjoint mode)
f2 =1logy9(bybyb3) — 5(b,—bq)tan(bs)

© to = —5fatan(by) € by, = bybytyy, — 5(by—by) (1 + tanz(b3)) fan

_ f2pb
tip =
b, b,bsIn(10)

byp = to, + bibsty, €© by, = —top

b
f1 = b% s bz\/b:: = Sin(blbz)exp(b2+b3)

b b
-2 @ =322 @ =T @ tw=cosbibiexp(batbo)
1 1

t

by, = by + bybstyy, + 2b1f 1 + byto, — tt, ti, = sin(byby)exp(b,+b3)fy,

by = bap + tof 1 + tip + b1tor bs, = by, + ty, + L,
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Grad(F) computation using
Direct Differentiation (DD)

Prof. K.C. Giannakoglou, kgianna@mail.ntua.gr, Dr. V.G. Asouti, vasouti@mail.ntua.gr 41



mailto:kgianna@mail.ntua.gr
mailto:vasouti@mail.ntua.gr

Parallel CFD & Optimization Unit, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

Example (ODE) — The Primal Problem in Discrete Form (1/3)

Exampgz-z: (Primal) ODE: _— Ax=0.2 o
y = g
W+b1v+b2v2—5=0 @ @ @ @ @ @
0<x<1 i=1 i=2 i=k
<x<
v(0) =1 Spatial discretisation using equidistant nodes.
Boundary conditions:
v(1l) =3
Linearisation / Delta formulation: ( v/**" = v?'% + Av; )
d?(v°? + Av ,
( P ) + by (v + Av) + by ((©°1%)? + 20°AV) —5=10 2<i<k-1
or .
=1 A‘Ul =
d?A\v d2ypold : _
b1 + 2buO A = ———— = byl — b (042 + 5 L=k Ay =0
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Example (ODE) — The Primal Problem in Discrete Form (2/3)

dzA’U dzvold
+ biAv + 2b,0° Ay = —

—_ blvold _ bz (Uold)z 4+ 5

dx? dx?
old _,. old, old
| Aviy + by + 26,001 — 2| Av; + |5 | Avyy = - BRI 0l py (1014) 245
1
If: a = A_xz Yi = b1 + 2b2Ui01d — 2
Rl — U1 - 1 —
_ o _ -0 -
1 Avl ROld R6 =U6_3=
a y, « Av, 2
a V3 « Avg _ Rgld Ax
a y4 (04 AU4 Rgld . . . . . .
a ys allAvs RO =1 i=2 i=k
R 1 _AU6_
-0 (for k=6 nodes)
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Example (ODE) — The Primal Problem in Discrete Form (3/3)

dR (V) old - 5 r=old S N N
= Av = —R (v°*%) pnew — pold 4 A
Jacobian! (Could be replaced by an easily invertible
approximation to the real Jacobian, if needed)!
1 Avy R(o)ld
a y, « Av, 2
a V3 « Avs| _ R3'
a Vi « Av, RS
a ys «allAus RO
i 1 11 Avg | 0 .
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Comments on the Use of the Jacobian

Solve the state/primal equations ﬁ(ﬁ) = 0

through an iterative method (linearisation, delta formulation ...)

ﬁ(ﬁn—i—l) — 0

R(U™Y) — BT + (U™ —Tn) = BU") + A}, AT

OR
ot |,
or A\ﬁn/_\_ﬁ = —ﬁ(ﬁ”) » Unt = T + AT

Numerics Physics

Prof. K.C. Giannakoglou, kgianna@mail.ntua.gr, Dr. V.G. Asouti, vasouti@mail.ntua.gr 45



mailto:kgianna@mail.ntua.gr
mailto:vasouti@mail.ntua.gr

Parallel CFD & Optimization Unit, School of Mechanical Engineering, NTUA (PCOpt/NTUA)

Direct Differentiation (DD)

Minimise (objective function / trapezoidal rule of integration):

1 Ax - Ax SF L sv < v
= Seid E Ax + — = | —()dx= E -
F fov(x)dx 5 U1 + ) v;Ax + 5 U6 » 5h, fo 5, (x)dx b,

=2 i=1

Optimisation (steepest descent):

bR = b =5 (b9, b§), i=1,...N
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Continuous DD

d?v =
—— + b + by =5 =0 v(0) =1 & v(1)=3
First DD-ODE:
d” (ov +v+b 6U+2b ov =0 0<x<1
<x<
dx2\8b, ) TV T Prep, T <72 b,
Sv v
—0=0 © —@D=0 N DD-equations to be solved.
5h, 5b,

CPU cost scales with N.

