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Kef�laio 1

Genik�

1.1 Suneq  & Diakrit� Probl mata

BeltistopoÐhshc

Basik  di�krish twn problhm�twn beltistopoÐhshc eÐnai sta suneq  kai sta
diakrit� probl mata (continuous, discrete optimization). Ta suneq  probl mata,
me ta opoÐa apokleistik� ja asqolhjoÔme, emplèkoun pragmatikèc metablhtèc wc
eleÔjerec metablhtèc   eleÔjerec paramètrouc   metablhtèc sqediasmoÔ   metabl-
htèc beltistopoÐhshc, endeqomènwc me �nw kai k�tw ìria pou oriojetoÔn kai to q¸ro
anÐqneushc k�je metablht c. EÐnai profanèc ìti sth suneq  beltistopoÐhsh anazh-
toÔme th bèltisth lÔsh apì èna �peiro pl joc upoy fiwn lÔsewn. Sta diakrit�
probl mata beltistopoÐhshc anazhtoÔme akèraiec lÔseic apì èna peperasmèno pl joc
(sun jwc ter�stio, me thn ènnoia ìti eÐnai praktik� adÔnato na dokimasjoÔn ìlec,
mÐa proc mÐa) epijumht¸n lÔsewn. Ousiastik�, anazhtoÔme lÔseic pou antistoiqoÔn
se arijmì �antikeimènwn�. Ta suneq  probl mata èqoun sun jwc suneqeÐc kai parag-
wgÐsimec antikeimenikèc sunart seic (sunart seic�stìqouc) kai sunart seic perior-
ism¸n. To na lÔnoume diakrit� probl mata me �suneqeÐc� mejìdouc beltistopoÐhshc
eÐnai episfalèc. To na orÐsoume proswrin� th diakrit  metablht  beltistopoÐhshc wc
suneq , na lÔsoume to prìblhma beltistopoÐhshc kai sth sunèqeia na strogguleÔ-
soume tic lÔseic mporeÐ na d¸sei lÔsh pou na apèqei arket� apì thn pragmatik 
bèltisth.

1.2 Kajolik  & Topik  BeltistopoÐhsh

Oi ìroi kajolik  kai topik  beltistopoÐhsh ( global and local optimization)
qrhsimopoioÔntai gia na kajorÐsoun an h anaz thsh afor� to olikì   kajolikì akrì-
tato  , antÐjeta, arkeÐtai se èna topikì akrìtato, mia lÔsh dhlad  pou apl� upertereÐ
ìlwn twn �geitonik¸n� thc. H anaz thsh tou kajolik� bèltistou eÐnai p�nta h epi-
jumht  kai, an�loga me th mèjodo beltistopoÐhshc pou ja epilèxoume, aut  mporeÐ
na   na mhn exasfalÐzetai. Genik�, h apofasistik  di�krish mejìdwn se autèc pou
entopÐzoun kajolik� bèltistec lÔseic kai se autèc pou mporoÔn na egklwbistoÔn
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kai �ra na upodeÐxoun topik� bèltistec lÔseic eÐnai riyokÐndunh. Enac aplìc trìpoc
(ìqi anagkastik� o kalÔteroc kai suntomìteroc) ¸ste na entopÐsoume thn kajolik�
bèltisth lÔsh me to diajèsimo algìrijmo beltistopoÐhshc eÐnai na ton qrhsimopoi -
soume arketèc forèc, apì diaforetik� tuqaÐa epilegmèna shmeÐa ekkÐnhshc.

1.3 Aitiokratik� & Stoqastik� Probl mata

BeltistopoÐhshc

Mia di�krish twn problhm�twn beltistopoÐhshc eÐnai se aitiokratik� (deterministic)
kai stoqastik� (stochastic). Prosoq , ed¸ anaferìmaste sto prìblhma kai ìqi
sth mèjodo beltistopoÐhshc. Ta perissìtera oikonomik� kai emporik� probl mata
beltistopoÐhshc eÐnai stoqastik�, me thn ènnoia ìti jèmata z thshc kai prosfor�c
proðìntwn kai uphresi¸n upìkeintai sthn tuqaiìthta thc agor�c. Ed¸ ja asqol-
hjoÔme mìno me aitiokratik� probl mata beltistopoÐhshc qwrÐc na epanèljoume sthn
parap�nw di�krish. Endeiktikì prìblhma stoqastik c beltistopoÐhshc eÐnai o sqe-
diasmìc diasthmik¸n oqhm�twn gia qr sh sthn atmìsfaira nèwn planht¸n. Gia è-
na nèo plan th, oi stìqoi sqediasmoÔ eÐnai Ðdioi me autoÔc pou epib�llontai kat�
to sqediasmì bèltistwn aerodiasthmik¸n oqhm�twn gia th g inh atmìsfaira, mìno
pou eisèrqetai epiplèon o ast�jmitoc par�gontac pou sqetÐzetai me thn �gnoia twn
akrib¸n sunjhk¸n ro c. Stoqastik� probl mata den ja mac apasqol soun ed¸.

1.4 Aitiokratikèc & Stoqastikèc Mèjodoi

BeltistopoÐhshc

Apì thn pleur� twn mejìdwn kai ìqi twn problhm�twn beltistopoÐhshc, basik 
eÐnai h di�krish se aitiokratikèc kai stoqastikèc mejìdouc. Mia aitiokratik  mè-
jodoc beltistopoÐhshc qrhsimopoieÐ th genikeumènh ènnoia thc parag¸gou thc an-
tikeimenik c sun�rthshc, timèc thc opoÐac kaleÐtai na upologÐsei   na proseggÐ-
sei. Qarakthristikì twn stoqastik¸n mejìdwn beltistopoÐhshc eÐnai ìti qrhsi-
mopoioÔn stoiqeÐa tuqaÐac   organwmèna tuqaÐac anaz thshc thc bèltisthc lÔshc.
Pollèc sÔgqronec mèjodoi beltistopoÐhshc qrhsimopoioÔn sugqrìnwc stoiqeÐa kai
apì tic dÔo kathgorÐec mejìdwn. H parak�tw prìtash kleÐnei mèsa thc th sÔgkrish
twn aitiokratik¸n kai twn stoqastik¸n mejìdwn beltistopoÐhshc, toul�qiston ìso
afor� th qr sh touc se polÔploka probl mata: To na dhmiourghjeÐ mia aitiokratik 
mèjodoc beltistopoÐhshc apaiteÐ megalÔtero qrìno epèndushc apì thn pleur� tou
mhqanikoÔ�programmatist , eÐnai duskolìtera epekt�simh se �lla paremfer  prob-
l mata (l.q. ìtan all�zei h antikeimenik  sun�rthsh), sugklÐnei genik� gr gora
sth bèltisth lÔsh, me ton kÐnduno ìmwc h lÔsh aut  na eÐnai èna topikì bèltisto,
an�loga me to shmeÐo ekkÐnhshc. Apì thn �llh pleur�, oi stoqastikoÐ algìrijmoi
eÐnai eukolìtera prosarmìsimoi sto na lujeÐ èna diaforetikì prìblhma, stoiqÐzoun
ìmwc arket�, me kèrdoc ìmwc to na mporoÔn na entopÐsoun to kajolikì akrìtato
anex�rthta thc arqikopoÐhshc.
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Kef�laio 2

Basikì Majhmatikì Upìbajro
kai OrismoÐ

Gia na asqolhjeÐ kaneÐc me mejìdouc beltistopoÐhshc se efarmogèc thc aerodunamik -
c apaiteÐtai sugkekrimèno upìbajro majhmatik¸n gn¸sewn. Sto spoudast  ston
opoÐon apeujÔnetai to sÔggramma autì, sqedìn otid pote akoloujeÐ prèpei na eÐ-
nai gnwstì apì ta sqetik� proptuqiak� maj mata tou progr�mmatoc spoud¸n. Sth
sunèqeia, ja epanal�boume sugkentrwmèna ta pio basik� sqetik� jewr mata all�
kai touc orismoÔc pou ja qrhsimopoihjoÔn kat� kìro sta epìmena kef�laia.

2.1 Probl mata Enìc Stìqou

AkoloujoÔn majhmatikèc diatup¸seic kai jewr mata gia probl mata beltistopoÐhshc
pou tÐjentai sth morf  thc elaqistopoÐhshc thc tim c thc antikeimenik c sun�rthsh-
c F (−→x ), −→x ∈ ℜN , F : ℜN → ℜ, dhlad  gia probl mata enìc mìno stìqou.

AposafhnÐzetai ìti ta epìmena dièpoun kai probl mata poll¸n stìqwn, arkeÐ
aut� na èqoun diatupwjeÐ me susswm�twsh ìlwn twn stìqwn se mia kai monadik 
antikeimenik  sun�rthsh.

Je¸rhma 2.1 (Je¸rhma tou Taylor:) An h F : ℜN → ℜ eÐnai suneq¸c di-
aforÐsimh sun�rthsh kai −→p ∈ ℜN , tìte up�rqei mia posìthta t ∈ (0, 1) gia thn
opoÐa na isqÔei ìti

F (−→x +−→p ) = F (−→x ) +∇F (−→x + t−→p )T−→p (2.1)

An epiplèon h F eÐnai dÔo forèc suneq¸c diaforÐsimh, tìte

∇F (−→x +−→p ) = ∇F (−→x ) +

∫ 1

0

∇2F (−→x + t−→p )−→p dt (2.2)

kai gia k�poio t ∈ (0, 1) isqÔei
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F (−→x +−→p ) = F (−→x ) +∇F (−→x )T−→p +
1

2
−→p T∇2F (−→x + t−→p )−→p (2.3)

Sto shmeÐo autì kai prin suneqisjeÐ h par�jesh jewrhm�twn, ac aposafhnÐsoume,
diatup¸nont�c touc majhmatik�, treic orismoÔc pou qrhsimopoioÔntai se ìlo to ke-
f�laio:

Orismìc 2.1 To
−→
x∗ apoteleÐ kajolikì el�qisto (global minimizer) thc F (−→x )

an F (
−→
x∗) ≤ F (−→x ) gia k�je −→x .

Orismìc 2.2 To
−→
x∗ apoteleÐ topikì el�qisto (local minimizer) thc F (−→x ) ìtan

F (
−→
x∗) ≤ F (−→x ) gia k�je −→x sth geitoni� tou

−→
x∗.

Orismìc 2.3 To
−→
x∗ apoteleÐ austhrì topikì el�qisto (strict local minimiz-

er) thc F (−→x ) ìtan F (
−→
x∗) < F (−→x ) gia k�je −→x sth geitoni� tou

−→
x∗.

Je¸rhma 2.2 (AnagkaÐa sunj kh pr¸thc t�xhc gia to el�qisto ) AnagkaÐa

sunj kh ¸ste to di�nusma
−→
x∗ ∈ ℜN na apoteleÐ topikì el�qisto thc suneq¸c

diaforÐsimhc sun�rthshc F sth geitoni� tou
−→
x∗ eÐnai na isqÔei ∇F (

−→
x∗) = 0.

Apìdeixh: An ∇F (
−→
x∗) ̸= 0, orÐzoume to −→p wc −→p = −∇F (

−→
x∗) opìte profan¸c

−→p T∇F (
−→
x∗) < 0. 'Omwc, epeid  h F eÐnai suneq c sth geitoni� tou

−→
x∗, ja up�rqei mia

jetik  tim  T > 0 tètoia ¸ste

−→
pT∇F (

−→
x∗ + t̂−→p ) < 0 , ∀ t̂ ∈ [0, T ]

Tìte ìmwc apì to je¸rhma 2.1 kai gia k�poio t ∈ (0, t̂), ja isqÔei ìti

F (
−→
x∗ + t̂−→p ) = F (

−→
x∗) + t̂−→p T∇F (

−→
x∗ + t−→p )

Me dedomèno to arnhtikì prìshmo thc teleutaÐac posìthtac, gia k�je t̂ ∈ (0, T ]

ja isqÔei ìti F (
−→
x∗ + t̂−→p ) < F (

−→
x∗). 'Ara, up�rqei kateÔjunsh kat� thn opoÐa,

apomakrunìmenoi apì to
−→
x∗, h tim  thc F elatt¸netai, opìte to

−→
x∗ apokleÐetai na

apoteleÐ topikì el�qisto thc F . 3

Orismìc 2.4 ShmeÐa sto q¸ro twn lÔsewn sta opoÐa ∇F (−→x ) = 0 onom�zontai
st�sima shmeÐa (stationary points).

K.Q. Giann�koglou � Mèjodoi Aitiokratik c kai Stoqastik c BeltistopoÐhshc
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Mìlic deÐxame ìti gia na eÐnai to
−→
x∗ topikì el�qisto prèpei na eÐnai st�simo shmeÐo

thc F . To antÐstrofo den isqÔei kat' an�gkh.

UpenjumÐzontai kai oi epìmenoi dÔo orismoÐ:

Orismìc 2.5 'Ena mhtr¸o B onom�zetai jetik� orismèno (positive definite) an
−→p TB−→p > 0 gia k�je −→p .

Orismìc 2.6 'Ena mhtr¸oB onom�zetai jetik� hmi-orismèno (positive semidef-
inite) an −→p TB−→p ≥ 0 gia k�je −→p .

Je¸rhma 2.3 (AnagkaÐec sunj kec deÔterhc t�xhc gia to el�qisto )

AnagkaÐec sunj kec ¸ste to di�nusma
−→
x∗ ∈ ℜN na apoteleÐ topikì el�qisto thc F ,

gia thn opoÐa h ∇2F eÐnai suneq c sth geitoni� tou
−→
x∗, eÐnai na isqÔei ∇F (

−→
x∗) = 0

kai sugqrìnwc to ∇2F (
−→
x∗) na eÐnai jetik� hmi-orismèno mhtr¸o.

Apìdeixh: GnwrÐzoume apì to je¸rhma 2.2 ìti ∇F (
−→
x∗) = 0. Upojètontac ìmwc

ìti to ∇2F (
−→
x∗) den eÐnai jetik� hmi-orismèno, mporoÔme na epilèxoume èna di�nusma

−→p tètoio ¸ste −→p T∇2F (
−→
x∗)−→p < 0. Epeid  h ∇2F eÐnai suneq c sth geitoni� tou

−→
x∗, ja up�rqei mia jetik  tim  T > 0 tètoia ¸ste −→p T∇2F (

−→
x∗ + t−→p )−→p < 0, gia k�je

tim  t ∈ [0, T ].
Me an�ptugma kat� Taylor, èqoume ìti gia ìla ta t̂ ∈ (0, T ) up�rqei t ∈ (0, t̂) ¸ste

F (
−→
x∗ + t̂−→p ) = F (

−→
x∗) + t̂−→p T∇F (

−→
x∗) +

1

2
t̂2−→p T∇2F (

−→
x∗ + t−→p )−→p < F (

−→
x∗)

'Ara, brèjhke kateÔjunsh kat� thn opoÐa, apomakrunìmenoi apì to
−→
x∗, h tim  thc F

elatt¸netai, opìte to
−→
x∗ apokleÐetai na apoteleÐ topikì el�qisto thc F . 3

Je¸rhma 2.4 (Ikanèc sunj kec deÔterhc t�xhc gia to el�qisto ) An

to ∇F (−→x ) eÐnai suneqèc sth geitoni� tou shmeÐou
−→
x∗, isqÔei ∇F (

−→
x∗) = 0 kai sug-

qrìnwc to ∇2F (
−→
x∗) eÐnai jetik� orismèno, tìte to

−→
x∗ eÐnai austhrì topikì el�qisto

thc F (−→x ).

Apìdeixh: AfoÔ to mhtr¸o Hess eÐnai suneqèc kai jetik� orismèno sto
−→
x∗,

epilègoume mia aktÐna r ¸ste to ∇2F (−→x ) na paramènei jetik� orismèno gia k�je −→x
sthn anoikt  sfaÐra D = {−→z : ||−→z − −→x∗|| < r}. Gia to mh-mhdenikì di�nusma −→p ,
gia to opoÐo ||−→p || < r, èqoume

−→
x∗ +−→p ∈ D kai sunep¸c

K.Q. Giann�koglou � Mèjodoi Aitiokratik c kai Stoqastik c BeltistopoÐhshc
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F (
−→
x∗ +−→p ) = F (

−→
x∗) +−→p T∇F (

−→
x∗) +

1

2
−→p T∇2F (−→z )−→p

= F (
−→
x∗) +

1

2
−→p T∇2F (−→z )−→p

ìpou−→z =
−→
x∗+t−→p gia k�poio t ∈ (0, 1). AfoÔ−→z ∈ D, èqoume ìti−→p T∇2F (−→z )−→p > 0

kai sunep¸c F (
−→
x∗ +−→p ) > F (

−→
x∗). 3

Prèpei na gÐnei katanohtì ìti oi ikanèc sunj kec deÔterhc t�xhc gia to el�qisto
pou parousi�sjhkan wc je¸rhma 2.4 eÐnai isqurìterec apì tic anagkaÐec sunj kec pou
mac apasqìlhsan prohgoumènwc: to je¸rhma 2.4 odhgeÐ se austhr� topikì el�qisto
kai ìqi apl� se topikì el�qisto. EpÐshc na gÐnei katanohtì ìti oi ikanèc sunj kec

deÔterhc t�xhc den eÐnai kai anagkaÐec, dhlad  èna di�nusma
−→
x∗ mporeÐ na eÐnai austhrì

topikì akrìtato qwrÐc na qrei�zetai na ikanopoieÐ tic anagkaÐec sunj kec. Aplì
par�deigma eÐnai h F (x) = x4, ìpou to x∗ = 0 eÐnai austhr� topikì el�qisto all�
se autì to mhtr¸o Hess (h deÔterh par�gwgìc thc, dhlad ) mhdenÐzetai kai �ra den
eÐnai jetik� orismèno.

UpenjumÐzetai ìti:

Orismìc 2.7 Wc kurt  sun�rthsh sto ℜN orÐzetai ekeÐnh gia thn opoÐa, gia
dÔo opoiad pote shmeÐa thc −→x kai −→y , isqÔei ìti

F (λ−→x + (1− λ)−→y ) ≤ λF (−→x ) + (1− λ)F (−→y ) (2.4)

gia k�je λ ∈ (0, 1].

Orismìc 2.8 To sÔnolo Ω ⊂ ℜN onom�zetai kurtì an, gia dÔo opoiad pote
−→x , −→y ∈ Ω, isqÔei ìti λ−→x + (1− λ)−→y ∈ Ω gia k�je λ ∈ (0, 1].

Je¸rhma 2.5 (Kajolikì el�qisto se kurtèc sunart seic ) An h F eÐ-

nai kurt  sun�rthsh, k�je topikì thc el�qisto
−→
x∗ apoteleÐ kai kajolikì el�qistì

thc. An, epiplèon, h F eÐnai diaforÐsimh, tìte k�je st�simo shmeÐo
−→
x∗ eÐnai kajolikì

el�qisto thc F .

Apìdeixh: Ac upojèsoume ìti to
−→
x∗ eÐnai topikì all� ìqi kajolikì el�qisto.

Tìte, up�rqei−→z ∈ ℜN tètoio ¸ste F (−→z ) < F (
−−→
(x∗). Ac orÐsoume ed¸ to−→x = λ−→z +

(1− λ)
−→
x∗, me ta Ðdia ìria me λ ∈ (0, 1]. AfoÔ h F eÐnai kurt , ja isqÔei ìti

F (−→x ) < λF (−→z ) + (1− λ)
−→
x∗ < F (

−→
x∗)
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Sth geitoni� tou
−→
x∗ an kei p�nta èna tm ma tou eujÔgrammou tm matoc pou perigr�fei

h prohgoÔmenh sqèsh (gia k�poiec timèc tou λ), �ra ja up�rqoun shmeÐa −→x sth

geitoni� aut  gia ta opoÐa h teleutaÐa exÐswsh ikanopoieÐtai. 'Ara to
−→
x∗ den eÐnai

topikì el�qisto. Me antÐstoiqo perÐpou sullogismì apodeiknÔetai kai to deÔtero
skèloc tou jewr matoc. 3

2.2 Probl mata Poll¸n Stìqwn

Oi epìmenoi orismoÐ, majhmatikèc diatup¸seic kai jewr mata ja uposthrÐxoun, sth
sunèqeia, thn enasqìlhs  mac me probl mata poll¸n stìqwn. Gia M stìqouc, to
prìblhma beltistopoÐhshc stoqeÔei sthn tautìqronh elaqistopoÐhsh twn sunist-

ws¸n thc dianusmatik c antikeimenik c sun�rthshc
−→
F (−→x ), −→x ∈ ℜN ,

−→
F : ℜN → ℜM .

Orismìc 2.9 'Ena prìblhma beltistopoÐhshc M stìqwn onom�zetai kurtì an oi
M antikeimenikèc sunart seic eÐnai ìlec kurtèc kai to sÔnolo Ω ⊂ ℜN twn apodekt¸n
lÔsewn eÐnai epÐshc kurtì.

H ènnoia twn kat� Pareto bèltistwn lÔsewn, thn opoÐa gnwrÐsame sta paradeÐg-
mata tou kefalaÐou 1 bohj� pragmatik� na xeperasjeÐ to prìblhma thc ier�rqishc
lÔsewn ston poludi�stato q¸ro. Sto q¸ro ℜM up�rqei eggenèc kenì sthn tax-
inìmhsh twn lÔsewn, me thn ènnoia ìti to (1, 1)T ∈ ℜ2 eÐnai ìntwc mikrìtero tou
(5, 5)T , all� up�rqei adunamÐa sÔgkris c tou me to (0, 4)T   to (4, 0)T . H ènnoia
tou met¸pou twn kat� Pareto bèltistwn lÔsewn (Pareto front) ofeÐletai sto G�llo�
Italì oikonomolìgo kai koinwniolìgo Vilfredo Pareto.

AkoloujeÐ o orismìc thc kat� Pareto bèltisthc lÔshc kai h sunaf c ènnoia thc
kuriarqÐac:

Orismìc 2.10 H lÔsh −→x ∈ Ω ( Ω ⊂ ℜN ) kuriarqeÐ thc lÔshc −→y ∈ Ω kai autì
ja sumbolÐzetai me

−→x ≺ −→y (2.5)

ìtan kai mìno ìtan isqÔei ìti Fm(−→x ) ≤ Fm(−→y ) gia ìlouc touc stìqouc (m =
1, · · · ,M) kai, sugqrìnwc, up�rqei ènac toul�qiston stìqoc apì autoÔc (èstw o k)
gia ton opoÐo h teleutaÐa sqèsh isqÔei wc anisìthta mìno (Fk(

−→x ) < Fk(
−→y )).