Programming is needed.
Second DD-ODE:

Gl G DS LN P A SO
ixZ\ap, ) gy, TV 2 gy = =%=

5 6‘ AX

2V o) = (1) =

5y, O =0 @ 51,2() 0 P ~—
i=1 i=2 i=k
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Discrete DD
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Grad(F) computation using the
Adjoint (Variable, AV) Method
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The Adjoint Method (AV)

Continuous Adjoint Method:

1. Differentiate the primal equations (PDEs). Derive adjoint equations in the form of PDEs.
2. Discretize & solve the primal and adjoint equations (PDEs).

First Differentiate — then Discretize

Discrete Adjoint Method:

1. Discretize the primal equations (PDEs) and differentiate them in discrete form.
2. Derive the adjoint equations in discrete form (linear system) and solve them.
First Discretize — then Differentiate

Adjoint is the art of computing the derivatives of J (or F) w.r.t. b (n=1,...,,N) without first computing
the fields of the derivatives of the primal variables w.r.t. b_ (skip DD). The adjoint method makes
the cost of computing the gradient of F independent from N!
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Towards Discrete Adjoint (1/7)

Objective Function: Min.

F=FT) _zf\z or F=FT.7)
Indirect Direct
dependence dependence

Subject to

ﬁ:ﬁ(ﬁ(_b})_b}):[) or ﬁ:ﬁ(ﬁ}_b}):()
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Towards Discrete Adjoint (2/7)

SF OF  OFsU

Or, compute = 4
56 ob  oUdb

Subject to 67%) _ dﬁ? 4 dﬁ 6ﬁ — () ( 7%) B; U( b}) b() 0)
_ = since . —
5b 00 oU6b |

Total vs. Partial Derivatives F= / p? CdodS = Z piﬁz - d L AS;
S
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Towards Discrete Adjoint (3/7)

Understanding oF :
5b
SF _ OF  0FsU ot
56 ob  oU6sb
OF [T--T1]t1  OF 11 U [ ] ]«
— = : — = : N
db N — f)ff — K - db

—N —

Computing the derivatives of the primal variables w.r.t. the design variables (k x N) corresponds to
Discrete DD. The computational cost of DD scales with N. This is avoided using the Adjoint Method.
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Towards Discrete Adjoint (4/7)

OF
0T

Understanding

T1

Py T N> PYii T« & —

Example: F = f pdS = Z p;AS; This is a naive example without

AS any physical meaning.
T airfoil
e .:‘.'. :.1_._,_ \.*
{‘“""'-t--&‘ﬂ- - " ...-0""""."*'. aF aF

= AS
au, am A

dAS;
L,
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t (5/7)

join

Towards Discrete Ad

3
33
Y= =
T
c g
Im .m
© ©
A‘V‘ﬂ‘b’ﬂﬂ?ﬁw 50
TAVAVAY, st ¥ o35
WATISS £8 29
Q5 Q20
QN Q o
S ® EE
(o) o S
S 4, €
o e o
oo 00
fa) (o] N N
v »»4V<N¢A}ﬂ«4 N OnJ ==
Sia x
mm.»mWMNﬂﬂv O i <
ﬂVﬂVVV SRR
Ay a5 & &
O O
< <
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Towards Discrete Adjoint (6/7)

Understanding

B 0R aﬁa_f

= +
5T 9b oUsb

! - K —

—N —
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Towards Discrete Adjoint (7/7)
O]
oU B(T) = 0

old R oo
AU = —R (U°'%)

Have we seen

dR(U)
1 dU

l_jnew — (_jold + Al_])

p— _.{4 p—
O E? co Jacobian! (However, here, you cannot use an easily
invertible approximation to the real Jacobian!

- Ko —
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Discrete DD

: VB 5 BROpt
(1) Solve the N DD equations resulting from O_E; _ d_zzl); 4 dz ol —
0b db 0l 0
OR6U R

l.e. 3?5_3)} d——b; T T T
(2) Compute grad(F): : : h : Ko R

SF _ OF  OF 5T

56 oL U ! ! !

— Ko = —N — —N —

Compact representation of N independent linear systems Kk x k
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Why Discrete Adjoint?

To avoid computing the derivatives of the flow

variable w.r.t. the design variables (kxN matrix), i.e. é‘ﬁ : B
avoid Direct Differentiation (DD). —s = : |
0 b
Instead, use the Adjoint Method, either in its discrete
or continuous form. T i
+—N —
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Discrete Adjoint (1/4)

ST 0" 0RoT 5T (af_f)laﬁ?

= + = 0= =
56 ob  aUsb 5b ov ) o

57
SE 9F  OFsU  OF  OF (aﬁ)l T

— + p— .
56 ob  oUsH ob  oUu\oU /) ov
. —1 .. T .- T
o OF OB\ 27l O] = (dF)
oU \oU oU ov

Sensitivity Derivatives (SD) —_ = = — [\ —_;
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Discrete Adjoint - Alternative Development (2/4)

Augmented Objective Function or Lagrangian:
— ) F | ) R
e p TR Fuyg  OF Tﬁ’T"ﬁ
aug = o =
0 b 0 b 0 b

5Fuyg  OF  OF U 21 (aﬁf N OB 5(7’)

k. +
5D ob  oUsb oL oUsh

— -y 1
5T ob Py

SFpg ~ OF = 0B OF TﬁTﬁ 5T
T ) 5T
\ l

| |
_ T i i ..
Sensitivity 0F OF —= dﬁ dﬁ s OF\" it
Derivati SD — = = — T—_; U = Equations (FAE) in
erivatives (SD) S b b b d—@‘; ﬁ discrete form
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Discrete Adjoint — Adjoint Equations (3/4)

Understanding the

Discrete Adjoint Equation

- K — 1 1
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Discrete Adjoint — Sensitivity Derivatives (4/4)

oF _ 0F 0B | Sp0R 0P\ o
v ob ob B 0T o3

SF — 31 _ Kooy "T' il | N

+—N —
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Adjoint-based Optimisation Loop (for min. J)

Define design variables b,,

v

—{  Solve flow equations > U | - Computational Cost: 1 TU

v

Compute

v

| Solve adjoint equations — ¥ | - Computational Cost: ~ 1TU

|

Compute 6//6b,, (U,¥V)

1

Update design variables

Update grid

Using the Adjoint Method, the computational cost
per optimisation cycle is equal to 2 TU,

IRRESPECTIVE OF THE NUMBER (N) OF THE DESIGN
VARIABLES.
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Example Revisited — The Primal Problem in Discrete Form (1/8)

Example: (Primal) ODE:

dZU Ax
——+ b+ byt —5=0 o—eo—o o oo
i=1 =2 i=k
0<x<1
" v(0) =1 o . .
Boundary conditions: Discretisation using equidistant nodes.
v(1l) =3
Linearisation / Delta formulation: ( v/**" = v?'% + Av; )
d? (v + Av) ,
P + by (v + Av) + by ((©°1%)? + 20°AV) —5=10 2<i<k-1
or .
=1 A‘Ul =
d?Av d?yold i =k Av, =0
7+ b1 Av + 2b,v° Ay = — T bv°'% — b, (vO!)2 + 5 k
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Example Revisited — The Primal Problem in Discrete Form (2/8)

d?Av L d?yold
T2 + b{Av + 2b,v°"“Av = — T2

—_ blvold _ bz (Uold)z 4+ 5

old old old
Vi1 20 +uig

[i] Aviyq + [bl + vt — Aile Av; + [@] Avjy 1= — — by — by (1°14)245

Ax? Ax2
If: 1 old 2 old
. a=A_x2 yi=b1+2bzvi —A_x2=b1+2bzvi _Za
Rl — U1 — 1 — O
_ = - B O 7
1 Avl ROld R6=U6_3=0
a yz a AUZ 2
a V3 «& Avg | _ R§H Ax
a y4 (04 AU4 Rgld . . . . . .
/,_ a ys al|Avus Rgld i=1 i=2 i=k
i 1 _AU6_ 0
A matrix ) ) (for k=6 nodes)
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Example Revisited — Discrete Adjoint (3/8)

Objective Function (in discrete form):

1 Ax g Ax
sz v(x)dxz—v1+ZUiAx+—v6

. 2 2

2

9 _ . for 2<i<5
19Ui
UF JF Ax
Jv;  vg 2
9F 0 o _ OF _OF _
— = since = =
Ib e Ub; b,
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Example Revisited — Discrete Adjoint (4/8)

1
R; = av;_; + byv; + b,v? — 2av; + avj, — 5 # 0 a=1
X
IR, IR, |
= a = :b1+2bzvi_2a:yi

Vv VU419 J;