To sq ma 2.1 anatrèqei epoptik� èna prìblhma dÔo stìqwn (elaqistopoÐhsh twn
F1(
−→x ) kai F2(

−→x ), dhlad  M = 2), me ta dianÔsmata −→x twn eleÔjerwn paramètrwn
na an koun sto ℜN . Autì pou apeikonÐzetai sto sq ma eÐnai eÐnai o didi�statoc q¸roc
(to epÐpedo, dhlad ) twn stìqwn   antikeimenik¸n sunart sewn. Gia to sqoliasmì
kai katanìhsh tou sq matoc, h tim  tou N eÐnai pragmatik� adi�forh. Sto sq ma

2.1 apeikonÐzetai h eikìna
−→
F (Ω) tou q¸rou twn apodekt¸n lÔsewn Ω sto epÐpedo

(F1, F2) kai to mètwpo twn kat� Pareto bèltistwn lÔsewn tou probl matoc. Ginetai
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�mesa antilhptì giatÐ h lÔsh
−→
x(1) kuriarqeÐ thc

−→
x(3) (afoÔ èqei mikrìterec timèc kai

gia tic dÔo antikeimenikèc sunart seic) all� kai h adunamÐa ier�rqishc dÔo lÔsewn

(
−→
x(1) kai (

−→
x(2)) tou met¸pou Pareto.

F( )

F(x
(1)
)

F(x
(2)
)

F(x
(3)
)

F2(x)

F1(x)

Pareto

Sq ma 2.1: ParousÐash sto epÐpedo twn stìqwn thc eikìnac tou q¸rou twn apodek-
t¸n lÔsewn Ω kai tou met¸pou twn kat� Pareto bèltistwn lÔsewn.

Ac shmeiwjeÐ ìti, apokleistik� gia lìgouc aplìthtac, sqedi�sthke to
−→
F (Ω) wc

èna kleistì sÔnolo. Ja mporoÔse na eÐnai anoiktì  , akìmh suqnìtera se pragmatik�
probl mata, na apoteleÐtai apì meg�lo pl joc kleist¸n kai anoikt¸n sunìlwn.

Ston orismì 2.10, o k�tw deÐkthc thc dianusmatik c antikeimenik c sun�rthshc
kajorÐzei th sunist¸sa thc. Me b�sh ton orismì thc kuriarqÐac, prokÔptei eÔkola
o orismìc thc kat� Pareto bèltisthc lÔshc:

Orismìc 2.11 To di�nusma −→x ∈ Ω ( Ω ⊂ ℜN ) apoteleÐ kat� Pareto bèltisth lÔsh

tou probl matoc elaqistopoÐhshc thc
−→
F : ℜN → ℜM an kai mìno an den up�rqei �llh

lÔsh −→y ∈ Ω tètoia ¸ste Fm(−→y ) ≤ Fm(−→x ) gia ìlouc touc stìqouc (m = 1, · · · ,M)
kai gia ènan toul�qiston apì autoÔc (èstw ton k) na isqÔei Fk(

−→y ) < Fk(
−→x ).

 

Orismìc 2.12 H lÔsh −→x ∈ Ω ( Ω ⊂ ℜM ) apoteleÐ kat� Pareto bèltisth lÔsh tou

probl matoc elaqistopoÐhshc thc
−→
F : ℜN → ℜM an kai mìno an den up�rqei �llh

lÔsh −→y ∈ Ω h opoÐa na kuriarqeÐ thc −→x .

Oi orismoÐ 2.11 kai 2.12 antistoiqoÔn se kat� Pareto kajolik� bèltistec lÔseic
tou probl matoc. Me ton Ðdio trìpo pou orÐsthkan gia probl mata enìc stìqou,
eis�getai sta probl mata poll¸n stìqwn o ìroc twn kat� Pareto topik� bèltistwn
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lÔsewn. EÐnai profanèc ìti h kat� Pareto topik� bèltisth lÔsh eÐnai kai kajolik�
bèltisth lÔsh. To antÐstrofo isqÔei mìno gia gia kurt� probl mata beltistopoÐhshc,
sÔmfwna me ton orismì 2.9. 'Etsi:

Je¸rhma 2.6 (Kajolikì el�qisto se kurtèc dianusmatikèc sunart seic )

An h
−→
F eÐnai kurt  sun�rthsh, k�je topikì thc kat� Pareto el�qisto

−→
x∗ apoteleÐ

kai kat� Pareto kajolikì el�qistì thc.

Orismìc 2.13 To antikeimenikì di�nusma
−→
F (−→x ) ∈ ℜM) to opoÐo antistoiqeÐ sthn

el�qisth dunat  tim  ìlwn twn antikeimenik¸n sunart sewn Fm, m = 1, . . . ,M
ja onom�zetai idanikì   tèleio antikeimenikì di�nusma (ideal or perfect
objective vector).

O parap�nw orismìc qrei�zetai epiplèon sqìlia kai dieukrin seic ¸ste na gÐnei

swst� katanohtìc. Gia na upologisjeÐ to idanikì antikeimenikì di�nusma
−→
F ideal a-

paitoÔntai na lujoÔn anex�rthta M probl mata elaqistopoÐhshc, enìc stìqou
to kajèna (èna gia k�je mia apì tic M sunist¸sec thc dianusmatikèc antikeimenik c
sun�rthshc, dhlad , gia ta Fm, m = 1, . . . ,M). Epomènwc, den eÐnai aparaÐthto

to shmeÐo pou antistoiqeÐ sto
−→
F ideal na an kei sthn eikìna

−→
F (Ω) tou q¸rou twn

apodekt¸n lÔsewn. Mia tètoia perÐptwsh apeikonÐzetai qarakthristik� sto sq ma
2.2. Prosèxte, sthn perÐptwsh tou sq matoc 2.2, ìti to mètwpo Pareto apoteleÐtai

apì dÔo diakrit� tm mata thc perib�llousac to sÔnolo
−→
F (Ω). EÐnai profanèc ìti, an

−→
F ideal ∈

−→
F (Ω), tìte to antÐstoiqo di�nusma −→x apoteleÐ kai th zhtoÔmenh lÔsh sto

prìblhma, afoÔ elaqistopoieÐ ìlec tic antikeimenikèc sunart seic. Dustuq¸c, autì
sp�nia sumbaÐnei kai, ètsi, oi perissìterec mèjodoi katafeÔgoun ston upologismì
met¸pou kat� Pareto bèltistwn lÔsewn. Akìma, ìmwc, kai se autèc tic peript¸seic,
to idanikì antikeimenikì di�nusma qrhsimeÔei metaxÔ �llwn wc �odhgìc� (qamhlìtero
ìrio   apl� shmeÐo anafor�c) gia thn topojèthsh se �plaÐsio� (me metr sima qarak-
thristik�) tou met¸pou Pareto. Me èna tètoio �plaÐsio�, gÐnetai dunat  h posotik 
sÔgkrish met¸pwn Pareto upologismènwn apì diaforetikoÔc algorÐjmouc.

Ligìtero profanèc ston orismì tou (me exaÐresh thn perÐptwsh M = 2, bl.
sq ma 2.2) eÐnai to nadÐr   mh�tèleio antikeimenikì di�nusma (nadir or

non–perfect objective vector,
−→
F nadir). Gia ton upologismì tou, qrei�zetai na sqhma-

tisjeÐ ènac bohjhtikìc pÐnakac di�stashc M ×M (onom�zetai antistajmistikìc
pÐnakac, payoff table). Oi grammèc tou apoteloÔntai apì tic timèc twn sunistws¸n
twn antikeimenik¸n dianusm�twn pou proèkuyan apì thn elaqistopoÐhsh k�je stì-

qou qwrist�, dhlad  kat� th diadikasÐa pou ègine ¸ste na brejeÐ to
−→
F ideal. To

 dh gnwstì
−→
F ideal èqei, profan¸c, sunist¸sec ta stoiqeÐa thc kurÐac diagwnÐou tou

antistajmistikoÔ pÐnaka. An, t¸ra, apì k�je st lh tou Ðdiou pÐnaka katagr�youme
to arijmhtik� mègisto stoiqeÐo k�je st lhc tou, sqhmatÐzontai oi sunist¸sec tou
−→
F nadir.

To nadÐr antikeimenikì di�nusma qrhsimopoieÐtai (mazÐ me to idanikì) gia ton ka-
jorismì tou plaisÐou posotikopoÐhshc tou met¸pou Pareto.
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F
nadir

F( )

F
ideal

F2(x)

F1(x)

Pareto

Sq ma 2.2: ParousÐash sto epÐpedo twn stìqwn thc eikìnac tou q¸rou twn apodek-
t¸n lÔsewn Ω, tou met¸pou twn kat� Pareto bèltistwn lÔsewn tou idanikoÔ kai nadÐr
antikeimenik¸n dianusm�twn.
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Kef�laio 3

Mèjodoi AnÐqneushc kat�
Gramm 

Sto kef�laio ja parousi�soume thn pio gnwst  kai basik  kathgorÐa mejìdwn
anÐqneushc thc bèltisthc lÔshc, aut n thc anÐqneushc kat� gramm  (line search
methods). Proc to parìn, ac jewr soume ìti ta probl mata beltistopoÐhshc pou mac
apasqoloÔn diatup¸nontai sth morf  elaqistopoÐhshc thc tim c thc antikeimenik c
sun�rthshc F (−→x ), qwrÐc h lÔsh na upìkeitai se periorismoÔc isìthtac   anisìthtac.
Anaferìmaste, dhlad , se probl mata enìc stìqou   se probl mata poll¸n stìqwn
arkeÐ ta teleutaÐa na èqoun diatupwjeÐ sth morf  miac antikeimenik c sun�rthshc
proc elaqistopoÐhsh. To jèma thc diaqeÐrishc twn periorism¸n, an up�rqoun, ja mac
apasqol sei se epìmeno kef�laio.

H parousÐash pou ja akolouj sei ja kalÔyei èna eÔroc mejìdwn pou anazhtoÔn
th bèltisth lÔsh pragmatopoi¸ntac mia diadrom  morf c zigk-zagk sto q¸ro twn
lÔsewn: ja arqÐsoume apì thn pio profan , aut  thc apìtomhc kajìdou kai ja
katal xoume sthn perissìtero isqur  kai sÔnjeth, aut  twn suzug¸n klÐsewn. 'Olec
touc eÐnai epanalhptikèc   bhmatikèc: k�je eujÔgrammo tm ma dhlad  k�je kl�doc
thc diadrom c zigk-zagk apoteleÐ èna b ma   mia prìodo thc lÔshc, h opoÐa xekÐnhse
apì mia arqik  tim  kai exelÐssetai proc th bèltisth. MetaxÔ twn mejìdwn pou ja
parousiasjoÔn, up�rqoun diaforèc wc proc to pwc upologÐzetai h nèa kateÔjunsh
èreunac se k�je nèo b ma all� kai wc proc to poio eÐnai to m koc tou b matoc sthn
kateÔjunsh aut .

Anatrèqontac tic mejìdouc autèc apì thn pleur� tou mhqanikoÔ pou endiafère-
tai na tic qrhsimopoi sei gia probl mata anaz thshc bèltistwn lÔsewn sthn aero-
dunamik  (kai ìqi apì thn pleur� tou majhmatikoÔ pou anazhteÐ th jemelÐwsh kai
apìdeixh thc sqetik c jewrÐac) h kritik  touc gÐnetai me diaforetik� krit ria. 'Et-
si, ja dÐnoume èmfash kurÐwc sto ti plhroforÐa qrei�zetai k�je mèjodoc anÐqneushc
kat� gramm  ¸ste na pragmatopoi sei to epìmeno b ma, an eÐnai eÔkolo   pìso up-
ologistik� epÐpono eÐnai na apokthjeÐ aut  h plhroforÐa, klp. DÐnoume èna aplì
par�deigma: to na qrhsimopoieÐ l.q. mia mèjodoc beltistopoÐhshc to mhtr¸o Hess
thc antikeimenik c sun�rthshc, pou mporeÐ na eÐnai sun�rthsh thc �nwshc   thc an-
tÐstashc, dhlad  deÔterec parag¸gouc, thn kajistoÔn ek prooimÐou dusef�rmosth.
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Se mia tètoia perÐptwsh, ìso �kal � kai an faÐnetai h mèjodoc beltistopoÐhshc, o
mhqanikìc endeqomènwc skèftetai na qrhsimopoi sei mia �llh mèjodo, Ðswc ligìtero
�kal � all� pou parak�mptei aut n thn apaÐthsh. Enallaktik�, prospajeÐ toul�qis-
ton na exet�sei thn perÐptwsh na proseggÐsei, antÐ na upologÐsei akrib¸c, to mhtr¸o
Hess, elpÐzontac ìti h praktik  aut  parèmbash den ja katastrèyei idiaÐtera thn
apotelesmatikìthta pou jewrhtik� upìsqetai h mèjodoc.

'Eqontac diark¸c upìyh tic parap�nw parathr seic, sthn parousÐash twn mejìd-
wn pou ja akolouj sei ja anaferìmaste sto prìblhma elaqistopoÐhshc tim c thc
antikeimenik c sun�rthshc F (−→x ), F : ℜN → ℜ. Mia tètoia sqèsh uponoeÐ ìti
to prìblhma beltistopoÐhshc pou kaloÔmaste na lÔsoume èqei N eleÔjerec metabl-
htèc kai èna stìqo kai, epiplèon, ìti ja asqolhjoÔme proc to parìn me probl ma-
ta beltistopoÐhshc qwrÐc periorismoÔc. H diaqeÐrish problhm�twn elaqistopoÐhshc
epitrèpei enallaktik� th qr sh tou ìrou sun�rthsh kìstouc (cost function)
antÐ thc antikeimenik c sun�rthshc.

Epeid , ìpwc ja doÔme parak�tw, ìlec oi mèjodoi pou ja parousiasjoÔn a-
paitoÔn ton upologismì (toul�qiston) thc tim c thc ∇F (−→x ), h mèjodoc anÐqneush-
c kat� gramm  apoteleÐ to basikìtero antiprìswpo miac kathgorÐac algorÐjmwn
beltistopoÐhshc pou fèrontai me to genikì tÐtlo mèjodoi basismènec sthn k-
lÐsh thc antikeimenik c sun�rthshc (gradient-based methods). K�je mèjo-
doc pou èqei aut  thn apaÐthsh, gia to majhmatikì proôpojètei sunèqeia thc F (−→x ) kai
suqn� kai sunèqeia pr¸twn parag¸gwn. O mhqanikìc pou asqoleÐtai me probl mata
beltistopoÐhshc se efarmogèc thc aerodunamik c kaleÐtai, autìmata, na parak�myei
�èxupna� autì to prìblhma.

3.1 Basik  Arq  k�je Mejìdou AnÐqneushc

kat� Gramm 

H basik  arq  thc epanalhptik c mejìdou anÐqneushc kat� gramm  eÐnai na dhmiourgeÐ-
tai h epìmenh prosèggish −→x n+1 thc lÔshc qrhsimopoi¸ntac thn trèqousa −→x n kai mia
kateÔjunsh anÐqneushc −→p n (search direction), sÔmfwna me to sq ma

−→x n+1 = −→x n + η −→p n (3.1)

ìpou η eÐnai mia bajmwt  posìthta pou rujmÐzei to m koc tou b matoc (step length)
sthn kateÔjunsh −→p n. O �nw deÐkthc n ja sumbolÐzei ton arijmì thc epan�lhyhc
  b matoc. 'Opwc  dh anafèrjhke, oi mèjodoi anÐqneushc kat� gramm  diafèroun
kurÐwc wc proc ton upologismì thc kateÔjunshc anÐqneushc −→p n kai, deutereuìntwc,
wc proc ton trìpo upologismì tou η. An�loga me thn parallag  thc mejìdou pou
ja qrhsimopoi soume, mporeÐ h tim  tou η na eÐnai stajer  me tic epanal yeic  , afoÔ
èqei  dh epilegeÐ h kateÔjunsh anÐqneushc −→p n, to η na upologÐzetai ek nèou se k�je
b ma. Sthn teleutaÐa perÐptwsh, eÐnai orjìtero na xanagrafeÐ h sqèsh 3.1 wc

−→x n+1 = −→x n + ηn −→p n (3.2)
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kai na diatupwjeÐ majhmatik� to zhtoÔmeno wc

min
ηn>0

F (−→x n + ηn −→p n) (3.3)

'Eqontac proepilèxei thn kateÔjunsh anÐqneushc −→p n, h sqèsh 3.3 krÔbei èna
nèo monoparametrikì prìblhma beltistopoÐhshc, pou sqetÐzetai me thn eÔresh thc
el�qisthc tim c thc F (−→x ) se mia sugkekrimènh kateÔjunsh, me �gnwsto to ηn. Pèra
apì k�je mèjodo pou ja parousi�soume sth sunèqeia, mporoÔme na k�noume dÔo prak-
tik� sqìlia sqetik� me ton trìpo upologismoÔ thc tim c tou η   ηn sto epanalhptikì
sq ma:

(a) H perÐptwsh stajer c tim c tou η eÐnai h aploÔsterh. Profan¸c, den exas-
falÐzei thn taqÔterh sÔgklish sth bèltisth lÔsh. M�lista, an diajètoume
trìpo epilog c thc kateÔjunshc anÐqneushc −→p n, mia apl  (me el�qisto kìpo
apì ton programmatist ) lÔsh eÐnai na epilegeÐ mia mikr  tim  tou η, elpÐzon-
tac ìti ètsi o algìrijmoc ja sugklÐnei arg� all� stajer�. Profan¸c, k�ti
tètoio den sunist�tai, all� k�poiec forèc qrhsimopoieÐtai an l.q. prìkeitai
na lÔsoume èna aplì prìblhma mia mìno for�. Ja tonÐsoume p�ntwc ìti, en-
noiologik�, toul�qiston, h epilog  stajeroÔ η den dikaiologeÐ ton tÐtlo miac
mejìdou pou aniqneÔei (dhlad  anazht� to mègisto kèrdoc) se mia sugkekrimènh
gramm , aut  thc dieÔjunshc −→p n.

(b) H antidiametrik� akraÐa perÐptwsh, ìpou to prìblhma 3.3 lÔnetai pl rwc wc
proc ηn se k�je nèa epan�lhyh kai pragmatik� epitugq�netai to mègisto kèr-
doc kaj¸c h mèjodoc aniqneÔei sar¸ntac thn eujeÐa me afethrÐa to −→x n kat� me
kateÔjunsh −→p n, stoiqÐzei akrib� se qrìno upologist . EÐnai ìmwc pio shman-
tikì kai qr simo na tonÐsoume ìti h leptomer c anÐqneush k�je for� kat� −→p n

mporeÐ na eÐnai anaÐtia kai epiblab c gia thn telik  sÔgklish.

Epomènwc, ja mporoÔse kaneÐc na uiojet sei mia endi�mesh diadikasÐa upologismoÔ
tou ηn kat� thn opoÐa o algìrijmoc dhmiourgeÐ èna mikrì arijmì tim¸n tou ηn (�ra,
bhm�twn) kat� −→p n, apì aut� epilègei autì pou dÐnei mikrìterh (ìqi anagkastik� thn
el�qisth) tim  sthn F (−→x n) kai suneqÐzei me to epìmeno b ma, kok.

Sqetik� me th sqèsh 3.3, af noume proc to parìn anoiktì to jèma thc epÐlushc
thc, me thn ènnoia ìti ja  tan eÔkola epilÔsimh se èna grammikì prìblhma all�, se
èna mh-grammikì prìblhma, h epÐlus  thc ja èqei endeqomènwc meg�lo upologistikì
kìstoc kai ja jètei èna epiplèon prìblhma: to me poi� mèjodo ja epilujeÐ. Sto jèma
autì ja epanèljoume arketèc forèc sth sunèqeia.

AkoloujoÔn oi basikìterec mèjodoi beltistopoÐhshc me anÐqneush kat� gramm .

3.2 H Mèjodoc thc Apìtomhc Kajìdou

Sth mèjodo thc apìtomhc kajìdou (steepest descent method), h efarmog  thc sqèsh-
c 3.2 ananèwshc thc tim c tou dianÔsmatoc −→x gÐnetai epilègontac wc kateÔjunsh
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anÐqneushc −→p n to antÐjeto tou topikoÔ dianÔsmatoc klÐshc thc sun�rthshc F (−→x n).
AfoÔ h klÐsh thc F (−→x ), dhlad  to di�nusma ∇F (−→x ), deÐqnei se k�je shmeÐo thn
kateÔjunsh mègisthc metabol c thc tim c thc F (−→x ), (h kateÔjunsh −∇F (−→x n) eÐ-
nai orjog¸nia stic iso-F grammèc pou dièrqontai apì to shmeÐo −→x n) h epilog  tou
dianÔsmatoc

−→p n = − ∇F (−→x n) (3.4)

wc kateÔjunshc anÐqneushc thc bèltisthc lÔshc èqei profan  aitiologÐa. Gia lìgouc
plhrìthtac, parajètoume to an�ptugma Taylor

F (−→x n + ηn−→p n) = F (−→x n) + ηn −→p nT∇F (−→x n) + O(η2) (3.5)

ìpou, to prìshmo tou deÔterou ìrou sto dexiì mèloc (arnhtik  posìthta gia ηn > 0)
dikaiologeÐ kai thn epilog  thc sqèshc 3.4. Parak�tw ja deÐxoume kai ja suzht -
soume an ìntwc eÐnai h kalÔterh epilog .

Qarakthristikì thc mejìdou thc apìtomhc kajìdou eÐnai ìti apaiteÐ, se k�je nèa
jèsh, ton upologismì thc klÐshc thc antikeimenik c sun�rthshc kai pleonèkthm� thc
ìti den apaiteÐ plhroforÐa gia to mhtr¸o Hess (deÔterec parag¸gouc). H apìdos  thc
exart�tai apì thn arqik  lÔsh −→x 0, to ηn kai, profan¸c, th morf  thc sun�rthshc.

EÐnai kal  mèjodoc gia apl� probl mata all� gÐnetai idiaÐtera arg  kai anapote-
lesmatik  sta polÔploka probl mata (ac mhn xeqn�me ìti sthn aerodunamik  ta prob-
l mata beltistopoÐhshc eÐnai p�nta polÔploka).