Discrete Adjoint Equation:

T RIS T
(19R> B <0F>T LIJl Ax /2

— P = — 2 Ax

Ju Ju or AT W, _| Ax

T Y, Ax

or AT — or Y. Ax
Vv v | lAx/2)]
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Example Revisited — Discrete Adjoint (5/8)

R; = av;_; + byv; + byv? — 2av; + av;y; — 5 # 0

OR;
9b,

U;

9R;
9b,

vf for 2<i<5

Sensitivity Derivatives (SD):

5F _9F oy OR or

9b

b _‘%E
0

1
T ax?
ﬁRl_ﬁRl_O 19R6_19R6_0
9b, 9b, 9b, 9b,

CSF

b,
SF

.96

T
0 T
p— [O] —_— [Lpl LIJZ LIJS LIJ4 LIJS LIJ6]
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Example Revisited — Continuous Adjoint (6/8)

L rd?v
Faug = F+f0 LIJ<E+b1v+b2v2 —5>dx
1 1 d2v
= 8Fpuy = 6] vdx+J L1183(W+b1v+b2vz —5>dx
0 0
1 1 d28U 1 1
= 6Fuy =j 8vdx+f g T2 dx+j LIJES(blv)dx+J Ws(b,v?)dx
0 0 0 0
\ ] | ] |\ J
| | |
T T2 T3
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Example Revisited — Continuous Adjoint (7/8)

If‘> 1. flqdeSUd _jl d LIJd&) Ld¥ dsv
J,  dx? * = o dx\  dx

_'Lpd&fl jld 5 d¥ et 1d2tp8d -
] dx |, Jo dx Vx| 0 v =

dx?
- 'Lpd(Sv'l 5 le1+ 1d2tp6 ]
| dx dx o dx? vex

1 1 1
Tz:f Y&(bv)dx = blj Yévdx +J Yuéb,dx
0 0 0

1 1 1
TB:J Ws(bv?)dx = 2b2j ‘PvSvdx+J WYv28b,dx
0 0 0
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Example Revisited — Continuous Adjoint (8/8)

1 [d2y dsv]" (! 1
SFpug = J dv TxZ + by ¥ + 2b,vV¥ + 1] dx + [‘Pd—] + j Yuéb,dx + j Wv28b,dx
0 X X1y Jo 0

d“¥
Field Adjoint Equation (FAE): —+ bYW+ 20,0 +1=0

Adjoint Boundary Conditions (ABC): Yx=1)=0

5F

Sensitivity Derivatives (SD): —
&b,

Yy?
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Discrete Adjoint for other than Optimization Purposes

Compute I — ?Tﬁ: ? ﬁ c RN

where AT =7 7 € RN, Aec RNV

Direct Computation Adjoint Computation

— —
stepl: AT =7 — U stepl: ATU =7 —» U
_}.
Step 2: F = ?Tﬁ —3 F Step 2: F=9vT¢ — F
T
Their Equivalence: E;} (Aﬁ) _ ‘L_IJ}TAE} _ (ATE?) ﬁ _ ?Tﬁ
Benefits:
Assume we have m vectors ? . Use the . - Use the .
Direct Computation Adjoint Computation

and n vectors ? if m<n if m>n
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Cross Section Target Duct

J:—/ (P#) = Prar ()
|

given

Pressure Convergence History

Objective function

# iterations
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Inverse Design of a Quasi-1D Duct — Incompressible Flow sy
A

Objective Function (min.):

7= [ 0@) = pr(a)) de

1
1
1
1
1
1
! > X
1

Shape (Cross-Sectional Area) Parametrisation: .

S(x,b1,b2,b3,by) =04 (—:{33+3:{32—3m+ 1)+b2 (3m3—6m2+3m)—)—b3 (—3:{33+3m2)—)—b4m3

Design/Optimisation Variables:
b,, n=1,2,3.4
State/Primal/Flow Equations (ODEs):
d(vS) dv dp

0 — 4+ — =20
dx vd$+dm

State/Primal/Flow Boundary Conditions:

Ulm:[}: Uy P|-.r=1: Po
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Differentiation of the objective function:

6.J 1 op
o= [ (0@) = P (@) 5des n=1,n N

T

Differentiation of the flow (primal or state) equations (non-conservative):
d dS sv | dv 68 58\ _
S i (ab )+dm§bn+d 50, +”E(E)_O
dv dv d ov d op \ __
mdfﬁ'”a(m) +a(m) =0

Differentiation of the flow (primal or state) boundary conditions:

n=1,.... N

S

dv B op B

ob,, 1==0 ’ db,, z=1

J ov op
Adjoint is the art of computing —— without first computing —— and —5b .
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Define & differentiate the augmented objective function or Lagrangian of J:

L d(vS) 1 dv dp
L:J+/ q dar+/ u|lv— 4+ — | dx
0 dx 0 dr dx

oL oJ /1 d [d(vS) J /1 ov dv d [ odv d ([ dp J
5bn  0bn Jo Tdw | 06y | TS Y b da  Vdw \6by ) T dx \5b, )| "

where q and u are the adjoint pressure and velocity (1D) fields.
Integrate by parts:

OL fl [ dv +d(fvfu,) +qu] dv p +f1 ( du+ ) dp J
— = —u x —— 4+ pP—Ptar | —dx
5b. /o de | dx dz | ob. o gy PPt sy

1 dq 5sd +[( +gS) 5vr1+[ 5p]‘r1+[ 6srl
/Uvﬂﬁ S A A RN R T IR e T

=0
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Adjoint field equations:

du dv  d(vu) dqg
E:p_ptar ud;:c_ dx —55:0
Adjoint boundary conditions:
VU
ulm:ﬂ — 09 qlm:l - = ?

r=1

Compare with the primal problem equations & boundary conditions:

d(vS d d

w5 _ L2
dax dx dax
V| ee0=v0 Ple=1= Po
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Inverse Design of a Quasi-1D Duct — Incompressible Flow

Sensitivity derivatives:
0.5

oL o.J /1 dq 5Sd " 0S 1 4
b, b,  Jo dzob, T "ep,| T “Usp, | T
or:

oJ L dq

5—51:_/0 v—— (—=®+32? =3z + 1) de—vq|,_,

o.J L d

= —/ v—q (3:133—611:2+3;1:) dx

(H)g 0 dx

oJ L d

553 0 dx

oJ L d

554 0 dax
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Computation of Hessian (1/4)

WHY? Hessian matrix is needed either in Newton’s method or in Robust-Design Optimisation (RDO),
based on the Method of Moments. Differentiating w.r.t. the design or uncertain variables is irrelevant.

(Exact) Newton’s Method:

_b>.;,m.w _ ?di —VQF(?GM)_1VF(€>DM)T

The most efficient approach is: DD-AV.
(DD to compute the gradient, AV=adjoint to compute the Hessian).
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Computation of Hessian (2/4)

Hessian Matrix Computation using the DD-DD method:

PF _ F | PF Uy OF dU
dbidb; — Ob;Ob; ' Ob;OUy db; ' OUpdb; db;
O?F  dUy dU,, OF/d*Uy

dF OF  OF(dUy
— i + ' T
db; — Ob;  OUNdb;

k=1,...,N design variables + OUROU,, db; db; +8U;&\dbz-dbj
~—"

‘_ ‘_ T 2R, 2R, O°R, dU. O°R, dU,

bty _ ORm QR:@ of Wi = Ob,0b,  ObiaUs db, | 0ULdb db,
dbi b U,\db; O°R, AU, dU,  OR/[ 2T,

T DU OU,, dby by OUdbidb,

The cost for computing the Hessian via the DD-DD approach scales wi
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Computation of Hessian (3/4)

p— = —I— prp— — Ol

OF . OR
oF g Y
o, T Vor =Y

dU,,
l:> d b:
l:> \ij n

The Adjoint equation is the same to that used to compute Grad(F) !!!

PF 0PF Ly OBu  OF dUdU,
dbdb; — 9b,0b; " "abob, | OULOU,, db, db,

O*F dU, . O*R, dU,

O*°F dU,

. 0*R, dU, dU,,

"OULOU,, db; db,

L PR, dU,

i
T OoU, db, " a6,0U, db, | 9Usob, db,
OF AR U,

db;dlb;

" OULOb; db

N| TU

1| TU
2 17\ A
EF . dF
db;db; db;

» The cost per Newton cycle is N+1+1=N+2 EFS! Scales with N, not N2.
» DD-AV is the most efficient approach (among DD-DD, AV-DD, AV-AV)!
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Computation of Hessian (4/4)

Though the development was presented for the Discrete Adjoint Method, a similar development can
be carried out for the Continuous Adjoint Method.
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Read more in:
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The Think-Discrete Do-Continuous
(TDDC) Adjoint
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The Think-Discrete Do-Continuous (TDDC) Adjoint — Why?