H mèjodoc thc (�apl s�, se antidiastol  me ìti onom�same �apìtomh�) kajìdou
apoteleÐ genÐkeush thc prohgoÔmenhc mejìdou. Me afethrÐa to an�ptugma Taylor

thc 3.5, to ginìmeno −→p nT∇F (−→x n) gr�fetai

−→p nT∇F (−→x n) = ||−→p n|| ||∇F (−→x n)|| cosθn (3.6)

Epilègontac wc −→p n mia kateÔjunsh gia thn opoÐa cosθn < 0 (kai ìqi kat' an�gkh
cosθn = −1 ìpwc sth mèjodo thc apìtomhc kajìdou) mporoÔme na dhmiourg soume
parallagèc thc mejìdou thc kajìdou pou ìlec exasfalÐzoun ìti F (−→x n+1)1 < F (−→x n),
me thn proôpìjesh ìti to ηn ja epilegeÐ kat�llhla. GÐnetai fanerì ìti h mèjodoc
aut  parousi�zetai perissìtero gia lìgouc plhrìthtac, afoÔ genik� h mèjodoc thc
apìtomhc kajìdou upertereÐ.

Me thn eukairÐa, p�ntwc, eÐnai endiafèron na parousi�soume kai mia �llh genik 
majhmatik  graf  k�je mejìdou tÔpou �kajìdou�. Gia thn epilog  thc kateÔjunshc
anÐqneushc mporeÐ na qrhsimopoieÐtai h genik  sqèsh

−→p n = − (Bn)−1∇F (−→x n) (3.7)

ìpou to Bn eÐnai summetrikì kai antistrèyimo mhtr¸o. Sth mèjodo thc apìtomhc
kajìdou h epilog   tan o Bn na eÐnai to monadiaÐo mhtr¸o. H mèjodoc thc kajìdou
epitrèpei �llec epilogèc gia to mhtr¸o Bn.
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3.3 H Mèjodoc Newton

H mèjodoc Newton apoteleÐ ènan apì touc shmantikìterouc antipros¸pouc thc kath-
gorÐac twn mejìdwn anÐqneushc kat� gramm . Gia th jemelÐws  thc arkeÐ na grafeÐ
xan� to an�ptugma Taylor thc 3.5 diathr¸ntac epiplèon ton ìro deÔterhc t�xhc.
IsqÔei h prosèggish (jewreÐste proc to parìn ìti ηn = η = 1, paradoq  pou ja
sqoli�soume sth sunèqeia)

F (−→x n +−→p n) ≈ F (−→x n) + −→p nT∇F (−→x n) +
1

2
−→p nT ∇2F (−→x n) −→p n (3.8)

H apaÐthsh mhdenik c pr¸thc parag¸gou thc (prosèggishc thc) F (−→x n + −→p n) wc
proc −→p n dÐnei

∇F (−→x n) + ∇2F (−→x n) −→p n = 0

pou kajorÐzei th kateÔjunsh anÐqneushc gia thn trèqousa epan�lhyh wc

−→p n = − (∇2F (−→x n))−1 ∇F (−→x n) (3.9)

H teleutaÐa sqèsh gr�fthke me thn proôpìjesh ìti to mhtr¸o Hess ∇2F (−→x n) eÐnai
jetik� orismèno. An autì den sumbaÐnei, h kateÔjunsh pou dÐnei h 3.9 den orÐzetai,
afoÔ den mporeÐ na upologisteÐ o antÐstrofoc tou mhtr¸ou Hess.

Profan c diafor� an�mesa sth mèjodo thc apìtomhc kajìdou kai sth mèjodo
Newton eÐnai to ìti h teleutaÐa apaiteÐ kai ton upologismì ( , se orismènec par-
allagèc thc, thn prosèggish) tou mhtr¸ou Hess thc antikeimenik c sun�rthshc. H
an�gkh aut  eis�gei megalÔterec upologistikèc duskolÐec all� kai auxhmèno upolo-
gistikì kìstoc kat� thn efarmog  thc. SÔmfwna me tic teleutaÐec parathr seic, h
mèjodoc Newton axÐzei na qrhsimopoieÐtai an mporeÐ na prokalèsei aisjht� taqÔterh
sÔgklish apì tic prohgoÔmenec. LÐga sqìlia gia ton trìpo pou sugklÐnei h mèjodoc
Newton akoloujoÔn sth sunèqeia.

Ac sugkrÐnoume thn proseggistik  sqèsh 3.8 me to akribèc an�ptugma kat� Taylor
thc 2.3, pou epanalamb�netai ed¸ gia eukolÐa,

F (−→x n +−→p n) = F (−→x n) + −→p nT∇F (−→x n) +
1

2
−→p nT∇2F (−→x n + t−→p n)−→p n (3.10)

me t ∈ (0, 1). H kateÔjunsh anÐqneushc pou upologÐzei h mèjodoc Newton eÐnai
axiìpisth ìtan h apìklish an�mesa sthn proseggistik  sqèsh 3.8 kai thn akrib 
3.10 eÐnai mikr . TonÐzetai ìti h proseggistik  sqèsh 3.8 eÐnai tetragwnik c morf c.

To an h epilog  kateÔjunshc anÐqneushc apì th sqèsh 3.9 odhgeÐ se meÐwsh
tim c thc antikeimenik c sun�rthshc, dhlad  gia to an pragmatik� h mèjodoc Newton
leitourgeÐ wc mèjodoc kajìdou, diereun�tai upologÐzontac to prìshmo tou ginomènou
−→p nT∇F (−→x n). EÐnai
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−→p nT∇F (−→x n) = −→p nT
(−∇2F (−→x n)−→p n) = (3.11)

= − −→p nT ∇2F (−→x n) −→p n

To ìti to mhtr¸o Hess ∇2F (−→x n) eÐnai jetik� orismèno odhgeÐ sth bebaiìthta ìti
−→p nT∇2F (−→x n)−→p n < 0, �ra h mèjodoc Newton leitourgeÐ wc mèjodoc kajìdou afoÔ
−→p nT∇F (−→x n) < 0.

Jewrhtik�, all� kai praktik� stic perissìterec efarmogèc thc mejìdou Newton,
den upeisèrqetai h bajmwt  posìthta ηn (ηn = 1) pou kajorÐzei to mègejoc tou
b matoc kat� thn kateÔjunsh −→p n. Sth bibliografÐa ja sunant soume parallagèc
thc mejìdou Newton oi opoÐec leitourgoÔn men me ηn = 1, sthn perÐptwsh ìmwc pou
h parap�nw tim  den epifèrei �epark � meÐwsh sthn tim  thc F , tropopoieÐtai h tim 
tou ηn me empeirikèc diorjwtikèc sqèseic.

EpishmaÐnetai ìti, sÔmfwna me ton trìpo graf c thc sqèshc 3.7, sth mèjodo
Newton to Bn tautÐzetai me to mhtr¸o Hess (sugkrÐnete me th sqèsh 3.9).

3.4 H Proseggistik  Mèjodoc Newton

Prìkeitai gia parallag  thc klasik c (�akriboÔs�) mejìdou Newton h opoÐa diathreÐ
to pleonèkthma tou polÔ kaloÔ rujmoÔ sÔgklishc (idÐwc kaj¸c plhsi�zei th bèltisth
lÔsh, an bèbaia èqoun gÐnei oi swstèc epilogèc), entoÔtoic apofeÔgei ton upologis-
mì tou mhtr¸ou Hess. SÔmfwna me th graf  thc sqèshc 3.7, k�je proseggistik 
mèjodoc Newton (Quasi-Newton) upologÐzei kai qrhsimopoieÐ wc Bn mia prosèggish
tou mhtr¸ou Hess. Gia na up�rqei saf neia, ed¸ to sÔmbolo B ja parist�nei to
proseggistikì mhtr¸o Hess.

Mia pr¸th idèa gia upologismì tou mhtr¸ou B basÐzetai se �isodÔnama� sq mata
peperasmènwn diafor¸n (�mesh sunèpeia anaptugm�twn kat� Taylor), sÔmfwna me ta
opoÐa

∇2F (−→x n+1) (−→x n+1 −−→x n) ≈ ∇F (−→x n+1)−∇F (−→x n) (3.12)

(mèjodoc thc tèmnousac, secant method) opìte to mhtr¸o Bn+1 prèpei na
ikanopoieÐ th sqèsh

Bn+1 −→s n = −→y n (3.13)

ìpou

−→s n = −→x n+1 −−→x n (3.14)

kai

−→y n = ∇F (−→x n+1)−∇F (−→x n) (3.15)
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Praktik�, sto mhtr¸o Bn+1 epib�lletai o periorismìc na eÐnai summetrikì, ìpwc ex
�llou summetrikì eÐnai k�je mhtr¸o Hess.

Praktik  axÐa kai eureÐa qr sh èqoun sunant sei sq mata ta opoÐa ulopoioÔn
anadromikoÔc tÔpouc ¸ste na upologisjeÐ to mhtr¸o Hess sth nèa epan�lhyh (èstw
n + 1) apì to gnwstì mhtr¸o Hess thc prohgoÔmenhc (n) epan�lhyhc. Se k�je
tètoio sq ma, h arqikopoÐhsh B0 eÐnai sun jwc epilog  tou qr sth, pou prèpei na
ikanopoieÐ toul�qiston thn apaÐthsh summetrÐac.

Sth sunèqeia parajètoume dÔo apì tic piì gnwstèc mejìdouc pou ulopoioÔn apeu-
jeÐac ton upologismì tou Bn+1 apì to Bn. Autèc eÐnai:

1. Mèjodoc SR1 (Symmetric Rank One), kat� thn opoÐa

Bn+1 = Bn +
(−→y n −Bn−→s n) (−→y n −Bn−→s n)T

(−→y n −Bn−→s n)T −→s n
(3.16)

2. Mèjodoc BFGS (Broyden-Fletcher-Goldfarb-Shanno), kat� thn opoÐa

Bn+1 = Bn − Bn−→s n−→s nT
Bn

−→s nT
Bn−→s n

+
−→y n−→y nT

−→y nT−→s n
(3.17)

Kai oi dÔo autèc mèjodoi ikanopoioÔn thn exÐswsh thc tèmnousac kai exasfalÐ-
zoun ìti k�je paragìmeno mhtr¸o Bn+1 eÐnai epÐashc summetrikì (arkeÐ, bèbaia, h
arqikopoÐhsh B0 na eÐnai summetrik ).

Enallaktik� wc proc tic sqèseic 3.16 kai 3.17, oi opoÐec ek twn pragm�twn a-
paitoÔn thn antistrof  tou ananewmènou mhtr¸ou Bn+1, proteÐnetai h parak�tw
sqèsh h opoÐa upologÐzei kai anane¸nei apeujeÐac ton antÐstrofo tou B pou ja
sumbolÐsoume me H (�ra Hn = (Bn)−1 kai Hn+1 = (Bn+1)−1)

Hn+1 = (I − ρn−→s n−→y nT
)Hn(I − ρn−→y n−→s nT

) + ρn−→s n−→s nT
(3.18)

ìpou

ρn =
1

−→y nT−→s n
(3.19)

Tìte, h kateÔjunsh anÐqneushc prokÔptei �mesa apì th sqèsh

−→p n = −Hn ∇F (−→x n) (3.20)
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Kef�laio 4

BeltistopoÐhsh me PeriorismoÔc

Sqedìn p�nta, ta probl mata beltistopoÐhshc pou kaleÐtai na antimetwpÐsei ènac
mhqanikìc emplèkoun ènan arijmì periorism¸n. Sth genikìtht� touc, oi periorismoÐ
autoÐ diatup¸nontai majhmatik� wc isìthtec   anisìthtec. Kai stic dÔo peript¸seic,
sunhjÐzetai na gr�fontai me mhdenikì to dexiì mèloc en¸ to aristerì mèloc apoteleÐ
sun�rthsh twn metablht¸n sqediasmoÔ. EÐnai shmantikì na jumìmaste ìti h bèltisth
lÔsh pou prokÔptei lamb�nontac upìyh touc periorismoÔc kai aut  pou ja proèkupte
apì mia melèth pou parak�mptei-agnoeÐ touc periorismoÔc autoÔc mporeÐ na eÐnai polÔ
diaforetikèc.

4.1 BasikoÐ OrismoÐ - JemelÐwsh

To prìblhma beltistopoÐhshc me periorismoÔc diatup¸netai wc prìblhma tess�rwn
sunistws¸n pou aforoÔn:

(a) Thn elaqistopoÐhsh thc tim c thc antikeimenik c sun�rthshc F (−→x ), F : ℜN →
ℜ, ìpou kat� ta gnwst�−→x ∈ ℜN eÐnai to di�nusma twn metablht¸n sqediasmoÔ.

(b) Thn ikanopoÐhsh M1 periorism¸n isìthtac grammènwn sth morf 

hi(
−→x ) = 0 , i = 1, . . . ,M1 (4.1)

(g) Thn ikanopoÐhshM2 periorism¸n anisìthtac (ousiastik�, anisoðsìthtac), gram-
mènwn sth morf 

gi(
−→x ) ≤ 0 , i = 1, . . . ,M2 (4.2)

(d) Thn ikanopoÐhsh M3 periorism¸n anisìthtac gia tic Ðdiec tic metablhtèc sqedi-
asmoÔ (dhlad  gia k�poiec   ìlec apì tic N metablhtèc, �ra M3 ≤ N). AutoÐ
diatup¸nontai wc

xL
i ≤ xi ≤ xU

i (4.3)
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me ton �nw deÐkth L   U na sumbolÐzei antÐstoiqa thn kat¸terh kai an¸terh
epitrepìmenh tim  gia th metablht . Ac shmeiwjeÐ ìti gia k�poiec metablhtèc
mporeÐ na up�rqei mìno k�tw   mìno �nw ìrio.

GnwrÐzontac mÐa proc mÐa tic piì shmantikèc mejìdouc beltistopoÐhshc, ja faneÐ
ìti oi periorismoÐ tÔpou 4.3 antimetwpÐzontai diaforetik� apì mèjodo se mèjodo. 'Et-
si, gia par�deigma, se ènan exeliktikì algìrijmo) eÐnai aparaÐthtoc o orismìc k�tw
kai �nw orÐou gia k�je metablht . Ta ìria aut� upeisèrqontai sthn kwdikopoÐhsh
twn metablht¸n kai to ìti h bèltisth lÔsh perièqetai sto metaxÔ touc di�sthma exas-
falÐzetai apì ton Ðdio ton algìrijmo. AntÐjeta, se mia mèjodo beltistopoÐhshc pou
basÐzetai sthn klÐsh thc antikeimenik c sun�rthshc, tètoioi periorismoÐ den mporoÔn
na qrhsimopoihjoÔn �mesa.

Se k�je perÐptwsh, eÐnai logikì oi periorismoÐ 4.3 na enswmatwjoÔn stouc M2

periorismoÔc anisìthtac kai autì ja isqÔei gia to upìloipo kef�laio. M�lista, me
stìqo ton eniaÐo sumbolismì twn periorism¸n, eÐte isìthtac   anisìthtac, eÐte gia
tic metablhtèc sqediasmoÔ   gia par�gwgec sunart seic aut¸n, epanadiatup¸noume
touc stìqouc tou probl matoc wc ex c:

(a) ElaqistopoÐhsh thc tim c thc antikeimenik c sun�rthshc F (−→x ), F : ℜN → ℜ.

(b) IkanopoÐhsh K2 periorism¸n anisìthtac, thc morf c

ci(
−→x ) ≤ 0 , i = 1, . . . , K2 (4.4)

 , me enallaktikì sumbolismì wc proc tic timèc tou deÐkth, ìti i ∈ I, ìpou I
(=Inequality) eÐnai sÔnolo tim¸n tou deÐkth i gia touc periorismoÔc anisìthtac.

(g) IkanopoÐhsh K1 periorism¸n isìthtac, thc morf c

ci(
−→x ) = 0 , i = K2 + 1, . . . , K1 +K2 (4.5)

 , me i ∈ E, ìpou E (=Equality) eÐnai sÔnolo tim¸n tou deÐkth i gia touc
periorismoÔc isìthtac.

Orismìc 4.1 OrÐzoume wc q¸ro apodekt¸n lÔsewn dedomènou probl matoc
to sÔnolo

Ω = {−→x | ci(−→x ) ≤ 0, i ∈ I; ci(−→x ) = 0, i ∈ E}

Me th bo jeia tou sunìlou Ω, to prìblhma beltistopoÐhshc upì periorismoÔc epana-
diatup¸netai aploÔstera wc

min−→x ∈Ω
F (−→x ) (4.6)

Sth sunèqeia, ja orÐsoume majhmatikèc ènnoiec ìpwc eÐnai h �topik  lÔsh� kai ta
par�gwg� thc. 'Etsi:
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Orismìc 4.2 To di�nusma −→x ∗ kaleÐtai topik  lÔsh tou probl matoc 4.6, an
−→x ∗ ∈ Ω kai up�rqei geitoni� γ tou −→x ∗ sthn opoÐa F (−→x ) ≥ F (−→x ∗), ∀−→x ∈ (γ ∩ Ω).

Orismìc 4.3 To di�nusma −→x ∗ kaleÐtai austhr� topik  lÔsh tou probl matoc
4.6, an −→x ∗ ∈ Ω kai up�rqei geitoni� γ tou −→x ∗ sthn opoÐa F (−→x ) > F (−→x ∗), ∀−→x ∈
(γ ∩ Ω).

Orismìc 4.4 To di�nusma −→x ∗ kaleÐtai memonwmènh topik  lÔsh tou prob-
l matoc 4.6, an −→x ∗ ∈ Ω kai up�rqei geitoni� γ tou −→x ∗ sthn opoÐa to −→x ∗ eÐnai h
monadik  topik  lÔsh tou (γ ∩ Ω).

Tèloc, eÐnai polÔ qr simoi kai oi dÔo epìmenoi orismoÐ:

Orismìc 4.5 Sthn upoy fia lÔsh −→x ∈ Ω, o i-iostìc periorismìc anisìthtac
eÐnai energìc an kai mìno an ci(

−→x ) = 0.

Orismìc 4.6 Sthn upoy fia lÔsh −→x ∈ Ω, o i-iostìc periorismìc anisìthtac
eÐnai anenergìc an kai mìno an ci(

−→x ) < 0.

4.1.1 MetasqhmatismoÐ kai Teqn�smata

Den eÐnai sp�niec oi forèc ìpou den up�rqei leiìthta stìqou  /kai periorism¸n. Stic
peript¸seic autèc, qrei�zontai sun jwc paremb�seic tou mhqanikoÔ gia th diatÔpwsh
tou probl matoc se trìpo ¸ste, me teqn�smata kai kat�llhlouc metasqhmatismoÔc,
na antimetwpisjeÐ to prìblhma kai na katasteÐ efiktì na efarmosjoÔn majhmatikèc
mèjodoi beltistopoÐhshc pou apaitoÔn leiìthta thc antikeimenik c sun�rthshc kai
twn periorism¸n.

Wc pr¸to par�deigma, ac exet�soume thn perÐptwsh enìc majhmatikoÔ probl -
matoc elaqistopoÐhshc thc tim c miac antikeimenik c sun�rthshc thc morf c 4.6 ìpou
to di�nusma −→x èqei dÔo sunist¸sec (x1, x2) kai o monadikìc periorismìc eÐnai h
anisìthta

||x||1
−→x ∈ℜ2

= |x1|+ |x2| ≤ 1 (4.7)

H teleutaÐa kajorÐzei to q¸ro twn apodekt¸n lÔsewn wc to rìmbo (perÐgramma kai
eswterikì) pou sqhmatÐzetai me korufèc ta shmeÐa (x1, x2) = (1, 0), (0, 1), (−1, 0), (0,−1),
bl. sq ma 4.1 Se mia tètoia perÐptwsh, eÐnai skìpimo na epanadiatup¸soume to
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monadikì all� dustuq¸c mh-leÐo periorismì sth morf  tess�rwn leÐwn periorism¸n,
dhlad 

x1 + x2 ≤ 1

x1 − x2 ≤ 1

−x1 + x2 ≤ 1

−x1 − x2 ≤ 1

(1,0)

(0,1)

(−1,0)

(0,−1)

x1

x2

Sq ma 4.1: Grafik  par�stash tou q¸rou twn apodekt¸n lÔsewn gia to prìblhma
me ton periorismì thc sqèshc 4.7.

Wc deÔtero par�deigma, anafèretai h perÐptwsh beltistopoÐhshc ìpou den up�r-
qoun periorismoÐ all� h antikeimenik  sun�rthsh den eÐnai leÐa. Ac upojèsoume ìti
tÐjetai proc epÐlush to prìblhma

min−→x ∈ℜ
F (−→x ) = min−→x ∈ℜ

max(x2, x)

me bèltisth lÔsh to x = 0. H mh-leiìthta thc F (−→x ) eÐnai profan c. Se mia tètoia
perÐptwsh sumfèrei h epanadiatÔpwsh tou probl matoc wc nèo prìblhma me perior-
ismoÔc kai leÐa antikeimenik  sun�rthsh. 'Etsi, ant' autoÔ proteÐnetai na lujeÐ to
prìblhma

min
t∈ℜ,x∈ℜ,

t

(dÔo metablhtèc, oi x kai t) me touc periorismoÔc

x ≤ t , x2 ≤ t
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Parousi�zontac kai sqoli�zontac autèc tic lÐgec endeiktikèc peript¸seic, stìqoc
 tan na gÐnei katanoht  h t�sh-an�gkh na qrhsimopoioÔntai tètoiou eÐdouc teqn�s-
mata kai metasqhmatismoÐ k�je for� pou sthn antikeimenik  sun�rthsh emfanÐzontai
apìlutec timèc, nìrmec   sunart seic ìpwc eÐnai oi min kai max.

4.2 DiatÔpwsh me Qr sh Sun�rthshc Lagrange

Arqik�, prèpei na upenjumÐsoume kai anasunjèsoume dÔo orismoÔc pou eÐnai gnw-
stoÐ apì ta prohgoÔmena. Se k�je shmeÐo sto q¸ro twn metablht¸n sqediasmoÔ,
h efaptìmenh (eujeÐa gia dÔo metablhtèc sqediasmoÔ, epÐpedo gia treic, kok) sth-
n isostajmik  F (−→x ) qwrÐzei to q¸ro se dÔo upoq¸rouc   upotomeÐc. Apì autoÔc,
ekeÐnoc ston opoÐo an epilèxoume kateÔjunsh anÐqneushc anamènetai beltÐwsh thc trè-
qousac lÔshc, onom�zetai qrhstikìc tomèac (usable sector). Jewr¸ntac proc
to parìn mìno periorismoÔc anisìthtac (qwrÐc bl�bh thc genikìthtac ac jewr soume
mìno ènan, ton c1(

−→x ) ≤ 0), h gramm -epif�neia-klp c1(
−→x ) = 0 qwrÐzei to q¸ro se

dÔo upoq¸rouc   upotomeÐc. O ènac apì autoÔc sqhmatÐzetai apì lÔseic pou den
ikanopoioÔn ton periorismì en¸ o �lloc me lÔseic pou ton ikanopoioÔn ja onom�zetai
apodektìc tomèac (feasible sector). Gia perissìterouc apì ènan periorismoÔc,
o telikìc apodektìc tomèac eÐnai h tom  twn apodekt¸n tomèwn k�je periorismoÔ.
Tèloc h tom  qrhstikoÔ kai apodektoÔ tomèa, se k�je shmeÐo tou q¸rou twn lÔsewn
orÐzei ton apodektì-qrhstikì tomèa (feasible-usable sector).