» Continuous Adjoint (First differentiate-then discretize)
> Discrete Adjoint (First discretize-then differentiate)

Continuous v v x v

%
%
S
%

Discrete
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The Think-Discrete Do-Continuous (TDDC) Adjoint — Why?

» Continuous Adjoint (First differentiate-then discretize)
> Discrete Adjoint (First discretize-then differentiate)

Continuous x
Discrete x x v x
Think-Discrete Do-Continuous v v v v

The TDDC Adjoint bridges the gap between the two adjoint variants and combines the best of
both worlds. The concept is to develop consistent discretisation schemes for the continuous
adjoint equations, inspired by (hand-differentiated) discrete adjoint.
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The Think-Discrete Do-Continuous (TDDC) Adjoint — The Concept (1/4)

Example: a VERY SIMPLE term in a nonlinear 1D ODE:

i+1/2 du? . _
L3 L Ll Ll u

[ Flow Equation & FV Discretisation: f dx =~ ug+1/2ul,1pwmd _ ui_lfzul:lp\lwlnd
1l 1—

i—1/2 E

i—1 [ i+1
U First-order Upwind Discretisation = _@@

> (Wi + uiy1) u; — > (i + ui—1) ui—y A NAKR_
1 Second-order Upwind Discretisation =

1(u-+u- ) u-+1u- lu- 1(u-+u- ) u; +1u- lu-
) i i+1 i 4 i+1 4 i—1 ) I i—1 i—1 4 I 4 -2
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The Think-Discrete Do-Continuous (TDDC) Adjoint — The Concept (2/4)

. _— : , 2
[ Continuous adjoint; corresponding term: (2&; v =2u fl_‘;'

U “Standard” First-order Downwind Discretisation =

i+1/2 AV
1 = - f u—dx ~ =2u; (i1 —¥;)
i—-1/2 dx

1 Hand-Differentiated Discrete Adjoint =

1 1 1 1

First-order: 1; = E‘Pi—lui—l - E‘Piui—l + WYiu; + E‘Piui+1 - Wiau; — E‘Pi+1ui+1
Second-order: [; ~ 1‘1’ u +5‘I’ u +1‘I’ u +1‘I’u 6‘I’u +3‘I’u +5‘I’u
. i - ) —14;-2 ) i-1%;-1 4 -14; ) wi-2 ) -1 4 g ) i"i+1
6 1 1 1

+ g‘l’i+1ui-1 - Wiiu; - gTi+1ui+1 - g‘l’i+1ui+1 + gTi+2ui+1 + g‘Pi+2ui+2
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The Think-Discrete Do-Continuous (TDDC) Adjoint — The Concept (3/4)

4 ——4

i+1/2 d¥
1 = - f U——dXx  w—) ‘ i =~ =2 (a Qi-yy + b Qv + € Qi+3/2) ‘
1l

(1 TDDC adjoint (Downwind) Discretisation:

_1/2 dx
With IV P P
A+1— 1)
1y = U 41/ — AX = U141 Ax
Q/l+ /2 A+1/2 dx Py A+1/2 Ax
Downwind effect!
J Consistent TTDC Adjoint Discretisation:
a b C u i—1/2 U, 1/2 7] i+3/2
1t Order | 14 | 3/4 0 Ui—1 % Qu; + uiyq) 0 !
2" Order | 3/s | /s | —1/s % (—uj—2 + Sui—1 + 2u;) % (—ui—1 + 8u; + Su;yq) % (Uiv1 + Ujs2)
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The Think-Discrete Do-Continuous (TDDC) Adjoint — The Concept (4/4)

[ Graphical Interpretation of the TDDC Discretisation:

AR

7~ XY N\/7 WY N/ WY N\
7nd Order i—2 l—l/\/—\l-l-l/—\l-l-z

A\i/\‘/"

Nt N AR

1%t Order

First-order: Red curves indicate the central scheme for the gradients of W and blue arrows contributions of nodal u
values to the midnodes for first- (low) and second-order (up) schemes.

i+12 1 32u; + ujyq
TDDC Adjoint: I; = —Zf Uu—dx ~ =2|-u;i—1 (¥Y; —¥Yi—1) — - (Y41 = ;)
i~y dx 4 4 3
First-Order:
i+1/2 dV¥
Standard Continuous: Il = - f u—dx =~ =2u; (VY1 — ¥;)
i-1/2 dx
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