Sth sunèqeia, ja anaferjoÔme se paradeÐgmata diaqeÐrishc tou apodektoÔ-qrhstikoÔ
tomèa se majhmatik� probl mata me periorismoÔc isìthtac kai anisìthtac. Prìkeitai
gia eisagwgik� paradeÐgmata pou stoqeÔoun na proetoim�soun to èdafoc gia thn
parousÐash kai katanìhsh twn sunjhk¸n Karush–Kuhn–Tucker.

4.2.1 ElaqistopoÐhsh me Enan Periorismì Isìthtac

Skopìc thc enìthtac aut c eÐnai na diatup¸sei thn anagkaÐa sunj kh gia th bèltisth
lÔsh se èna prìblhma beltistopoÐhshc me ènan periorismì isìthtac kai, sth sunèqeia,
na deÐxei th shmasÐa thc sqèshc aut c me èna par�deigma.

Je¸rhma 4.1 (AnagkaÐa sunj kh elaqÐstou me ènan periorismì isìthtac )
AnagkaÐa sunj kh ¸ste to di�nusma −→x ∗ na apoteleÐ bèltisth lÔsh sto prìblhma

min−→x ∈ℜN
F (−→x ) , |= c1(

−→x ) = 0 (4.8)

(me to sÔmbolo |= na diab�zetai �me ton periorismì�) eÐnai na mhn up�rqei kateÔjunsh
−→p gia thn opoÐa sugqrìnwc na isqÔoun oi sqèseic

−→p T ∇c1(−→x ∗) = 0
−→p T ∇F (−→x ∗) < 0

}
(4.9)
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Enallaktik  diatÔpwsh thc sunj khc 4.9 eÐnai h:

Je¸rhma 4.2 (AnagkaÐa sunj kh elaqÐstou me ènan periorismì isìthtac )
AnagkaÐa sunj kh ¸ste to di�nusma −→x ∗ na apoteleÐ bèltisth lÔsh sto prìblhma 4.8
eÐnai ta dianÔsmata ∇F (−→x ∗) kai ∇c1(−→x ∗) na eÐnai par�llhla, dhlad  na isqÔei

∇F (−→x ∗) = λ∗1 ∇c1(−→x ∗) (4.10)

gia k�poia tim  λ∗1.

H anagkaÐa sunj kh tou jewr matoc 4.2 sqoli�zetai grafik� sto sq ma 4.2.

c  (x  )1 * c  (x  )1 * c  (x  )1 *

F(x  )*

F(x  )* F(x  )*

p

Sq ma 4.2: Di�forec peript¸seic sqetik c jèshc twn dianusm�twn klÐshc thc an-
tikeimenik c sun�rthshc kai tou periorismoÔ, sqetik� me th dunatìthta   ìqi eÔreshc
kateÔjunshc kat� thn opoÐa na up�rqei beltÐwsh thc trèqousac lÔshc.

Sto shmeÐo autì, kai prin to par�deigma efarmog c twn parap�nw, ac shmei¸soume
ìti an den isqÔei h 4.10, tìte up�rqei kateÔjunsh −→p gia thn opoÐa sugqrìnwc na
isqÔoun oi dÔo sqèseic 4.9. Tètoia kateÔjunsh ja  tan l.q. h

−→p = −
(
I − ∇c1(

−→x ∗)T∇c1(−→x ∗)

||∇c1(−→x ∗)||2

)
∇F (−→x ∗) (4.11)

Den ja d¸soume thn apìdeixh thc teleutaÐac prìtashc. H apìdeixh sthrÐzetai sthn
anisìthta tou Holder, sÔmfwna me thn opoÐa isqÔei ìti |−→x T−→z | ≤ ||−→x || ||−→z ||, me thn
isìthta na isqÔei ìtan −→x = λ1

−→z , λ1 ≥ 0. Ja epishm�noume, ìmwc, ìti to di�nusma
thc sqèshc 4.11 ikanopoieÐ kai tic dÔo sqèseic 4.9, ìso den isqÔei h 4.10 gia k�poia
tim  λ∗1.

Wc efarmog , ac jewr soume to parak�tw prìblhma beltistopoÐhshc me ènan
periorismì isìthtac

min−→x ∈ℜ2
F (−→x ) , F (−→x ) = x1 + x2 (4.12)

|= c1(
−→x ) = x2

1 + x2
2 − 2 = 0 (4.13)
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O periorismìc 4.13 sugkekrimenopoieÐ to q¸ro twn apodekt¸n lÔsewn wc thn per-
ifèreia kÔklou aktÐnac

√
2. Sta shmeÐa thc perifèreiac, pou sÔmfwna me thn prohgoÔ-

menh orologÐa sunistoÔn to q¸ro Ω, anazhtoÔme wc bèltisth lÔsh to   ta shmeÐa pou
elaqistopoioÔn thn F (−→x ) thc sqèshc 4.12. EÔkola gÐnetai antilhptì ìti h bèltisth
lÔsh eÐnai h −→x ∗ = (−1,−1).

O upologismìc twn klÐsewn thc antikeimenik c sun�rthshc kai thc sun�rthshc
periorismoÔ dÐnei

∇F (−→x ) = (1, 1)

∇c1(−→x ) = (2x1, 2x2) (4.14)

To di�nusma ∇F (−→x ) eÐnai stajeroÔ mètrou kai dieÔjunshc en¸ to ∇c1(−→x ) èqei men
stajerì mètro sta shmeÐa thc perifèreiac aktÐnac

√
2 all� h kateÔjuns  tou all�zei

paramènontac k�jeto se k�je shmeÐo thc me kateÔjunsh proc ta èxw tou kÔklou.
ParathroÔme eÔkola ìti mìno stic apodektèc lÔseic (−1,−1) kai (1, 1), ta ∇F (−→x )
kai ∇c1(−→x ) gÐnontai suggrammik�, bl. sq ma 4.3, mìno ekeÐ dhlad  mporoÔme na
gr�youme ìti

1c

1c

F

F

1x

x2

Sq ma 4.3: Grafik  an�lush tou probl matoc elaqistopoÐhshc 4.12 me ton periorismì
4.13.

∇F (−→x ) = λ1 ∇c1(−→x ) (4.15)

Eidik� gia th bèltisth lÔsh−→x ∗ isqÔei h (antÐstoiqh thc 4.15) sqèsh 4.10, me λ∗1 = −1
2
.

Ac diereun soume se megalÔtero b�joc to nìhma twn parap�nw. 'Enac trìpoc gia
na gÐnei antilhpt  mia diadikasÐa beltistopoÐhshc eÐnai, ìntac se mia lÔsh −→x ∈ Ω, na
dhmiourghjeÐ mia nèa lÔsh (−→x +−→p ) ∈ Ω me mikrìterh tim  antikeimenik c sun�rthshc.
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Praktik�, anaferìmaste se dÔo shmeÐa thc perifèreiac tou kÔklou aktÐnac
√

2 ìpou,
se prosèggish pr¸thc t�xhc, na isqÔoun oi ex c dÔo apait seic:

• wc proc th sunèqish ikanopoÐhshc tou periorismoÔ

c1(
−→x +−→p ) ≈ c1(

−→x ) +−→p T∇c1(−→x ) = −→p T∇c1(−→x ) = 0 (4.16)

• wc proc th beltÐwsh (meÐwsh) thc tim c thc antikeimenik c sun�rthshc

F (−→x +−→p ) ≈ F (−→x ) +−→p T∇F (−→x ) < F (−→x ) ⇒ −→p T∇F (−→x ) < 0 (4.17)

An h trèqousa lÔsh −→x eÐnai h bèltisth (−→x = −→x ∗), tìte den prèpei na up�rqei
di�nusma −→p gia to opoÐo na isqÔoun sugqrìnwc h isìthta 4.16 kai h anisìthta 4.17.
Ousiastik�, katal xame ètsi sthn anagkaÐa sunj kh 4.9, me paradoqèc kai sq mata
pr¸thc t�xhc.

Epìmeno b ma thc parap�nw an�ptuxhc kai suz thshc eÐnai h epanadiatÔpwsh
tou probl matoc 4.8 wc èna prìblhma sto opoÐo anazhtoÔme ta st�sima shmeÐa miac
sun�rthshc Lagrange. H teleutaÐa orÐzetai wc

L(−→x , λ1) = F (−→x )− λ1c1(
−→x ) (4.18)

kai h eÔresh twn st�simwn shmeÐwn thc prokÔptei apì to mhdenismì thc klÐshc thc

∇L(−→x , λ1) = ∇F (−→x )− λ1∇c1(−→x ) = 0 (4.19)

H sqèsh 4.19 parapèmpei eujèwc sthn ikanopoÐhsh thc sqèshc 4.10 gia k�poia tim 
λ∗1. 'Ara, ènac trìpoc na epilujeÐ èna prìblhma beltistopoÐhshc me periorismì isìth-
tac eÐnai mèsw thc anaz thshc st�simwn shmeÐwn thc sun�rthshc Lagrange 4.18.
Ja tonÐsoume ìmwc ìti h sunj kh aut  eÐnai apl� anagkaÐa, ìqi ikan . Gia thn
katanìhsh autoÔ, sto par�deigma pou analÔsame, parathroÔme ìti h sqèsh 4.10
isqÔei se dÔo shmeÐa: to (−1,−1) kai to (1, 1). Kai sta dÔo, ta dianÔsmata ∇F (−→x )
kai ∇c1(−→x ) eÐnai suggrammik�, mìno ìmwc to pr¸to apoteleÐ bèltisth lÔsh tou
probl matoc. Tèloc, me skopì na prol�boume k�je skèyh-idèa pou ja aforoÔse
sto prìshmo thc posìthtac λ∗1, gÐnetai h dieukrÐnhsh ìti k�ti tètoio den eustajeÐ. H
ex ghsh eÐnai apl : mporoÔme na gr�youme ton periorismì isìthtac c1(

−→x ) = 0 sth
morf  −c1(−→x ) = 0 opìte k�je prosp�jeia �ntlhshc plhroforÐac apì to prìshmo
thc posìthtac λ∗1 eÐnai m�taih, afoÔ kai to ∇c1(−→x ) all�zei prìshmo.

4.2.2 ElaqistopoÐhsh me Enan Periorismì Anisìthtac

AkoloujeÐ h diatÔpwsh thc anagkaÐac sunj khc gia th Ôparxh bèltisthc lÔshc se
prìblhma beltistopoÐhshc me ènan periorismì anisìthtac. IsqÔei:
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Je¸rhma 4.3 (AnagkaÐa sunj kh elaqÐstou me ènan periorismì anisìthtac )
AnagkaÐa sunj kh ¸ste to di�nusma −→x ∗ na apoteleÐ bèltisth lÔsh sto prìblhma

min−→x ∈ℜN
F (−→x ) , |= c1(

−→x ) ≤ 0 (4.20)

eÐnai h

∇F (−→x ∗) = λ∗1 ∇c1(−→x ∗) , λ1 ≤ 0 (4.21)

gia k�poia tim  λ∗1 kai

λ∗1c1(
−→x ∗) = 0 (4.22)

H sunj kh aut  sqetÐzetai asfal¸c me tic sqèseic 4.18 kai 4.19 kai th qr sh
sun�rthshc Lagrange. Diafèrei de apì thn antÐstoiqh sunj kh gia th beltistopoÐhsh
me periorismì isìthtac wc proc thn epiplèon apaÐthsh na eÐnai h posìthta λ∗1 mh-
jetik . UpenjumÐzetai ìti, sto tèloc thc prohgoÔmenhc enìthtac, sqoli�same ìti,
ekeÐ, to prìshmo tou λ1 den èqei shmasÐa. Sugqrìnwc me th sqèsh 4.21, epib�lletai
kai h sumplhrwmatik  sunj kh 4.22, pou shmaÐnei ìti ja eÐnai λ∗1 < 0 mìno an o
periorismìc c1(

−→x ) eÐnai energìc (ci(
−→x ) = 0). An o periorismìc ci(

−→x ) eÐnai anenergìc,
h 4.22 epib�llei λ∗1 = 0.

To arijmhtikì prìblhma pou ja analujeÐ gia thn katanìhsh twn parap�nw eÐnai
to

min−→x ∈ℜ2
F (−→x ) , F (−→x ) = x1 + x2 (4.23)

|= c1(
−→x ) = x2

1 + x2
2 − 2 ≤ 0 (4.24)

O periorismìc 4.24 kajorÐzei wc q¸ro apodekt¸n lÔsewn (q¸ro Ω) to eswterikì kai
thn perifèreia kÔklou aktÐnac

√
2. H bèltisth lÔsh pou anazhtoÔme eÐnai kai p�li h

−→x ∗ = (−1,−1).
SÔmfwna me thn analutik  suz thsh thc prohgoÔmenhc enìthtac, h trèqousa

lÔsh −→x den eÐnai bèltisth an mporeÐ na entopisteÐ geitonik  thc lÔsh −→x +−→p ∈ Ω h
opoÐa na dÐnei mikrìterh tim  thc F (−→x ). Se prosèggish pr¸thc t�xhc, prèpei

c1(
−→x +−→p ) ≈ c1(

−→x ) +−→p T∇c1(−→x ) ≤ 0 (4.25)

en¸, sugqrìnwc, ja isqÔei kai h sqèsh 4.17.
Me apl  gewmetrik  je¸rhsh tou probl matoc, mporoÔme na diakrÐnoume dÔo

pijanèc peript¸seic:

• Arqik�, èstw ìti to shmeÐo −→x eÐnai eswterikì tou kÔklou, dhlad  c1(
−→x ) < 0.

Gia k�je tètoio (eswterikì) shmeÐo tou kÔklou, h epilog  thc kateÔjunshc
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−→p = c1(
−→x )

∇F (−→x )

||∇F (−→x )||
(4.26)

exasfalÐzei kai ikanopoÐhsh thc 4.17 all� kai thc 4.25. Monadik  perÐptwsh

gia na mhn isqÔei autì eÐnai na isqÔei ∇F (−→x ) =
−→
0 . H apìdeixh twn parap�nw

eÐnai idiaÐtera eÔkolh.

• DeÔterh perÐptwsh pou axÐzei na exetasjeÐ eÐnai aut  ìpou to −→x an kei sto ì-
rio tou kÔklou, eÐnai dhlad  ci(

−→x ) = 0 (energìc periorismìc). H apaÐthsh 4.25
gr�fetai aploÔstera wc −→p T∇c1(−→x ) ≤ 0 kai sunodeÔei thn −→p T∇F (−→x ) < 0
sthn anaz thsh kalÔterhc lÔshc apì thn trèqousa. Oi dÔo teleutaÐec apait -
seic orÐzoun ènan kleistì (h pr¸th) kai ènan anoiktì (h deÔterh) upìqwro.
H tom  touc orÐzei to qrhstikì-apodektì tomèa, ston opoÐo mporeÐ na epilegeÐ
kateÔjunsh meÐwshc thc tim c thc antikeimenik c sun�rthshc qwrÐc na diatar�s-
setai o periorismìc. H monadik  perÐptwsh pou h tom  aut  eÐnai to kenì sÔnolo
eÐnai ìtan ta dianÔsmata ∇c1(−→x ) kai ∇F (−→x ) eÐnai suggrammik� kai antÐjethc
for�c. EÐnai h perÐptwsh pou isqÔei ∇F (−→x ) = λ1∇c1(−→x ) me λ1 ≤ 0. Mìno
an ikanopoieÐtai h teleutaÐa sqèsh (prohgoumènwc th diatup¸same wc anagkaÐa
sunj kh 4.21) tìte eÐnai adÔnato na brejeÐ �kalÔterh� lÔsh pou na ikanopoieÐ
ton periorismì, �ra h trèqousa eÐnai kai h bèltisth lÔsh −→x ∗.

4.2.3 Sunj kec Karush–Kuhn–Tucker

Me th bo jeia twn mèqri t¸ra apl¸n paradeigm�twn, diatup¸same th basik  anagkaÐ-
a sunj kh gia thn eÔresh bèltisthc lÔshc. Diatup¸same th sun�rthsh Lagrange,
sqèsh 4.18, thc opoÐac anazht same ta st�sima shmeÐa. Epib�lame apait seic pros -
mou stouc pollaplasiastèc λi pou antistoiqoÔn se periorismoÔc anisìthtac (bl.
sqèsh 4.21) kai diatup¸same th sumplhrwmatik  anagkaÐa sunj kh sth morf  thc
sqèshc 4.22, p�li gia thn perÐptwsh periorism¸n anisìthtac.

GenikeÔontac, anex�rthta tou pl jouc periorism¸n tÔpou isìthtac   anisìthtac
pou up�rqoun, h sun�rthsh Lagrange gr�fetai

L(−→x ,
−→
λ ) = F (−→x )−

∑
i∈E∪I

λici(
−→x ) (4.27)

ìpou me
−→
λ ekfr�zoume to di�nusma twn pollaplasiast¸n Lagrange λi.

Oi pr¸thc t�xhc anagkaÐec sunj kec, gnwstèc wc sunj kec Karush–
Kuhn–Tucker, gia thn Ôparxh bèltisthc lÔshc diatup¸nontai sth morf  tou parak�tw
jewr matoc:

An −→x ∗ eÐnai mia topik  lÔsh tou probl matoc 4.6, tìte up�rqei èna di�nusma

pollaplasiast¸n Lagrange
−→
λ ∗, me sunist¸sec λ∗i , i ∈ E ∪ I, tètoio ¸ste sto

(−→x ∗,
−→
λ ∗) na isqÔoun
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∇L(−→x ∗,
−→
λ ∗) = 0

ci(
−→x ∗) = 0 , ∀ i ∈ E

ci(
−→x ∗) ≤ 0 , ∀ i ∈ I
λ∗i ≤ 0 , ∀ i ∈ I

λi ci(
−→x ∗) = 0 , ∀ i ∈ E ∪ I (4.28)

Tic sunj kec 4.28 onom�zoume sunj kec Karush–Kuhn–Tucker. AxÐzei na xanagr�y-
oume thn pr¸th apì autèc tic sqèseic wc

∇F (−→x ∗)−
∑

i∈E∪I

λi∇ci(−→x ) = 0 (4.29)

EpishmaÐnetai ìti o telest c klÐshc ∇ pou qrhsimopoieÐtai ja èprepe kanonik�
na sumbolÐzetai me ∇x ¸ste na gÐnetai emfanèc ìti h parag¸gish gÐnetai mìno wc

proc tic sunist¸sec tou dianÔsmatoc −→x kai ìqi autèc tou
−→
λ . H teleutaÐa apì tic

sqèseic 4.28 eÐnai aut  pou sun jwc apokaloÔme �sumplhrwmatik  sunj kh�. Gia touc
energoÔc periorismoÔc anisìthtac (ci(

−→x ∗) = 0, i ∈ I) h sumplhrwmatik  sunj kh
den dÐnei plhroforÐa gia to prìshmo tou pollaplasiast  λi. AntÐjeta, ìmwc, deÐqnei
thn an�gkh mhdenismoÔ opoioud pote pollaplasiast  λi sunodeÔei èna mh�energì
periorismì anisìthtac (ci(

−→x ∗) < 0, i ∈ I).
AkoloujeÐ èna akìmh par�deigma gia thn katanìhsh twn anagkaÐwn sunjhk¸n

Karush–Kuhn–Tucker. Gia −→x ∈ ℜ2, zhtoÔmeno eÐnai h elaqistopoÐhsh thc

F (x1, x2) = (x1 −
3

2
)2 + (x2 −

1

8
)2 (4.30)

|= c1(x1, x2) = x1 + x2 − 1 ≤ 0

c2(x1, x2) = x1 − x2 − 1 ≤ 0

c3(x1, x2) = −x1 + x2 − 1 ≤ 0

c4(x1, x2) = −x1 − x2 − 1 ≤ 0

me touc tèsseric parap�nw periorismoÔc kai bèltisth lÔsh thn −→x ∗ = (1, 0). Sth
bèltisth lÔsh, oi dÔo pr¸toi periorismoÐ eÐnai energoÐ afoÔ c1(

−→x ∗) = 0 kai c2(
−→x ∗) =

0. To Ðdio ìmwc den isqÔei gia touc �llouc dÔo periorismoÔc, c3(
−→x ∗) ̸= 0, c4(

−→x ∗) ̸= 0.
Gia to lìgo autì, h sumplhrwmatik  sunj kh (teleutaÐa sqèsh twn 4.28) epib�llei
ìti λ3 = λ4 = 0. UpologÐzontac tic klÐseic thc antikeimenik c sun�rthshc kai twn
dÔo periorism¸n, sth bèltisth lÔsh, èqoume

∇F (−→x ∗) = (−1 , −1

2
)T

∇c1(−→x ∗) = (1 , 1)T

∇c2(−→x ∗) = (1 , −1)T
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H sqèsh 4.29 dÐnei to sÔsthma

−1− λ∗1 − λ∗2 = 0

−1

2
− λ∗1 + λ∗2 = 0

apì to opoÐo prokÔptei ìti λ∗1 = −3
4
kai λ∗2 = −1

4
. Sunolik� dhlad  oi pollaplasi-

astèc Lagrange eÐnai

(λ∗1, λ
∗
2, λ

∗
3, λ

∗
4) = (−3

4
,−1

4
, 0, 0)

me mh�jetikèc ìlec tic timèc. Tèloc, eÐnai aplì na elègxoume ìti c3(
−→x ∗) = −2 < 0

kai c4(
−→x ∗) = −2 < 0, �ra epalhjeÔontai kai oi tèsseric periorismoÐ.

4.3 Seiriak  ElaqistopoÐhsh gia Probl mata

me PeriorismoÔc

Sthn paroÔsa enìthta ja parousi�soume algorijmikèc parallagèc me tic opoÐec m-
poroÔn na antimetwpisjoÔn probl mata beltistopoÐhshc ta opoÐa dièpontai apì peri-
orismoÔc isìthtac  /kai anisìthtac. Basikì qarakthristikì touc eÐnai ìti mporoÔn na
qrhsimopoi soun wc mèjodo anÐqneushc opoiad pote mèjodo beltistopoÐhshc ikan  na
epilÔei probl mata beltistopoÐhshc qwrÐc periorismoÔc. FaÐnetai, ètsi, eÔkola ìti an
o mhqanikìc diajètei mia opoiad pote mèjodo beltistopoÐhshc gia probl mata qwrÐc
periorismoÔc, eÐnai dunatì na th qrhsimopoi sei gia na lÔsei probl mata me perioris-
moÔc, arkeÐ na epèmbei kat�llhla (ìpwc ja doÔme sth sunèqeia) sthn antikeimenik 
sun�rthsh pou h mèjodoc qrhsimopoieÐ. 'Omwc, to kìstoc pou kaleÐtai na plhr¸sei
wc ant�llagma thc eukolÐac aut c eÐnai ìti ja lÔsei seiriak� perissìtera apì èna
probl mata elaqistopoÐhshc qwrÐc periorismoÔc. Ta parap�nw sqìlia dikaiologoÔn
pl rwc to sÔnjeto tÐtlo tou parìntoc kefalaÐou.

Basikì stoiqeÐo ìlwn twn mejìdwn pou ja parousiasjoÔn sth sunèqeia eÐnai h
qr sh sunart sewn   suntelest¸n poin c (penalty) gia thn enswm�twsh
twn periorism¸n sthn antikeimenik  sun�sthsh. H idèa eÐnai, ousiastik�, apl : gia
na lujeÐ to prìblhma me periorismoÔc

min F (−→x ) (4.31)

|= ci(
−→x ) ≤ 0 , i ∈ I

ci(
−→x ) = 0 , i ∈ E

orÐzetai h yeudo�antikeimenik  sun�rthsh (pseudo–objective function) Φ(−→x ,wp) sÔm-
fwna me th sqèsh
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Φ(−→x ,wp) = F (−→x ) + wpP (−→x ) (4.32)

ìpou wp eÐnai o suntelest c poin c (  b�roc poin c, penalty weight) kai P (−→x ) eÐnai h
sun�rthsh poin c, h opoÐa exart�tai apì thn parallag  mejìdou pou ja epilèxoume.
O suntelest c wp mporeÐ na paramènei stajerìc kat� th di�rkeia twn seiriak¸n
kl sewn sth mèjodo beltistopoÐhshc qwrÐc periorismoÔc (k�je mia tètoia kl sh ja
thn onom�zoume kÔklo) an kai sun jwc diathreÐ stajer  tim  se ènan kÔklo kai
epanaprosdiorÐzetai ston epìmeno.

Gia th sunèqeia, gia lìgouc suntomografÐac, k�je mèjodoc h opoÐa epilÔei prob-
l mata beltistopoÐhshc me periorismoÔc, mèsw seiriak¸n kl sewn miac mejìdou e-
laqistopoÐhshc qwrÐc periorismoÔc kai me th bo jeia thc yeudo�antikeimenik c sun�rthsh-
c thc sqèshc 4.32, ja onom�zetai SUMT (Sequential Unconstrained Minimization
Technique).

Sugkekrimèna, ja parousiasjoÔn treÐc parallagèc SUMT, twn opoÐwn ta basik�
qarakthristik� kathgoriopoioÔntai sth sunèqeia:

H mèjodoc thc exwterik c poin c , h opoÐa eÐnai h perissìtero klasik  kai
h eukolìterh ston programmatismì. H sun�rthsh poin c P (−→x ) apokt� mh�
mhdenik  tim  kai �ra timwreÐ/epaux�nei thn antikeimenik  sun�rthsh mìno ìtan
den ikanopoieÐtai ènac periorismìc.

H mèjodoc thc eswterik c poin c , kat� thn opoÐa h sun�rthsh poin c P (−→x )
apokt� mh�mhdenik  tim  kai �ra timwreÐ/epaux�nei thn antikeimenik  sun�rthsh
ìtan h lÔsh plhsi�zei th mh�apodekt  perioq  lÔsewn èstw kai an h trèqousa
lÔsh eÐnai akìma apodekt . Sth mèjodo aut  den epitrèpetai na diataraqjeÐ
opoiosd pote periorismìc kai h telik  bèltisth lÔsh prokÔptei apì th diadoq 
apodekt¸n lÔsewn.

H mèjodoc thc dieurumènhc eswterik c poin c , h opoÐa sundu�zei pleonek-
t mata kai apofeÔgei meionekt mata twn dÔo prohgoÔmenwn, ìpwc ja perigrafeÐ
leptomer¸c sth sunèqeia.

4.3.1 Mèjodoc thc Exwterik c Poin c

H mèjodoc thc exwterik c poin c (exterior penalty function method) eÐnai h aploÔster-
h kat� thn efarmog  thc. H sun�rthsh poin c orÐzetai apì th sqèsh

P (−→x ) =
∑
i∈I

[max(0, ci(
−→x ))]2 +

∑
i∈E

[ci(
−→x )]2 (4.33)

Apì th sqèsh 4.31 faÐnetai autì pou diatup¸same wc basikì qarakthristikì thc
mejìdou: h sun�rthsh poin c timwreÐ/epaux�nei thn antikeimenik  sun�rthsh mìno
ìtan den ikanopoieÐtai ènac periorismìc isìthtac   anisìthtac. EÐnai, dhlad , P (−→x ) =
0 gia k�je lÔsh −→x sthn apodekt  perioq  lÔsewn Ω. Sth sqèsh 4.33, ta tetr�g-
wna kai stouc dÔo ìrouc tou dexioÔ mèlouc exuphretoÔn afenìc men to mhdenismì
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thc klÐshc miac sunist¸sac tou P (−→x ) sto shmeÐo pou oriak� ikanopoieÐtai o antÐs-
toiqoc periorismìc, afetèrou de to na èqei h yeudo�antikeimenik  sun�rthsh Φ(−→x ,wp)
suneq  klÐsh pantoÔ. Ac sugkrat soume, ìmwc, ìti h deÔterh par�gwgoc thc P (−→x )
kai sunep¸c kai thc Φ(−→x ,wp) eÐnai asuneq c ekeÐ pou oriak� diatar�ssetai o peri-
orismìc.

'Eqontac orÐsei th sun�rthsh poin c, to epìmeno b ma eÐnai na epilegeÐ h kat�llhlh
tim  gia to suntelest  wp, ¸ste na sqhmatisjeÐ h Φ(−→x ,wp), sÔmfwna me th sqèsh
4.32. Mikr  tim  tou wp odhgeÐ se èna eÔkola epiluìmeno prìblhma beltistopoÐhshc
(upobajmÐzetai o rìloc twn periorism¸n sth sqèsh 4.32) all� h lÔsh pou ja prokÔyei
eÐnai polÔ pijanì na mhn ikanopoieÐ touc periorismoÔc. AntÐjeta, epilègontac meg�lh
tim  gia to wp, o rìloc twn periorism¸n sth sqèsh 4.32 anabajmÐzetai, apì ar-
ijmhtik c pleur�c to prìblhma parousi�zei duskolÐec sÔgklishc all� h bèltisth
lÔsh pou telik� ja prokÔyei dÔskola den ja ikanopoieÐ touc periorismoÔc.

'Amesh sunèpeia twn parap�nw eÐnai o ex c aplìc algìrijmoc: h elaqistopoÐhsh
xekin� me mia mikr  tim  tou wp me thn opoÐa pragmatopoieÐtai o pr¸toc kÔkloc
kai sth sunèqeia, k�je for� pou arqÐzei ènac nèoc kÔkloc, to wp aux�netai (l.q.
triplasi�zetai). Me mia tètoia epilog  diadoqik¸n tim¸n tou wp, eÐnai profanèc ìti
stouc pr¸touc kÔklouc anamènontai mh-apodektèc lÔseic kai, ìso megal¸nei h tim 
tou wp, h lÔsh plhsi�zei thn apodekt  perioq . To krit rio termatismoÔ thc seiri-
ak c diadikasÐac energopoieÐtai ìtan h metabol  thc antikeimenik c sun�rthshc F (−→x )
ston teleutaÐo kÔklo eÐnai mikrìterh apì mia anoq  pou kajorÐzei o qr sthc  /kai ìti
ìloi oi periorismoÐ ikanopoioÔntai (me anoqèc, p�li, pou kajorÐzei o qr sthc). Basikì
loipìn qarakthristikì thc mejìdou thc exwterik c poin c eÐnai ìti h bèltisth lÔsh
(pou stic perissìterec twn peript¸sewn ikanopoieÐ oriak� touc periorismoÔc) pros-
eggÐzetai apì thn perioq  twn mh-apodekt¸n lÔsewn. Sunep¸c, an diakopeÐ prìwra h
sÔgklish tou algorÐjmou, ja èqei entopisjeÐ mia �bèltisth� lÔsh pou (oriak�, èstw)
den ja ikanopoieÐ k�poiouc   ìlouc touc periorismoÔc.

To parak�tw prìblhma ja bohj sei sthn peraitèrw katanìhsh thc mejìdou thc
exwterik c poin c. To Ðdio prìblhma ja faneÐ qr simo kai stic epìmenec parallagèc
thc SUMT. Prìkeitai gia prìblhma miac eleÔjerhc metablht c kai dÔo periorism¸n
anisìthtac, to

min F (x) =
(x+ 2)2

20
(4.34)

|= c1(x) =
1− x

2
≤ 0

c2(x) =
x− 2

2
≤ 0

Oi periorismoÐ kajorÐzoun kai to pedÐo twn apodekt¸n lÔsewn Ω = [1, 2], bl. kai
sq ma 4.4. H bèltisth lÔsh eÐnai h x = 1 (me F = 0.45), ikanopoieÐ dhlad  oriak�
ton periorismì c1.

Grafik�, h efarmog  thc mejìdou thc exwterik c poin c apeikonÐzetai sto sq ma
4.5. An efarmosjeÐ o algìrijmoc pou perigr�yame prohgoÔmena (ìti, dhlad , sthn ar-
q  qrhsimopoioÔntai mikrèc timèc tou wp, oi opoÐec stadiak� aux�nontai), parathroÔme
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Sq ma 4.4: H antikeimenik  sun�rthsh kai oi periorismoÐ tou probl matoc thc sqèshc
4.34. H bèltisth lÔsh eÐnai h x∗ = 1, sto aristerì ìrio thc apodekt c perioq c
lÔsewn Ω = [1, 2].

ìti se k�poion apì touc pr¸touc kÔklouc (ìpou, ac upotejeÐ, ìti wp = 1), h el�qisth
tim  thc yeudo�antikeimenik c sun�rthshc sumbaÐnei gia x < 1 (�ra h bèltisth lÔsh
eÐnai mh�apodekt , bl. sq ma 4.5). Se epìmenouc kÔklouc kaj¸c aux�nei h tim  tou
wp, apì to sq ma 4.5 antilambanìmaste th bèltisth lÔsh k�je kÔklou na plhsi�zei
sthn pragmatik  bèltisth x∗ = 1, p�ntote ìmwc apì th mh-apodekt  perioq . H lÔsh
x∗ = 1 prokÔptei ousiastik� kaj¸c wp →∞.

'Etsi, an h seiriak  ektèlesh twn kÔklwn tou SUMT diakopeÐ nwrÐtera, h bèltisth
lÔsh pou ja prokÔyei ja eÐnai mh�apodekt  all� me tim  kont� sthn pragmatik�
bèltisth (praktik�, x = 1 − ε, ìpou ε eÐnai mia mikr  posìthta). Autì pou mìlic
diatup¸same apoteleÐ kai ton kÔrio lìgo pou anaptÔqjhke h mèjodoc thc eswterik c
poin c wc enallaktik c thc trèqousac.

4.3.2 Mèjodoc thc Eswterik c Poin c

'Opwc ègine safèc sthn prohgoÔmenh par�grafo, o lìgoc pou anaptÔqjhke h mèjodoc
thc (sun�rthshc) eswterik c poin c (interior penalty function method) eÐnai gia na
mporeÐ h diadikasÐa SUMT na proseggÐzei th bèltisth lÔsh apì thn perioq  twn
apodekt¸n lÔsewn. Profanèc kèrdoc eÐnai to ìti, an h mèjodoc termatÐsei nwrÐtera,
mporeÐ men h lÔsh na mhn eÐnai akrib¸c h bèltisth (ja eÐnai Ðswc mia polÔ kontin 
thc) all� ja eÐnai sÐgoura mia apodekt  lÔsh. Praktik�, h telik  bèltisth lÔsh
prokÔptei wc mia allhlouqÐa apodekt¸n lÔsewn, pleonèkthma to opoÐo �stoiqÐzei� th
diatÔpwsh enìc piì polÔplokou probl matoc beltistopoÐhshc qwrÐc periorismoÔc. H
mèjodoc thc eswterik c poin c den epitrèpei thn emf�nish mh�apodekt¸n lÔsewn se
kanèna kÔklo tou SUMT.
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Sq ma 4.5: Mèjodoc thc Exwterik c Poin c: H yeudo�antikeimenik  sun�rthsh
Φ(x,wp) tou probl matoc 4.34, ìpwc diamorf¸netai gia treÐc timèc tou suntelest 
wp (wp = 100, 10, 1). Parathr ste ìti h yeudo�antikeimenik  sun�rthsh paramènei
analloÐwth sthn perioq  twn apodekt¸n lÔsewn x ∈ [1, 2].

H diafor� metaxÔ mejìdwn exwterik c kai eswterik c poin c ègkeitai ston trìpo
orismoÔ thc sun�rthsh poin c gia touc periorismoÔc anisìthtac. Sth mèjodo eswterik -
c poin c, h sun�rthsh poin c gia touc periorismoÔc anisìthtac dÐnetai apì th sqèsh

P (−→x ) =
∑
i∈I

−1

ci(
−→x )

(4.35)

Parak�tw den qrei�zetai na anaferjoÔme idiaÐtera se periorismoÔc isìthtac. An
up�rqoun, antimetwpÐzontai me to antÐstoiqo tm ma thc sun�rthshc exwterik c poin c
(sqèsh 4.33). 'Etsi h yeudo�antikeimenik  sun�rthsh Φ(−→x ,wp) gr�fetai

Φ(−→x ,wp) = F (−→x ) + w′
pP (−→x ) + wp

∑
i∈E

[ci(
−→x )]2 (4.36)

 

Φ(−→x ,wp) = F (−→x ) + w′
p

∑
i∈I

−1

ci(
−→x )

+ wp

∑
i∈E

[ci(
−→x )]2 (4.37)

ìpou qrhsimopoi jhke o diaforetikìc suntelest c poin c w′
p gia touc periorismoÔc

anisìthtac.
EÐnai basikì na katano soume ton orismì 4.35. 'Ontac sthn perioq  apodekt¸n

lÔsewn, isqÔei ci(
−→x ) < 0 kai epomènwc up�rqei jetik  suneisfor� sthn tim  thc

sun�rthshc P (−→x ). MporoÔn de na qrhsimopoihjoÔn kai �llec sunart seic antÐs-
toiqhc sumperifor�c me thn 4.35. Endeiktik�, dÐnetai kai h enallaktik  èkfrash
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P (−→x ) =
∑
i∈I

[−ln(−ci(−→x ))] (4.38)

Anex�rthta an ja qrhsimopoihjeÐ h 4.35   h 4.38, h tim  thc poin c aux�nei (P (−→x )→
∞) kaj¸c plhsi�zoume to shmeÐo ìpou o periorismìc ikanopoieÐtai oriak� (ekeÐ pou
ci(
−→x ) = 0). H sqèsh 4.38 sunodeÔetai, genik�, apì kalÔterh arijmhtik� sumperi-

for�.
UpenjumÐzetai ìti, sto Ðdio shmeÐo, sth mèjodo thc exwterik c poin c h tim  thc

P (−→x )  tan ex orismoÔ mhdenik .
Kat� thn poreÐa thc mejìdou eswterik c poin c, h sumperifor� twn suntelest¸n

w′
p kai wp eÐnai antÐstrofh. H tim  tou w′

p me thn opoÐa xekin� h mèjodoc eÐnai
meg�lh (jetik ) en¸, antÐjeta, stouc pr¸touc kÔklouc epilègetai mikr  tim  gia to
suntelest  wp. Apì kÔklo se kÔklo, h tim  tou w′

p mei¸netai (ja mporoÔse l.q. ston
epìmeno kÔklo na diaireÐtai me 3) en¸ aut  tou wp aux�netai (ja mporoÔse l.q. na
pollaplasi�zetai me 3). Kai stic dÔo peript¸seic up�rqei sun jwc k�tw ìrio tim c
gia to w′

p kai �nw ìrio gia to wp.
An upotejeÐ ìti to prìblhm� mac èqei mìno ènan periorismì anisìthtac kai den

èqei periorismoÔc isìthtac, mporoÔme na skiagraf soume ton trìpo pou sugklÐnei h
mèjodoc. H arqik  lÔsh eÐnai p�nta apodekt . An upotejeÐ ìti eÐnai makru� apì to
shmeÐo oriak c ikanopoÐhshc tou periorismoÔ, h tim  thc P (−→x ) eÐnai mikr  all� pol-
laplasi�zetai me thn arqik� meg�lh tim  tou w′

p. Apì kÔklo se kÔklo, kaj¸c h lÔsh
plhsi�zei thn oriak  ikanopoÐhsh tou periorismoÔ, h tim  thc P (−→x ) aux�netai arket�
all� sugqrìnwc mei¸netai o suntelest c w′

p. Sth sunèqeia, ja sqoli�soume ton
trìpo me ton opoÐo h mèjodoc thc eswterik c poin c antimetwpÐzei to prìblhma 4.34.
Sto eswterikì thc perioq c twn apodekt¸n lÔsewn Ω = [1, 2], h yeudo�antikeimenik 
sun�rthsh gr�fetai

Φ(x,w′
p) =

(x+ 2)2

20
+ w′

p

(
−2

1− x
− 2

x− 2

)
(4.39)

H grafik  par�stash thc sqèshc 4.39 dÐnetai sto sq ma 4.6.
Ja oloklhr¸soume thn enìthta aut  me sugkritik� sqìlia gia tic mejìdouc thc

eswterik c kai exwterik c poin c.

• H sun�rthsh exwterik c poin c orÐzetai pantoÔ qwrÐc asunèqeia kat� th met�bash
apì th mh�apodekt  sthn apodekt  perioq . H bèltisth lÔsh prokÔptei kaj¸c
wp →∞ kai proseggÐzetai apì thn pleur� twn mh�apodekt¸n lÔsewn. Gi' autì
eloqeÔei o kÐndunoc h telik  lÔsh na eÐnai kont� sth bèltisth all� na mhn eÐnai
apodekt  an, gia opoiod pote lìgo, h sÔgklish termatÐsei prìwra.

• H sun�rthsh eswterik c poin c parousi�zei asunèqeia tim c kat� th met�bash
apì th mh�apodekt  sthn apodekt  perioq . H bèltisth lÔsh prokÔptei ka-
j¸c w′

p → 0 kai proseggÐzetai apì thn pleur� twn apodekt¸n lÔsewn en¸
apokleÐontai mh�apodektèc lÔseic.
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Sq ma 4.6: Mèjodoc thc Eswterik c Poin c: H yeudo�antikeimenik  sun�rthsh
Φ(x,wp) tou probl matoc 4.34, ìpwc diamorf¸netai gia treÐc timèc tou suntelest 
w′

p (w′
p = 0.5, 0.1, 0.01). Parathr ste ìti h yeudo�antikeimenik  sun�rthsh eÐnai

asuneq c ekeÐ ìpou h lÔsh eisèrqetai sth mh�apodekt  perioq .

4.3.3 H Mèjodoc thc Dieurumènhc Eswterik c Poin c

O epÐlogoc thc prohgoÔmenhc enìthtac dikaiologeÐ thn an�gkh sugkerasmoÔ twn
dÔo prohgoÔmenwn mejìdwn (exwterik c kai eswterik c poin c) ¸ste, uiojet¸ntac
ta pleonekt mata kai apofeÔgontac ta meionekt mata k�je mejìdou, na dhmiourghjeÐ
mia dieurumènh mèjodoc (extended method). Epeid  oi basikèc paremb�seic gÐnontai
stic sunart seic poin c oi opoÐec orÐsjhkan wc sunart seic eswterik c poin c, h
nèa mèjodoc ja onom�zetai mèjodoc thc dieurumènhc eswterik c poin c
(extended internal penalty method). UpenjumÐzetai ìti oi paremb�seic aforoÔn p�nta
ton trìpo diaqeÐrishc twn periorism¸n anisìthtac en¸ gia touc periorismoÔc isìthtac
efarmìzetai tupik� h mèjodoc thc exwterik c poin c.

Parìlo pou me ton ìro dieurumènec SUMT qarakthrÐzontai arketèc mèjodoi, ed¸
ja parousiasjoÔn mìno dÔo apì autèc.

H Mèjodoc thc Grammik c Dieurumènhc Eswterik c Poin c

H mèjodoc thc grammik c dieurumènhc eswterik c poin c (linear extended penalty
method) sthrÐzetai se sun�rthsh poin c gia touc periorismoÔc anisìthtac thc morf c

P (−→x ) =
∑
i∈I

c̃(−→x ) (4.40)

ìpou
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c̃(−→x ) = − 1

ci(
−→x )

, if ci(
−→x ) ≤ ε (4.41)

c̃(−→x ) = −2ε− ci(−→x )

ε2
, if ci(

−→x ) > ε

kai ε eÐnai arnhtikìc arijmìc mikroÔ mètrou.
H pr¸th apì tic dÔo prohgoÔmenec sqèseic den eÐnai �llh apì th sqèsh 4.35,

thn èkfrash dhlad  thc sun�rthshc eswterik c poin c. Apl�, paÔei na efarmìzetai
metapÐptontac sth deÔterh apì tic sqèseic 4.41, kaj¸c plhsi�zei h oriak  ikanopoÐhsh
(wc isìthta) tou periorismoÔ anisìthtac. H deÔterh apì tic sqèseic 4.41 eÐnai autì
pou, eidik�, ja apokaloÔsame sun�rthsh thc dieurumènhc exwterik c poin c. Ek-
tel¸ntac tic aparaÐthtec pr�xeic stic sqèseic 4.41, apodeiknÔetai eÔkola h sunèqeia
tim c kai pr¸thc parag¸gou sto shmeÐo met�bashc c1(

−→x ) = ε.
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Sq ma 4.7: Grafik  anapar�stash twn sunart sewn 4.41, sqediasmènwn gia thn
(tuqaÐa) tim  ε = −0.001. To deÔtero sq ma eÐnai megèjunsh tou pr¸tou, sto
shmeÐo met�bashc.

Shmei¸netai ìti mèqri t¸ra den asqolhj kame me thn tim  tou ε, h opoÐa apoteleÐ
(krÐsimh) epilog  tou mhqanikoÔ pou qrhsimopoieÐ th mèjodo aut  se prìblhma beltistopoÐhsh-
c. 'Enac tupikìc trìpoc epilog c tim c tou ε eÐnai apait¸ntac na apokt� h Φ(−→x ,w′

p)
jetik  klÐsh sto oriakì shmeÐo ikanopoÐhshc tou periorismoÔ. Me autì wc krit rio,
proteÐnetai to ε na kajorÐzetai apì th sqèsh

ε = −C(w′
p)

a (4.42)

ìpou 1
2
≤ a ≤ 1

3
kai C eÐnai mia stajer�.

Gia to  dh gnwstì prìblhma 4.34, me a = 1
2
kai C = 0.15, h morf  thc yeudo�

antikeimenik c sun�rthshc Φ(−→x ,wp), ìpwc prokÔptei gia treic timèc tou w′
p kai tic

antÐstoiqec timèc tou ε parousi�zetai sto sq ma 4.8
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Sq ma 4.8: Mèjodoc thc Dieurumènhc Eswterik c Poin c: H yeudo�antikeimenik 
sun�rthsh Φ(x,w′

p) tou probl matoc 4.34, ìpwc diamorf¸netai gia treÐc timèc
tou suntelest  w′

p (wp = 0.5, 0.1, 0.01) kai tic antÐstoiqec timèc tou ε (ε =
−0.106,−0.047,−0.0047).

H Mèjodoc thc Tetragwnik c Dieurumènhc Eswterik c Poin c

H mèjodoc thc tetragwnik c dieurumènhc eswterik c poin c (quadratic extended
penalty method) kalÔptei to meionèkthma thc grammik c mejìdou wc proc thn a-
sunèqeia thc deÔterhc parag¸gou. Oi antÐstoiqec thc sqèshc 4.41 ekfr�seic eÐnai

c̃(−→x ) = − 1

ci(
−→x )

, if ci(
−→x ) ≤ ε (4.43)

c̃(−→x ) = −1

ε

[
(
ci(
−→x )

ε
)2 − 3(

ci(
−→x )

ε
) + 3

]
, if ci(

−→x ) > ε

Oi sqèseic 4.43 eÐnai pleonektikèc ìtan qrhsimopoioÔntai se sunduasmì me mejìdouc
beltistopoÐhshc deÔterhc t�xhc. Par�llhla, ìmwc, aux�nei o bajmìc mh-grammikìthtac
thc yeudo�antikeimenik c sun�rthshc.

4.4 H Epauxhmènh Mèjodoc me Pollaplasi-

astèc Lagrange

Mèqri t¸ra parousi�sjhkan oi pio klasikèc mèjodoi gia thn epÐlush problhm�twn
beltistopoÐhshc me periorismoÔc, qrhsimopoi¸ntac seiriak� mia mèjodo epÐlushc prob-
lhm�twn beltistopoÐhshc qwrÐc periorismoÔc (teqnikèc SUMT). Mèjodoi SUMT me
sunart seic exwterik c, eswterik c   dieurumènhc eswterik c poin c qarakthrÐzon-
tai apì eÔkolo programmatismì kai eÐnai, genik�, arket� apodotikèc. Parìla aut�,
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ja exasfalÐzontan megalÔterh axiopistÐa kai apìdosh, an oi par�metroi-sunj kec
bèltisthc lÔshc summeteÐqan kai autèc ston algìrijmo beltistopoÐhshc. Me �lla lì-
gia, ja  tan epijumhtì na paÔsei na exart�tai tìso polÔ h diadikasÐa beltistopoÐhsh-
c apì thn epilog  bohjhtik¸n paramètrwn (l.q. twn suntelest¸n poin c). Autì
akrib¸c epitugq�noun oi legìmenec epauxhmènec mèjodoi me qr sh pollaplasiast¸n
Lagrange (Augmented Lagrange Multiplier Methods, suntomografik� mèjodoi ALM).
Ja parousiasjoÔn qwrist� gia periorismoÔc isìthtac kai anisìthtac kai ja akolou-
j sei genÐkeush sto tèloc tou kefalaÐou autoÔ.

4.4.1 H Mèjodoc ALM gia PeriorismoÔc Isìthtac

Anaferìmaste arqik� sthn epÐlush tou probl matoc

min−→x ∈ℜN
F (−→x ) , |= ci(

−→x ) = 0 , i ∈ E (4.44)

Ed¸, ta pr¸ta sqìlia aforoÔn ton arijmì twn periorism¸n isìthtac pou epib�llontai.
O arijmìc touc prèpei na eÐnai mikrìteroc tou arijmoÔ N twn eleÔjerwn metablht¸n.
Gia na jemeliwjeÐ h mèjodoc ALM gia to prìblhma 4.44, afethrÐa apoteloÔn oi
anagkaÐec sunj kec Karush–Kuhn–Tucker. 'Eqoume  dh deÐxei ìti h bèltisth lÔsh
−→x ∗ apoteleÐ st�simo shmeÐo thc sun�rthshc Lagrange

L(−→x ,
−→
λ ) = F (−→x )−

∑
i∈E

λici(
−→x ) (4.45)

en¸ sugqrìnwc ofeÐloun na ikanopoioÔn touc periorismoÔc isìthtac tou probl matoc.
Me dedomèna parap�nw, mporeÐ l.q. na efarmosjeÐ h mèjodoc thc sun�rthshc

exwterik c poin c, dhmiourg¸ntac thn yeudo�antikeimenik  sun�rthsh

Φ∗(−→x ,
−→
λ ,wp) = F (−→x ) +

∑
i∈E

(
−λici(

−→x ) + wp[ci(
−→x )]2

)
(4.46)

pou ja onom�zetai epauxhmènh sun�rthsh Lagrange.
H graf  thc sqèshc 4.46 ja mporoÔse na parapèmpei apeujeÐac sth gnwst  mè-

jodo thc sun�rthshc exwterik c poin c, all� den eÐnai upoqrewtik� ètsi. Mìno an
λi = 0 gia k�je i ∈ E ja katèlhge sthn efarmog  thc mejìdou thc exwterik -
c poin c kai ja prosèggize th bèltisth lÔsh arqÐzontac me mikr  tim  tou wp kai
aux�nont�c thn apì kÔklo se kÔklo. UpenjumÐzetai ìti sthn perÐptwsh aut , h lÔsh
proseggÐzetai apì thn perioq  twn mh�apodekt¸n lÔsewn kai oi periorismoÐ isìthtac
ikanopoioÔntai oriak� ìtan wp →∞.

Sto antÐjeto akrib¸c �kro ja mporoÔse k�poioc na upojèsei ìti eÐnai diajèsimec

oi bèltistec timèc
−→
λ =

−→
λ ∗. Tìte, h elaqistopoÐhsh thc Φ∗(−→x ,

−→
λ ∗

i , wp) gia mia
jetik  all� peperasmènh tim  tou wp pou ja epilegeÐ, odhgeÐ sto alhjinì el�qisto
thc F (−→x ) me èna mìno kÔklo beltistopoÐhshc qwrÐc periorismoÔc. Dhlad , eÐnai h
perÐptwsh pou h mèjodoc ALM mporeÐ na breÐ th bèltisth lÔsh me ènan mìno kÔklo me
pl rh ikanopoÐhsh periorism¸n, k�ti pou den eÐnai dunatì me th mèjodo thc exwterik c
poin c.
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Praktik�, bèbaia, eÐnai adÔnato na gnwrÐzoume tic timèc tou dianÔsmatoc
−→
λ ∗, �ra

prèpei na uiojethjeÐ èna epanalhptikì sq ma pou, xekin¸ntac apì tuqaÐec timèc λi

(λi = 0 eÐnai mia sunhjismènh epilog ), na proseggÐzetai h lÔsh anane¸nontac tic
timèc twn λi se k�je kÔklo. Enallaktik�, ja mporoÔsame na enswmat¸soume ta λi

stouc bajmoÔc eleujerÐac all� ètsi ja aÔxane shmantik� o arijmìc twn agn¸stwn
tou probl matoc.

O algìrijmoc ALM gia probl mata beltistopoÐhshc me periorismoÔc isìthtac
paÐrnei genik� thn parak�tw morf :

B ma 1: Epilègetai arqik  tim  tou dianÔsmatoc twn eleÔjerwn metablht¸n −→x 0,
arqik  tim  tou dianÔsmatoc twn pollaplasiast¸n λ0

i (endeqomènwc, mhdenik )
kai arqik  mikr  tim  tou suntelest  poin c wp. Sugqrìnwc epilègetai tim 
tou pollaplasiast  (èstw γ) me ton opoÐo ja pollaplasi�zetai h tim  tou wp

se k�je nèo kÔklo kai an¸tath epitrepìmenh tim  tou wmax
p .

B ma 2: ElaqistopoieÐtai h Φ∗(−→x ,
−→
λ i, wp), sqèsh 4.46, lÔnontac èna prìblhma

qwrÐc periorismoÔc me opoiad pote sqetik  mèjodo.

B ma 3: Elègqetai h sÔgklish thc mejìdou. Tupikì krit rio eÐnai h tim  thc F (−→x )
na metab�lletai polÔ lÐgo se sqèsh me thn tim  thc ston prohgoÔmeno kÔklo
kai sugqrìnwc na ikanopoioÔntai oi periorismoÐ isìthtac.

B ma 4: Anane¸nontai oi timèc twn pollaplasiast¸n Lagrange:

λi ← λi − 2wpci(
−→x ) , i ∈ E (4.47)

Sth sunèqeia, anane¸netai kai h tim  tou suntelest  poin c apì th sqèsh

wp ← min(γwp, w
max
p ) (4.48)

B ma 5: Epistrof  sto B ma 2.

Gia thn kalÔterh katanìhsh thc mejìdou, aut  efarmìzetai se èna prìblhma e-
laqistopoÐhshc miac analutik c sun�rthshc me ènan periorismì isìthtac. To prìblh-
ma diatup¸netai sth morf 

min−→x ∈ℜ2
F (−→x ) , F (−→x ) = x2

1 + x2
2 (4.49)

|= c1(
−→x ) = x1 + x2 − 1 = 0 (4.50)

O periorismìc 4.50 sugkekrimenopoieÐ to q¸ro twn apodekt¸n lÔsewn wc thn eujeÐa
pou dièrqetai apì ta shmeÐa (1, 0) kai (0, 1) en¸ h bèltisth lÔsh eÐnai h −→x ∗ = (1

2
, 1

2
),

me F (−→x ∗) = 1
2
. Grafik  par�stash tou probl matoc dÐnetai sto sq ma 4.9.

H epauxhmènh sun�rthsh Lagrange, thc opoÐac anazhtoÔme ta st�sima shmeÐa,
gr�fetai
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Sq ma 4.9: H antikeimenik  sun�rthsh kai oi periorismoÐ tou probl matoc 4.49 kai
4.50. H bèltisth lÔsh eÐnai h (1

2
, 1

2
), h perioq  twn apodekt¸n lÔsewn eÐnai h sqe-

diazìmenh eujeÐa. Epiplèon, oi sqediazìmenoi kÔkloi parist�noun isoôyeÐc thc an-
tikeimenik c sun�rthshc F .

Φ∗(x1, x2, λ1, wp) = x2
1 + x2

2 − λ1(x1 + x2 − 1) + wp(x1 + x2 − 1)2 (4.51)

kai, epib�llontac to mhdenismì thc klÐshc thc wc proc ta x1 kai x2, diatup¸netai to
sÔsthma

2x1 − λ1 + 2wp(x1 + x2 − 1) = 0 (4.52)

2x2 − λ1 + 2wp(x1 + x2 − 1) = 0

Ed¸, arkeÐ h analutik  lÔsh thc 4.52, ¸ste na brejeÐ:

x1 = x2 =
2wp + λ1

2 + 4wp

(4.53)

Apì th sqèsh 4.53, gnwrÐzontac (k�ti pou asfal¸c den genikeÔetai) th bèltisth
lÔsh (x1, x2) = (1

2
, 1

2
), upologÐzetai h antÐstoiqh bèltisth tim  tou pollaplasiast 

λ1, h λ∗1 = 1.
Gia lìgouc katanìhshc thc mejìdou ALM, proqwroÔme sthn epÐlush ektel¸ntac

touc 4 pr¸touc kÔklouc. Ja uiojet soume th stajer  tim  wp = 1, se k�je kÔklo.
Dhlad , den ja qrhsimopoihjeÐ h sqèsh 4.48 ananèwshc thc tim c tou wp  , alloi¸c,
èstw ìti γ = 1.
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Pr¸toc KÔkloc: Epilègetai, wc arqikopoÐhsh, h tim  λ1 = 0, apì thn opoÐa
upologÐzontai oi trèqousec lÔseic

x1 = x2 =
2 + 0

2 + 4
=

1

3
me

F (x1, x2) = (
1

3
)2 + (

1

3
)2 =

2

9
= 0.22222

O periorismìc den ikanopoieÐtai kai eÐnai

c1(
1

3
,
1

3
) =

1

3
+

1

3
− 1 = −1

3

Epomènwc, h ananèwsh (sqèsh 4.47) thc tim c tou λ1 dÐnei

λ1 = 0− 2(−1

3
) =

2

3

DeÔteroc KÔkloc: Me thn tim  λ1 = 2
3
upologÐzontai nèec lÔseic, oi

x1 = x2 =
2 + 2

3

2 + 4
=

4

9
me

F (x1, x2) = (
4

9
)2 + (

4

9
)2 =

32

81
= 0.39506

H tim  thc sun�rthshc periorismoÔ gÐnetai

c1(
4

9
,
4

9
) =

4

9
+

4

9
− 1 = −1

9

kai h nèa tim  tou λ1 eÐnai

λ1 =
2

3
− 2(−1

9
) =

8

9

TrÐtoc KÔkloc: Me thn tim  λ1 = 8
9
upologÐzontai nèec lÔseic, oi

x1 = x2 =
2 + 8

9

2 + 4
=

13

27
me

F (x1, x2) = (
13

27
)2 + (

13

27
)2 =

338

729
= 0.46365

kai h tim  thc sun�rthshc periorismoÔ gÐnetai

c1(
13

17
,
13

17
) =

13

17
+

13

17
− 1 = − 1

27

H nèa tim  tou λ1 eÐnai

λ1 =
8

9
− 2(− 1

27
) =

26

27
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Tètartoc KÔkloc: Me thn tim  λ1 = 26
27

upologÐzontai nèec lÔseic (tic opoÐec
ja deqjoÔme wc telikèc, an apofasisjeÐ h diakop  thc seiriak c ektèleshc sto
shmeÐo autì)

x1 = x2 =
2 + 26

27

2 + 4
=

40

81

me

F (x1, x2) = (
40

81
)2 + (

40

81
)2 =

3200

6561
= 0.48773

kai h tim  thc sun�rthshc periorismoÔ gÐnetai

c1(
40

81
,
40

81
) =

40

81
+

40

81
− 1 = − 1

81

An xekinoÔse h epÐlush apì th �swst � tim  tou λ1 (λ∗1 = 1) ja lÔnontan, mia
for� mìno, èna prìblhma qwrÐc periorismì. GiatÐ, me thn tim  λ1 = 1 upologÐzontai
oi lÔseic

x1 = x2 =
2wp + 1

2 + 4wp

=
1

2

4.4.2 H Mèjodoc ALM gia PeriorismoÔc Anisìthtac

'Otan up�rqoun mìno periorismoÐ anisìthtac, dhlad  to prìblhma pou prèpei na epilu-
jeÐ eÐnai to

min−→x ∈ℜN
F (−→x ) , |= ci(

−→x ) ≤ 0 , i ∈ I (4.54)

pr¸th kÐnhsh eÐnai na metatrapeÐ to prìblhma 4.54 se èna isodÔnamo prìblhma beltistopoÐhsh-
c me periorismoÔc isìthtac. Autì pragmatopoieÐtai eis�gontac epiplèon metablhtèc
(mia gia k�je periorismì anisìthtac) kai, antÐ thc ci(

−→x ) ≤ 0, gr�foume

ci(
−→x ) + z2

i = 0 , i ∈ I (4.55)

SÔmfwna me ta parap�nw, h epauxhmènh sun�rthsh Lagrange gr�fetai

Φ∗(−→x ,
−→
λ ,−→z , wp) = F (−→x ) +

∑
i∈I

(
−λi[ci(

−→x ) + z2
i ] + wp[ci(

−→x ) + z2
i ]

2
)

(4.56)

ìpou eis�gontai epiplèon yeudo�metablhtèc (ta zi). Enallaktik�, h èkfrash 4.56
gr�fetai

Φ∗(−→x ,
−→
λ ,wp) = F (−→x ) +

∑
i∈I

(
−λiψi + wpψ

2
i

)
(4.57)
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ìpou

ψi = max

[
ci(
−→x ) ,

λi

2wp

]
(4.58)

H sqèsh 4.57 qrhsimopoieÐtai wc yeudo�antikeimenik  sun�rthsh ìpwc akrib¸c
gÐnetai kai me touc periorismoÔc isìthtac. ParathroÔme ìti aut  èqei suneqeÐc pr¸tec
parag¸gouc wc proc −→x all� asuneqeÐc deÔterec parag¸gouc sto ci = λi

2wp
. AfoÔ

 dh metatr�phke to prìblhma me periorismoÔc anisìthtac se èna antÐstoiqo prìblh-
ma me periorismoÔc isìthtac, ja qrhsimopoihjoÔn gnwstoÐ trìpoi epÐlushc, l.q. h
teqnik  ALM thc opoÐac dìjhke o basikìc algìrijmoc. Kat� thn ananèwsh tim¸n
twn pollaplasiast¸n Lagrange ìpou, antÐ thc sqèshc 4.47, ja qrhsimopoieÐtai h

λi ← λi − 2wpψi(
−→x ) , i ∈ I (4.59)

4.4.3 GenÐkeush thc Mejìdou ALM

Gia to genikì prìblhma, me periorismoÔc isìthtac kai anisìthtac,

min−→x ∈ℜN
F (−→x ) , |= ci(

−→x ) = 0, i ∈ E, ci(
−→x ) ≤ 0, i ∈ I (4.60)

diatup¸netai h epauxhmènh sun�rthsh Lagrange sth morf 

Φ∗(−→x ,
−→
λ ,wp) = F (−→x )+

∑
i∈E

(
−λici(

−→x ) + wpc
2
i (
−→x )
)

+
∑
i∈I

(
−λiψi + wpψ

2
i

)
(4.61)

se sunduasmì me thn exÐswsh 4.58 gia ton upologismì twn ψi.
Oi sqèseic ananèwshc thc tim c twn pollaplasiast¸n Lagrange eÐnai, plèon, oi

λi ← λi − 2wpci(
−→x ) , i ∈ E (4.62)

λi ← λi − 2wpmax[ci(
−→x ),

λi

2wp

] , i ∈ I (4.63)

EÐnai perittì na dojeÐ nèoc algìrijmoc epÐlushc. IsqÔei autìc pou dìjhke gia
thn perÐptwsh mìno twn periorism¸n isìthtac me tic nèec sqèseic 4.62 kai 4.63.
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Kef�laio 5

ExeliktikoÐ Algìrijmoi
BeltistopoÐhshc

Apì th dekaetÐa tou 1990 kai èktote, h gewmetrik  aÔxhsh thc upologistik c isqÔoc
kai to prositì kìstoc twn meg�lwn kai gr gorwn upologist¸n sunetèlesan sthn
eureÐa apodoq  kai qr sh stoqastik¸n mejìdwn beltistopoÐhshc me ènan apì touc
basikìterouc ekpros¸pouc touc exeliktikoÔc algìrijmouc beltistopoÐhshc (evolutionary
algorithms, EA). Basikì stoiqeÐo pou od ghse sth gr gorh kai eureÐa epikr�ths 
touc  tan afenìc to endiafèron, mh�majhmatikì upìbajrì touc, h eukolÐa me thn opoÐ-
a prosarmìzontai se k�je nèo prìblhma arkeÐ na up�rqei programmatismèno logismikì
axiolìghshc k�je upoy fiac lÔshc kai, kurÐwc, h dunatìtht� touc (wc stoqastik 
mèjodoc) na mhn egklwbÐzontai se topik� akrìtata. To megalÔtero pleonèkthm� twn
EA eÐnai ìti, praktik�, se èna nèo prìblhma h qr sh touc eÐnai genik� �mesh qwrÐc
tic paremb�seic sth diadikasÐa beltistopoÐhshc pou apaitoÔn oi aitiokratikèc mèjodoi,
an kai anamfisb thta h gn¸sh tou probl matoc kai h qr sh plhroforÐac apì autì
mèsw eidik¸n telest¸n epitaqÔnei to rujmì sÔgklishc. Parìla aut�, basikì touc
meionèkthma eÐnai ìti o entopismìc thc bèltisthc lÔshc apaiteÐ sun jwc meg�lo ar-
ijmì axiolog sewn, gegonìc pou faÐnetai kurÐwc ìtan k�je axiolìghsh (l.q. k�je
an�lush miac upoy fiac aerotom c gÐnetai me qronobìro logismikì ìpwc eÐnai k¸dikec
Navier–Stokes). Oi EA den eÐnai nèec mèjodoi. EÐqan protajeÐ apì th dekaetÐa tou
1960, all� thn teleutaÐa dekaetÐa h qr sh touc exapl¸jhke polÔ perissìtero.

Basikì gn¸risma twn EA eÐnai ìti qeirÐzontai plhjusmoÔc upoyhfÐwn lÔsewn
(population–based methods) kai ìqi mia memonwmènh lÔsh se k�je epan�lhyh, ìpwc
�llec stoqastikèc mèjodoi (l.q. h mèjodoc thc prosomoioÔmenhc anìpthshc). Oi EA,
en¸ arqik� anaptÔqjhkan gia thn epÐlush problhm�twn enìc stìqou, me kat�llhlec
metatropèc mporoÔn na antimetwpÐsoun probl mata poll¸n stìqwn kai m�lista up-
erteroÔn wc proc autì to jèma se sqèsh me �llec mejìdouc lìgw tou gegonìtoc
ìti qeirÐzontai ènan plhjusmì atìmwn kai, me thn olokl rws  touc, apodÐdoun èna
sÔnolo lÔsewn.

Me ton ìro �exèlixh� qarakthrÐzoume thn autìmath diadikasÐa thc prosarmog c
k�je sust matoc sto perib�llon. O ìroc �perib�llon� perilamb�nei to sÔnolo twn
exwterik¸n sunjhk¸n pou ephre�zoun to sÔsthma. Oi EA eÐnai upologistik� montèla
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ta opoÐa me qr sh antÐstoiqhc me th fÔsh diadikasÐac prosarmog c sto perib�llon,
epilÔoun probl mata. Gia to skopì autì qrhsimopoioÔn stoqastikoÔc mhqanismoÔc
exèlixhc proerqìmenouc apì th fÔsh kai basÐzontai stic arqèc exèlixhc twn eid¸n ìp-
wc autèc diatup¸jhkan arqik� apì to DarbÐno, perÐ to 1960. Oi EA prosomoi¸noun
merik¸c kai me aplousteumèno trìpo thn exèlixh twn fusik¸n plhjusm¸n. SÔmfw-
na me th jewrÐa tou DarbÐnou, ta �toma enìc plhjusmoÔ sunagwnÐzontai gia thn
apìkthsh pìrwn ìpwc stègh, trof  kai gia thn prosèlkush suntrìfou. Ta epituqh-
mèna �toma èqoun megalÔterh pijanìthta na odhghjoÔn se anaparagwg  kai na diai-
wnisjoÔn. Aut  h fusik  epilog , shmaÐnei ìti ta gonÐdia twn epituqhmènwn atìmwn
  twn atìmwn pou èqoun prosarmosjeÐ kalÔtera sto perib�llon epibi¸noun kai me
thn p�rodo twn gene¸n ta qarakthristik� touc metafèrontai se megalÔtero arijmì
apogìnwn. O sunduasmìc kal¸n qarakthristik¸n apì diaforetikoÔc epituqhmènouc
goneÐc endeqìmena na par�gei apogìnouc me qarakthristik� kalÔtera apì aut� twn
gonèwn. Me ton trìpo autì oi fusikoÐ plhjusmoÐ exelÐssontai kai prosarmìzontai
sto ek�stote perib�llon.

Oi genetikoÐ algìrijmoi (genetic algorithms, GA) eÐnai m�llon h piì diade-
domènh kathgorÐa exeliktik¸n algorÐjmwn, idÐwc sthn perioq  thc aerodunamik c kai
twn strobilomhqan¸n. Oi exeliktikèc strathgikèc (evolution strategies, SE)
eÐnai mia ligìtero qrhsimopoioÔmenh teqnik . Wc trÐth kathgorÐa, arket� diaforetik 
apì tic dÔo prohgoÔmenec, anafèretai o genetikìc programmatismìc (GP ).
AnaptÔqjhke stic arqèc tic dekaetÐac to 1990 kai apoteleÐ mia shmantik  parallag 
twn GA ìpou wc �toma tou plhjusmoÔ qrhsimopoioÔntai progr�mmata upologist .
Prìkeitai gia mia mèjodo dhmiourgÐac programm�twn pou lÔnoun   proseggÐzoun èna
sugkekrimèno prìblhma. O GP gr�fetai sun jwc se mia aplopoihmènh ekdoq  thc
LISP me thn opoÐa eÐnai dunat  h efarmog  kat�llhlwn genetik¸n telest¸n ¸ste na
paraqjoÔn progr�mmata me orj  sÔntaxh. Epeid  oi lÔseic tou GP eÐnai progr�mma-
ta, den eÐnai �mesh h efarmog  tou se praktik� probl mata beltistopoÐhshc kai den
ja asqolhjoÔme perissìtero me autìn.

An kai k�je kathgorÐa twn EA (GA, SE, GP ) èqei h kajemÐa ta dik� thc diakritik�
gnwrÐsmata, h austhr  taxinìmhs  touc moi�zei plèon na stereÐtai no matoc. O lìgoc
eÐnai ìti oi sÔgqronoi EA allhlodaneÐzontai stoiqeÐa ìpwc trìpo kwdikopoÐhshc
  telestèc exèlixhc, an�loga me thn empeirÐa   thn katallhlìthta touc sto k�je
prìblhma.

Oloklhr¸nontac, mporoÔme na sunoyÐsoume ta qarakthristik� pou prèpei na èqei
ènac algìrijmoc beltistopoÐhshc ¸ste na qarakthrisjeÐ exeliktikìc:

• Na qrhsimopoieÐ plhjusmoÔc atìmwn ta opoÐa exelÐssontai sugqrìnwc, antÐ
memonwmènwn atìmwn.

• H exèlixh tou plhjusmoÔ apì geni� se geni� (orologÐa antÐstoiqh twn kÔklwn
  twn epanal yewn pou qrhsimopoi soume mèqri t¸ra) na kajorÐzetai apì thn
tim  katallhlìthtac (megistopoÐhsh)   tim  kìstouc atìmwn (elaqistopoÐhsh),
me b�sh kat�llhlh antikeimenik  sun�rthsh.

• Na lamb�nei q¸ra dunamik  diadoq  plhjusm¸n, me th dhmiourgÐa nèwn atìmwn
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kai exaf�nish �llwn me b�sh thn tim  katallhlìtht�c touc.

• Kat� thn exèlixh apì geni� se geni�, na up�rqei klhronomikìthta qarakthris-
tik¸n apì touc goneÐc stouc apogìnouc, all� kai stoqastik  emf�nish nèwn
qarakthristik¸n.

5.1 Perigraf  enìc ExeliktikoÔ AlgorÐjmou

Sthn enìthta aut  perigr�fetai ènac Genikeumènoc Exeliktikìc Algìrijmoc, me sÔm-
meikta qarakthristik� pou èqoun lhfjeÐ apì touc GA kai tic SE. Profan¸c, me epi-
log  kat�llhlwn tim¸n twn emplekìmenwn paramètrwn kai �llec aplèc algorijmikèc
paremb�seic, o algìrijmoc pou ja perigr�youme metapÐptei sth mÐa   thn �llh kath-
gorÐa. Sthn perigraf  den ja upeisèljoume se pollèc leptomèreiec, afoÔ skopìc
eÐnai apl� na paratejoÔn oi basikoÐ algìrijmoi.

'Opwc proanafèrame, oi EA qeirÐzontai plhjusmoÔc lÔsewn. Kat� thn exèlixh,
pou eÐnai h basik  diadikasÐa anaz thshc thc bèltisthc lÔshc, ènac plhjusmìc µ
upoyhfÐwn lÔsewn (goneÐc, kat� th genetik  orologÐa) exelÐssetai ston plhjusmì
twn λ apogìnwn. AutoÐ oi apìgonoi eÐnai nèec lÔseic, pou prokÔptoun apì touc
µ goneÐc, èqontac endeqomènwc kalÔtera qarakthristik�. Apì touc λ apogìnouc,
me krit rio thn katallhlìtht� touc, epilègontai oi µ goneÐc thc epìmenhc geni�c.
Autì suneqÐzetai, geni� me geni�, mèqri thn ikanopoÐhsh k�poiou krit riou sÔgklishc.
Tètoia krit ria up�rqoun arket� kai ènac EA mporeÐ na èqei se isqÔ perissìtera tou
enìc apì aut�. MetaxÔ aut¸n eÐnai : (a) to na mhn belti¸netai peraitèrw h lÔsh
gia ènan arijmì axiolog sewn   gene¸n, (b) to na èqei omogenopoihjeÐ o plhjusmìc
 /kai (g) h an�lwsh tou upologistikoÔ qrìnou pou epètrepe o qr sthc.

H parap�nw parousÐash tou ti sumbaÐnei se ènan EA mporeÐ na jemeliwjeÐ austhrìter-
a. Piì sugkekrimèna, se k�je geni� g enìc EA mporoÔme na jewr soume ìti sunup�r-
qoun trÐa diakrit� sÔnola atìmwn. H orologÐa proèrqetai apì thn antÐstoiqh thc
biologÐac. 'Etsi, up�rqei to sÔnolo twn goni¸n Sg,µ me µ mèlh, twn apogìnwn Sg,λ

me λ mèlh kai twn epÐlektwn   elÐt atìmwn Sg,e. MporeÐ eÔkola na gÐnei antilhptì
to giatÐ, se ènan algìrijmo pou basÐzetai sthn exèlixh, up�rqoun sÔnola goni¸n kai
apogìnwn, se k�je geni�. To sÔnolo Sg,e apojhkeÔei ta epÐlekta�kalÔtera �toma
(dhlad , upoy fiec lÔseic) pou èqoun prokÔyei apì th diadikasÐa exèlixhc mèqri th
geni�. O skopìc Ôparxhc tou sunìlou eÐnai diplìc. 'Enac lìgoc eÐnai ìti, opoted pote
stamat sei h exèlixh, to Sg,e perièqei thn   tic bèltistec lÔseic. 'Enac �lloc lìgoc
eÐnai ìti kat� thn exèlixh, qrhsimopoieÐtai plhroforÐa apì to sÔnolo Sg,e gia thn
enÐsqush twn kal¸n qarakthristik¸n twn mel¸n thc nèac geni�c pou ja prokÔyei.
Aut  h enÐsqush apoteleÐ to legìmeno �elitismì� stouc EA.

Ac parakolouj soume, b ma�b ma to ti sumbaÐnei se k�je geni� enìc EA. Ousi-
astik�, h apl  eisagwgik  perigraf  enìc EA pou prohg jhke, ed¸ ja apokt sei
morf  diakrit¸n bhm�twn, emplèkontac epiplèon kai to sÔnolo twn epÐlektwn atìmwn.
Upojèste prìblhma enìc stìqou.

B ma 1: Epilègontai basikèc par�metroi thc mejìdou, ìpwc to mègejoc twn dÔo
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basik¸n plhjusm¸n Sg,µ kai Sg,λ, dhlad  oi timèc twn µ kai λ. Jètoume g = 0
sumbolÐzontac ètsi thn arqikopoÐhsh, th legìmenh kai mhdenik  geni�. Epilè-
gontai tuqaÐa ta mèlh tou arqikoÔ plhjusmoÔ S0,λ.

B ma 2: AxiologoÔntai ta λ �toma tou sunìlou Sg,λ. Sqhmatik�, to b ma autì
perigr�fetai apì th diadikasÐa (bl. kai sq ma 5.1)

y(−→x ) = F (−→x ), ∀−→x ∈ Sg,λ (5.1)

An prìkeitai gia prìblhma beltistopoÐhshc sthn aerodunamik , kai gia thn axi-
olìghsh apaitoÔntai arijmhtikèc analÔseic tou pedÐou ro c, to b ma autì prak-
tik� apaiteÐ λ kl seic tou k¸dika an�lushc thc ro c (logismikì arijmhtik c
epÐlushc twn exis¸sewn Navier–Stokes). EÐnai dhlad  to tm ma tou algorÐj-
mou pou fèrei to megalÔtero (praktik�, olìklhro) to upologistikì kìstoc

Sq ma 5.1: Axiolìghsh twn mel¸n tou Sg,λ.

B ma 3: Anane¸netai to sÔnolo twn epilèktwn Sg,e me ìso mèlh tou Sg,λ axÐzoun,
me krit rio thn tim  thc antikeimenik c sun�rthshc, na entaqjoÔn se autì.
Kat� thn paroÔsa f�sh, eÐnai exÐsou pijanì na diagrafoÔn k�poia mèlh tou
Sg,e, an prokÔyoun �toma tou Sg,λ apokt soun kalÔterh tim  antikeimenik c
sun�rthshc. Sqhmatik�

Sg+1,e = Te(S
g,λ ∪ Sg,e) (5.2)

ìpou me Te sumbolÐzetai o telest c entopismoÔ twn epÐlektwn mel¸n, bl. kai
sq ma 5.2. An anaferìmaste se prìblhma enìc stìqou, h piì apl  ekdoq  tou
telest  Te eÐnai na entopÐzei to (èna) kalÔtero �tomo apì ta dÔo sÔnola pou
epexerg�zetai (Sg,λ kai Sg,e). Ed¸, up�rqei p�nta h perÐptwsh kanènac apì
touc λ na mhn upertereÐ thc trèqousac bèltisthc lÔshc, dhlad  tou monadikoÔ
stoiqeÐou tou Sg,e. Tìte, praktik�, to Sg,e paramènei wc èqei kai autì eÐnai
èndeixh ìti o EA den kat�fere na belti¸sei th lÔsh kat� thn teleutaÐa geni�.
TonÐzetai ìti o EA den eÐnai eÐnai upoqrewtikì na belti¸nei th lÔsh se k�je
geni�. Se probl mata poll¸n stìqwn (all� akìmh kai se probl mata enìc
stìqou an ètsi apofasisjeÐ) to sÔnolo Sg,e mporeÐ na perièqei perissìtera tou
enìc (pl joc e) stoiqeÐa.
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T

Sq ma 5.2: Ananèwsh twn mel¸n tou Sg,e.

B ma 4: Efarmìzetai o telest c epilektikìthtac   elitismoÔ, me ton opoÐo (sun jwc
tuqaÐa epilegìmena) �toma apì to sÔnolo twn epilèktwn Sg,e antikajistoÔn
�toma tou Sg,λ. To poi� ja antikatastajoÔn exart�tai apì thn tim  thc an-
tikeimenik c sun�rthshc (sun jwc ta qeirìtera) an kai mèroc aut¸n mporeÐ na
epilègetai tuqaÐa. Sqhmatik�

Sg,λ = Te2(S
g,λ ∪ Sg+1,e) (5.3)

ìpou me Te2 sumbolÐzetai o telest c elitismoÔ, bl. kai sq ma 5.3. Me ton
elitismì apofeÔgetai mia nèa geni� na d¸sei bèltisth lÔsh qeirìterh apì aut n
thc prohgoÔmenhc geni�c (ja èqei toul�qiston Ðdia tim  antikeimenik c sun�rthsh-
c) an kai ta wfèlh eÐnai arket� perissìtera kai piì sÔnjeta apì autì pou mìlic
anafèrjhke.

T

Sq ma 5.3: Ananèwsh twn mel¸n tou Sg,e.

B ma 5: Efarmìzetai o telest c epilog c gonèwn Tµ me th bo jeia tou opoÐou
epilègetai to sÔnolo twn mel¸n tou nèou plhjusmoÔ gonèwn Sg+1,µ. Gia to
sqhmatismì tou, qrhsimopoioÔntai oi trèqontec plhjusmoÐ gonèwn Sg,µ kai a-
pogìnwn Sg,λ, an kai up�rqoun orismènec klasikèc diatup¸seic ìpou oi µ goneÐc
epilègontai mìno apì touc prìsfatouc λ apogìnouc. Sqhmatik�

Sg+1,µ = Tµ(Sg,µ ∪ Sg,λ) (5.4)

ìpou me Tµ sumbolÐzetai o telest c epilog c gonèwn, bl. kai sq ma 5.4.
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T

Sq ma 5.4: Epilog  mel¸n tou nèou sunìlou gonèwn Sg+1,µ.

B ma 5: AkoloujeÐ h diadikasÐa anaparagwg c gia th dhmiourgÐa tou sunìlou a-
pogìnwn thc epìmenhc gene�c Sg+1,λ. Gia th dhmiourgÐa kajenìc apì ta λ �tom�
tou, epilègontai tuqaÐa ρ (sun jwc ρ = 2, all� den apokleÐetai h perÐptwsh
ρ > 2, ìpwc l.q. treÐc goneÐc na dhmiourgoÔn treÐc apogìnouc, klp) goneÐc
apì to sÔnolo twn gonèwn Sg+1,µ. Se di�forec algorijmikèc parallagèc,
epitrèpetai enÐote k�poio   k�poia apì ta ρ �toma na proèrqontai apì to sÔno-
lo Sg+1,e, epilegìmena sun jwc me mikr  pijanìthta, opìte o algìrijmoc em-
fanÐzei isqurìtera qarakthristik� elitismoÔ. Gia k�je sÔnolo ρ gonèwn pou
epilèqjhkan, efarmìzontai diadoqik� di�foroi telestèc, metaxÔ twn opoÐwn oi
piì gnwstoÐ eÐnai o telest c diastaÔrwshc   epanasunduasmoÔ (Tr, crossover  
recombination operator) kai o telest c met�llaxhc (Tm, mutation operator).
Sqhmatik�

Sg+1,λ = Tm(Tr(S
g+1,µ ∪ Sg+1,e)) (5.5)

bl. kai sq ma 5.5.

g,λS
g+1,µS g+1,eS

T m T r
ρ

Sq ma 5.5: Epilog  mel¸n tou nèou sunìlou gonèwn Sg+1,µ.

B ma 6: Efarmìzetai to krit rio sÔgklishc kai an h mèjodoc jewreÐtai ìti den èqei
sugklÐnei arqÐzei mia nèa geni�, dhlad  epanalamb�nontai ta b mata 2 wc 6,
jètontac g ← g + 1.

5.1.1 KwdikopoÐhsh EleÔjerwn Metablht¸n

'Opwc èqei  dh anaferjeÐ kat� thn perigraf  thc mejìdou thc anÐqneushc me a-
pagoreÔseic, mporeÐ na qrhsimopoihjeÐ eÐte duadik    pragmatik  kwdikopoÐhsh
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twn metablht¸n tou probl matoc. H pr¸th eÐnai ousiastik� qarakthristikì twn (k-
lasik¸n) GA en¸ h deÔterh qarakthrÐzei kurÐwc tic SE. Ed¸ ja anafèroume sÔntoma
ta basik� qarakthristik� thc duadik c kwdikopoÐhshc.

An −→x to di�nusma twn eleÔjerwn metablht¸n me N sunist¸sec (x1, x2, . . . , xN),
h duadik  kwdikopoÐhsh, me ton trìpo pou qrhsimopoieÐtai stouc GA, apaiteÐ ton
kajorismì enìc kat¸tatou orÐou xi,L (L=lower), enìc an¸tatou orÐou xi,U (U=upper)
all� kai tou pl jouc ni duadik¸n yhfÐwn an� metablht  i, i ∈ N . To pl joc ni

kajorÐzei thn akrÐbeia diakritopoÐhshc thc i�iost c metablht c, pou dÐnetai apì th
sqèsh

δxi =
xi,U − xi,L

2ni − 1
(5.6)

H sunènwsh twn duadik¸n sustoiqi¸n ìlwn twn metablht¸n dhmiourgeÐ thn eniaÐa
duadik  sustoiqÐa (qrwmìswma) pou perigr�fei sunolik� k�je upoy fia lÔsh. Gia
par�deigma, an N = 3, n1 = 5, n2 = 7, n3 = 6, èna qrwmìswma ja mporoÔse na eÐnai
to

10010︸ ︷︷ ︸
x1

1100111︸ ︷︷ ︸
x2

010010︸ ︷︷ ︸
x3

(5.7)

ìpou l.q. h tim  pou antistoiqeÐ sto x1 eÐnai h

x1 = x1,L +
x1,U − x1,L

2n1 − 1
int(10010)

ìpou int(10010) eÐnai o akèraioc pou antistoiqeÐ sth duadik  sustoiqÐa 10010.

5.1.2 Telestèc Epilog c Gonèwn

Anafèrjhke  dh ìti o telest c epilog c gonèwn Tµ dhmiourgeÐ to sÔnolo gonèwn
Sg+1,µ thc epìmenhc geni�c epilègontac �toma apì ta sÔnola apogìnwn Sg,λ kai
gonèwn Sg,µ thc trèqousac geni�c. Anafèrjhke epÐshc ìti h summetoq  tou Sg,µ dthn
epilog  gonèwn den eÐnai upoqrewtik  kai, gia to lìgo autì, sth sÔntomh parousÐash
pou akoloujeÐ ja jewr soume ìti

Sg+1,µ = Tµ(Sg,λ) (5.8)

H diadikasÐa epilog c gonèwn analamb�nei na d¸sei megalÔterec pijanìthtec
sta �toma tou Sg,λ me kalÔterh tim  antikeimenik c sun�rthshc na summet�sqoun
sth dhmiourgÐa apogìnwn. AntÐjeta, oi qeirìterec apì tic trèqousec lÔseic èqoun
mikrìterec pijanìthtec na summet�sqoun sto sÔnolo Sg+1,µ. 'Ara, h epilog  basÐze-
tai stic (sqetikèc, kurÐwc) timèc thc antikeimenik c sun�rthshc. Sth bibliografÐ-
a proteÐnontai sq mata ìpwc h analogik  epilog  (proportional selection), h
grammik  kat�taxh (linear ranking), h pijanotik  epilog  me diagwnis-
mì (probabilistic tournament selection), k.a.
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Sthn analogik  epilog , sto j�iostì apì ta λ �toma antistoiqeÐ pijanìthta Ðsh
me F (−→x j)/

∑λ
i=1 F (−→x i) (anaferìmaste se probl mata megistopoÐhshc). Oi goneÐc

epilègontai me th bo jeia miac genn triac tuqaÐwn arijm¸n, lamb�nontac upìyh tic
parap�nw pijanìthtec. 'Etsi, kalÔtera �toma èqoun megalÔterec pijanìthtec na
epilegoÔn. Parìla aut�, egkumoneÐ o kÐndunoc, h parousÐa miac sugkritik� kal c
lÔshc stic arqikèc genièc na odhg sei sthn prìwrh epikr�ths  thc kai �ra sthn
pagÐdeush se èna topikì akrìtato. Sth grammik  kat�taxh, ta λ �toma katat�ssontai
wc proc thn tim  thc antikeimenik c sun�rthshc kai epilègontai µ apì aut�, ìpou
ta kalÔtera emfanÐzontai me perissìtera antÐtupa sto Sg+1,µ en¸ apousi�zoun ta
qeirìtera. Sthn pijanotik  epilog  me diagwnismì, epilègontai tuqaÐa k �toma th
for�, summetèqoun se diagwnismì metaxÔ touc me b�sh thn tim  thc antikeimenik c
sun�rthshc kai epilègetai o kalÔteroc wc èna akìmh mèloc tou Sg+1,µ. Pollèc forèc,
o diagwnismìc apokt� kai stoiqeÐa stoqastikìthtac, epitrèpontac kai sto qeirìtero
diagwnizìmeno na epilegeÐ me mikr  pijanìthta.

5.1.3 Telestèc DiastaÔrwshc

Gia th duadik  kwdikopoÐhsh, h diastaÔrwsh sundu�zei dÔo tuqaÐa epilegmènouc
goneÐc gia na dhmiourg sei isìposouc apogìnouc. Sth bibliografÐa mporoÔme na
sunant soume kai diastaÔrwsh sthn opoÐa summetèqoun perissìteroi apì dÔo goneÐc.

Sth duadik  kwdikopoÐhsh, h legìmenh diastaÔrwsh aploÔ shmeÐou (single–
point croossover) arqik� epilègei tuqaÐa mia jèsh metaxÔ dÔo diadoqik¸n duadik¸n
yhfÐwn tou qrwmos¸matoc. Sth sunèqeia, epilègei tuqaÐa dÔo goneÐc apì th dexamen 
twn epilegèntwn gonèwn me qr sh twn telest¸n epilog c pou parousi�sjhkan sthn
prohgoÔmenh par�grafo. Touc dÔo autoÔc goneÐc diastaur¸nei, dhlad  enall�ssei
ta dÔo mèrh ekatèrwjen thc jèshc diastaÔrwshc, par�gontac ètsi dÔo apogìnouc.

Wc par�deigma, parousi�zetai h diataÔrwsh enìc shmeÐou gia dÔo epilegèntec
goneÐc, touc

10110001011001

00101101110101

ìpou èstw ìti ètuqe wc jèsh diastaÔrwshc to tèloc tou pèmptou duadikoÔ yhfÐou,
dhlad 

10110 | 001011001

00101 | 101110101

�ra, oi dÔo apìgonoi pou ja prokÔyoun apì th diastaÔrwsh eÐnai oi

10110101110101

00101001011001
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Sth bibliografÐa ja sunant soume poikilÐa sqhm�twn diastaÔrwshc. EÔkola, me
b�sh ta parap�nw, katanooÔme th diastaÔrwsh dÔo shmeÐwn (dÔo tuqaÐec jè-
seic diastaÔrwshc, o pr¸toc apìgonoc sqhmatÐzetai apì to pr¸to kai trÐto tm ma tou
pr¸tou gonèa kai to deÔtero tm ma tou deÔterou gonèa, kok)   th diastaÔrwsh enìc
shmeÐou an� metablht  (epilègetai tuqaÐa èna shmeÐo diastaÔrwshc an� metablht , h
upìloiph diadikasÐa eÐnai ìmoia). H perigraf  �llwn sqhm�twn diastaÔrwshc, ìpwc
eÐnai h diakrit  kai h omoiìmorfh diastaÔrwsh xefeÔgoun apì to plaÐsio
enìc genikoÔ maj matoc beltistopoÐhshc.

Tèloc, axÐzei na anaferjeÐ ìti, sto plaÐsio enìc stoqastikoÔ algorÐjmou, ìpwc
eÐnai o exeliktikìc algìrijmoc, h diastaÔrwsh pragmatopoieÐtai me pijanìthta Pr

(sun jwc, kont� sth mon�da, l.q. Pr = 0.90. O rìloc thc mh�monadiaÐac pijanìthtac
diastaÔrwshc eÐnai na epitrèpei me mikr  pijanìthta (Ðsh me 1 − Pr) th metafor�
analloÐwtwn qarakthristik¸n twn gonèwn stouc apogìnouc. EnergopoieÐtai, dhlad ,
kai aut  me mia genn tria tuqaÐwn arijm¸n: me pijanìthta Pr gÐnetai kanonik� h
diastaÔrwsh en¸ me pijanìthta 1− Pr oi apìgonoi tautÐzontai me touc goneÐc.

5.1.4 Telestèc Met�llaxhc

O telest c met�llaxhc efarmìzetai se k�je nèo apìgono pou proèkuye apì thn
efarmog  tou telest  diastaÔrwshc. H met�llaxh stoqeÔei sthn eisagwg  nèou
genetikoÔ ulikoÔ ston plhjusmì twn apogìnwn, me pijanìthta Pm (sun jwc polÔ
mikr , endeiktik� Pm = 0.01).

Sth duadik  kwdikopoÐhsh, h met�llaxh epitrèpei (me thn parap�nw mikr  pi-
janìthta) na antistrafeÐ to duadikì yhfÐo pou ja epilegeÐ (an  tan 0 na gÐnei 1
kai antistrìfwc). Praktik�, gia ìla ta duadik� yhfÐa k�je apogìnou pou pro lje
apì th diastaÔrwsh genn�tai ènac tuqaÐoc arijmìc (sto di�sthma [0, 1]) kai h met�l-
laxh gÐnetai mìno an o tuqaÐoc arijmìc eÐnai mikrìteroc tou Pm. Endeiktik�, an to
krit rio gia th met�llaxh energopoihjeÐ gia to èbdomo yhfÐo tou pr¸tou apì touc
dÔo apogìnouc pou sqhmatÐsjhkan sto par�deigma thc diastaÔrwshc, dhlad  tou

10110101110101

o metallagmènoc apìgonoc gÐnetai

10110111110101

5.1.5 To je¸rhma twn Sqhm�twn

To ìti oi exeliktikoÐ algìrijmoi leitourgoÔn kai upologÐzoun th bèltisth lÔsh den
èqei majhmatik  apìdeixh kai, gia to lìgo autì, qarakthrÐzontai wc euristikèc
(heuristic) mèjodoi. Parìla aut�, oi genetikoÐ algìrijmoi, pou apoteloÔn thn eu-
rÔtera diadedomènh parallag  twn exeliktik¸n algorÐjmwn (EA me basikì qarak-
thristikì ìti µ = λ kai me sugkekrimènouc telestèc exèlixhc) uposthrÐzontai apì mia
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sqetik� apl  jewrÐa, to je¸rhma twn sqhm�twn (schema theorem). H jewrÐa aut 
ofeÐletai sto Holland (1968), o opoÐoc eÐnai ousiastik� o jemeliwt c thc jewrÐac twn
genetik¸n algorÐjmwn. Parak�tw, ja parousiasjeÐ sunoptik�, afoÔ pr¸ta orisjeÐ
autì pou onom�zetai sq ma (schema).

Gia th duadik  kwdikopoÐhsh me thn opoÐa apokleistik� asqoloÔmaste ed¸ basikì
stoiqeÐo eÐnai to qrwmìswma   sustoiqÐa duadik¸n yhfÐwn (bits). Sth genik  tou
morf , autì gr�fetai

a1a2a3a4 · · · aM

ìpou M eÐnai to pl joc twn duadik¸n yhfÐwn. Me b�sh to duadikì alf�bhto pou
dièpei th duadik  kwdikopoÐhsh, k�je stoiqeÐo ai mporeÐ na eÐnai 0   1. Gia th jemelÐ-
wsh tou jewr matoc twn sqhm�twn, epitrèpoume sto stoiqeÐo ai na l�bei treic, antÐ
dÔo, timèc kai autèc eÐnai to 0 to 1 kai to ∗. O qarakt rac ∗ èqei thn ènnoia eleÔ-
jerou stoiqeÐou (don’t care or wild card symbol), dhlad  epitrèpetai na lamb�nei tic
timèc 0   1. H graf  enìc qrwmos¸matoc pou perilamb�nei kai eleÔjera stoiqeÐa ( 
asterÐskouc ∗) apoteleÐ èna sq ma S. Gia par�deigma, to sq ma

S = 011 ∗ 0 ∗ 1 (5.9)

me M = 7 duadik� yhfÐa antiproswpeÔei tèssera sugkekrimèna qrwmos¸mata, ta
0110001, 0110011, 0111001 kai 0111011.

BasikoÐ eÐnai kai h epìmenoi dÔo orismoÐ gia èna sq ma S. 'Etsi, onom�zoume
m koc orismoÔ (defining length, d(S)) tou sq matoc S thn apìstash, metroÔmenh
se jèseic duadik¸n yhfÐwn an�mesa sto pr¸to kai sto teleutaÐo duadikì yhfÐo pou
den eÐnai eleÔjero (eÐnai, dhlad , 0   1). Sto sq ma 5.9, to aristerìtero tètoio yhfÐo
eÐnai to up' arijmìn 1, to teleutaÐo eÐnai to up' arijmìn 7, �ra

d(S) = 7− 1 = 6

AntÐstoiqa, an H = ∗10 ∗ 1, tìte d(S) = 5− 2 = 3.
EpÐshc, onom�zoume t�xh (order, o(S)) tou sq matoc S to pl joc twn stajer¸n

(ìqi ∗, dhlad ) qarakt rwn tou. Sto sq ma 5.9, up�rqoun 5 jèseic me 0   1, �ra
o(S) = 5.

EÔkola katalabaÐnoume giatÐ èna sq ma S me M duadik� yhfÐa mporeÐ na an kei
se 2M sq mata. AntÐstoiqa, an èna sq ma èqei r asterÐskouc, autì antiproswpeÔei
2r diaforetik� qrwmos¸mata.

EÐnai endiafèron na katano soume to lìgo gia ton opoÐo orÐsjhkan oi dÔo teleu-
taÐec posìthtac. To m koc orismoÔ d(S) enìc sq matoc kajorÐzei thn pijanìthta
epibÐwshc tou sq matoc S kat� th diastaÔrwsh. H t�xh o(S) kajorÐzei thn pijanìth-
ta epibÐwshc tou sq matoc S kat� th met�llaxh. Exhg seic (an ìqi apodeÐxeic) gia
ta parap�nw akoloujoÔn, pou aforoÔn diadoqik� th f�sh epilog c gonèwn, th f�sh
thc diastaÔrwshc kai aut  thc met�llaxhc.
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(a) 'Estw ìti sth f�sh epilog c gonèwn, sth geni� g, to sq ma S emfanÐzetai
se mg antÐgrafa. Ac eÐnai Fmean,g h mèsh tim  thc antikeimenik c sun�rthshc
olìklhrou tou plhjusmoÔ thc geni�c (anaferìmaste se prìblhma megistopoÐhsh-
c, �ra prìkeitai gia th mèsh tim  katallhlìthtac) kai ac eÐnai F (S) h mèsh
tim  katallhlìthtac twn qrwmoswm�twn tou plhjusmoÔ pou antistoiqoÔn sto
sq ma S. Tìte, mia ektÐmhsh tou pl jouc qrwmoswm�twn pou anamènetai na
antistoiqoÔn sto sq ma S, sthn epìmenh geni� g + 1, eÐnai h

mg+1 = mg
F (S)

Fmean,g

(5.10)

EÐnai emfanèc ìti prìkeitai gia mia grammik  ektÐmhsh. H exÐswsh 5.10 onom�ze-
tai exÐswsh anaparagwg c sq matoc (reproductive schema growth equation).
Apì thn exÐswsh 5.10 gÐnetai fanerì ìti, an F (S) > Fmean,g tìte anamènetai
mg+1 > mg en¸ an F (S) < Fmean,g h parousÐa tou sq matoc S sthn epìmen-
h geni� ja eÐnai fjÐnousa (mg+1 < mg). Me thn polÔ aploðk , all� bolik 

paradoq  ìti h par�metroc 1 + k = F (S)
Fmean,g

paramènei stajer  apì geni� se
geni�, diatup¸noume ìti metaxÔ dÔo diadoqik¸n geni¸n isqÔei h sqèsh

mg+1 = mg(1 + k) (5.11)

 , sqetik� me thn parousÐa m0 tou sq matoc sthn arqik  geni�, ìti

mg+1 = m0(1 + k)(g+1) (5.12)

H exÐswsh 5.12 ekfr�zei se b�joc qrìnou th makroprìjesmh epÐdrash tou
telest  epilog c gonèwn sthn Ôparxh kai exèlixh enìc sq matoc apì geni� se
geni�.

(b) H melèth thc epÐdrashc thc diastaÔrwshc sthn Ôparxh kai exèlixh tou sq matoc
S apì geni� se geni�, sqetÐzetai me to m koc orismoÔ d(S) autoÔ. H ex ghsh,
upì paradoqèc, eÐnai apl : An to pl joc duadik¸n yhfÐwn enìc qrwmos¸matoc
eÐnai M , tìte h diastaÔrwsh enìc shmeÐou mporeÐ na leitourg sei me M − 1
diaforetikoÔc trìpouc, dhlad  up�rqoun M − 1 pijanèc tomèc. H epibÐwsh tou
sq matoc exart�tai apì thn apìstash tou pr¸tou kai teleutaÐou stajeroÔ tou
yhfÐou, posìthta pou onom�sthke  dh m koc orismoÔ d(S). 'Etsi, up�rqoun
d(S) apì tic M − 1 pijanèc diastaur¸seic oi opoÐec ja katastrèyoun to sq -
ma. 'Ara, an deqjoÔme epiplèon ìti h diastaÔrwsh gÐnetai me pijanìthta Pr, h
pijanìthta epibÐwshc tou sq matoc sthn epìmenh geni� eÐnai Ðsh me

Psurvive,S = 1− Pr
d(S)

M − 1
(5.13)

Sundu�zontac tic sqèseic 5.10 kai 5.13, h exÐswsh anaparagwg c tou sq matoc
met� tic f�seic epilog c gonèwn kai diastaÔrwshc gr�fetai
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mg+1 = mg
F (S)

Fmean,g

(1− Pr
d(S)

M − 1
) (5.14)

(g) H melèth thc epÐdrashc thc met�llaxhc (pou gÐnetai me pijanìthta Pm) sthn
Ôparxh kai exèlixh tou sq matoc S apì geni� se geni�, sqetÐzetai me thn t�xh
o(S) autoÔ. Kai aut  h ex ghsh, upì paradoqèc, eÐnai apl : O kÐndunoc na
katastrafeÐ to qrwmìswma up�rqei an h met�llaxh tÔqei na sumbeÐ se stajerì
tou yhfÐo. Ta stajer� yhfÐa eÐnai Ðsa me o(S). 'Etsi, h pijanìthta epibÐwshc
tou S met� th met�llaxh (logizìmenh wc h monadik  tèlesh) eÐnai

Psurvive,S = (1− Pm)o(S) ≈ 1− Pmo(S) (5.15)

Sundu�zontac tic sqèseic 5.10, 5.13 kai 5.15, h exÐswsh anaparagwg c tou sq -
matoc met� tic f�seic epilog c gonèwn, diastaÔrwshc kai met�llaxhc gr�fetai

mg+1 = mg
F (S)

Fmean,g

(1− Pr
d(S)

M − 1
− o(S)Pm) (5.16)

Ta sumper�smata apì th sqèsh 5.16 eÐnai �mesa: sq mata me mikrì m koc orismoÔ
kai me qamhl  t�xh pou h mèsh tim  katallhlìtht�c tou uperbaÐnei to mèso ìro thc
geni�c èqoun megalÔterec pijanìthtec na aux soun thn parousÐa touc sthn epìmenh
geni�. To Ðdio sumpèrasma, diatupwmèno diaforetik�, katal gei sto ìti oi genetikoÐ
algìrijmoi aniqneÔoun to q¸ro twn pijan¸n lÔsewn mèsw sqhm�twn ta opoÐa èqoun
mikrì m koc orismoÔ kai qamhl  t�xh (building block hypothesis).

5.2 ExeliktikoÐ Algìrijmoi se Probl mata Pol-

l¸n Stìqwn

Oi EA apoteloÔn idiaÐtera qr simo ergaleÐo gia thn epÐlush problhm�twn elaqistopoÐhsh-
c me perissìterouc apì èna stìqouc. Sth sunèqeia, ja parajèsoume th basik  arq 
me b�sh thn opoÐa mporeÐ eÔkola na metasqhmatisjeÐ up�rqwn EA pou leitourgeÐ me
èna stìqo (minF (−→x ), F : ℜN → ℜ), ¸ste na epilÔei probl mata thc morf c

min
−→
F (−→x ) ,

−→
F : ℜN → ℜM (5.17)

ìpouM ac eÐnai to pl joc twn stìqwn. GnwrÐzoume plèon ìti to gegonìc ìti h diatÔp-
wsh gÐnetai gia probl mata elaqistopoÐhshc den eÐnai perioristikì kai ameloÔme proc
to parìn probl mata pou dièpontai apì periorismoÔc. Touc teleutaÐouc, mporoÔme na
touc ent�xoume sth diadikasÐa beltistopoÐhshc me trìpo pou parousi�sjhke se �llh
enìthta.

H basik  idèa me thn opoÐa prosarmìzetai ènac EA enìc stìqou ¸ste na epilÔei
probl mataM stìqwn eÐnai h ènnoia thc kuriarqÐac kat� Pareto kai h sunaf c ènnoia
tou mètwpou Pareto. SqetikoÐ orismoÐ up�rqoun sto kef�laio 1.
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Gia to prìblhma elaqistopoÐhshc thc sqèshc 5.17, upenjumÐzoume touc orismoÔc
2.10, 2.11 kai 2.12. Gia lìgouc plhrìthtac, epanalamb�noume kai ed¸ ìti ìti to
di�nusma −→x (i) (o p�nw deÐkthc se parènjesh prosdiorÐzei mia lÔsh, ac gÐnei prosek-
tik  di�krish apì ton p�nw deÐkth, sun jwc n all� qwrÐc parènjesh, pou apoteleÐ
to metrht  twn epanal yewn) kuriarqeÐ tou −→x (j), sumbolik�

−→x (i) ≺ −→x (j) (5.18)

ìtan isqÔei Fm(−→x (i)) ≤ Fm(−→x (j)) gia ìlouc touc stìqouc (m = 1, · · · ,M) kai, sug-
qrìnwc, up�rqei ènac toul�qiston stìqoc apì autoÔc (èstw o k) gia ton opoÐo h
teleutaÐa sqèsh isqÔei wc anisìthta mìno (Fm(−→x (i)) < Fm(−→x (j))). Ta ìsa apeikonÐ-
zontai sto sq ma 5.6 epexhgoÔn sqhmatik� thn ènnoia thc kuriarqÐac. Basikì eÐnai na
katanohjeÐ ìti h kuriarqÐa gÐnetai eukolìtera antilhpt  sto q¸ro twn antikeimenik¸n
sunart sewn, dhlad  to q¸ro twn stìqwn. Me b�sh thn ènnoia thc kuriarqÐac, se
èna sÔnolo diajèsimwn lÔsewn enìc probl matoc, mporoÔme na orÐsoume wc mètwpo
Pareto   mètwpo twn kat� Pareto bèltistwn lÔsewn (optimal Pareto front
 , apl�, Pareto front) to uposÔnolo twn lÔsewn ekeÐnwn stic opoÐec den kuriarqeÐ
kammi� �llh.

F 1

F2

(p)

Sq ma 5.6: Par�deigma kuriarqÐac lÔsewn se ènan plhjusmì exeliktikoÔ algorÐjmou.
JewreÐtai prìblhma dÔo stìqwn (M = 2) en¸ to di�gramma sqedi�zetai sto q¸ro
twn antikeimenik¸n sunart sewn (dhlad , to epÐpedo twn stìqwn). H lÔsh pou
shmei¸netai me p kuriarqeÐ twn lÔsewn pou perikleÐontai sth diagrammismènh orj 
gwnÐa, me koruf  to shmeÐo p.

DÔo mèlh tou met¸pou Pareto eÐnai adÔnato na sugkrijoÔn metaxÔ touc. Se
èna prìblhma dÔo stìqwn, genik� anamènetai mia lÔsh na upertereÐ wc proc ton èna
stìqo kai na ustereÐ wc proc ton �llo, sugkritik� me thn �llh pou sumperifèretai
antistrìfwc. Gia autì to lìgo, mia oikogèneia mejìdwn beltistopoÐhshc h opoÐa èqei
arqÐsei na brÐskei meg�lh efarmog  (kai m�lista se probl mata beltistopoÐhshc sthn
aerodunamik ) eÐnai autèc pou sthrÐzontai sthn idèa tou mètwpou Pareto. Oi mèjodoi
autèc den upologÐzoun telik� mia lÔsh all� upologÐzoun èna sÔnolo lÔsewn pou
sqhmatÐzoun èna mètwpo Pareto. Epeid , sÔmfwna me ton orismì pou prohg jhke,
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ìlec autèc oi lÔseic den kuriarqoÔntai apì kammi� �llh �gnwst � lÔsh, oi lÔseic
tou mètwpou Pareto onom�zontai kai mh�kuriarqoÔmenec lÔseic (nondominated
solutions).

Se probl mata aerodunamik c   strobilomhqan¸n, o upologismìc tou mètwpou
Pareto lÔnei men to prìblhma, prokaleÐ ìmwc kai to ènausma gia thn epìmenh f�sh
ìpou prèpei na epilegeÐ mia apì tic pollèc lÔseic tou met¸pou. Aut  h apìfash gÐne-
tai ek twn ustèrwn, apofasÐzontac th sqetik  barÔthta twn stìqwn. Shmei¸ste, ìti
diajètoume tic lÔseic Pareto ìtan lamb�netai apìfash gia thn ier�rqhsh twn stì-
qwn kai gÐnetai h sqetik  epilog , se antÐjesh me thn perÐptwsh ìpou èna prìblhma
poll¸n stìqwn lÔnetai wc prìblhma enìc stìqou me antikeimenik  sun�rthsh th

Ftotal =
M∑

m=1

wmFm (5.19)

ìpou h ier�rqhsh twn stìqwn prohgeÐtai, afoÔ aut  kajorÐzei thn tim  twn sunte-
lest¸n barÔthtac wm.

Oi perissìterec apì tic sÔgqronec parallagèc twn EA pou antimetwpÐzoun prob-
l mata poll¸n stìqwn me th logik  tou mètwpou Pareto sthrÐzontai sth diatÔpwsh
twn EA pou qrhsimopoieÐtai gia èna stìqo, all� orÐzoun kai qrhsimopoioÔn kat�llhlh
antikeimenik  sun�rthsh basismènh sthn ènnoia thc kuriarqÐac metaxÔ twn lÔsewn.
Up�rqoun pollèc ekfr�seic gia thn antikeimenik  sun�rthsh h opoÐa odhgeÐ ton EA
ston upologismì enìc mètwpou bèltistwn lÔsewn kat� Pareto (se antÐjesh me th
sqèsh 5.19 h opoÐa upologÐzei mia mìno bèltisth lÔsh, exart¸menh ìmwc apì tic
epilogèc twn suntelest¸n wm pou prohg jhke).

Gia na gnwrÐsoume tic mejìdouc sugkrìthshc eniaÐac antikeimenik c sun�rthshc,
prèpei pr¸ta na katagr�youme tic apait seic mac apì èna mètwpo Pareto. DiakrÐ-
nontac to pragmatikì mètwpo Pareto tou probl matìc mac apì to mètwpo Pareto
pou ja upologÐsei h mèjodoc beltistopoÐhshc, oi apait seic mac eÐnai: (a) to upolo-
gizìmeno mètwpo na eÐnai ìso to dunatìn plhsièstera sto pragmatikì kai (b) me to
peperasmèno pl joc lÔsewn pou profan¸c ja perièqei, na kalÔptei to mègisto eÔroc
tou pragmatikoÔ met¸pou me ikan  parousÐash shmeÐwn�lÔsewn se k�je tm ma tou.
H teleutaÐa apaÐthsh ja mporoÔse na antistoiqeÐ se isokatanom  twn shmeÐwn sto
mètwpo Pareto, me thn epifÔlaxh ìmwc ìti h apeikìnish gÐnetai sto q¸ro twn stìqwn
ìpou gÐnetai kai h mètrhsh thc apìstashc dÔo shmeÐwn.

Skopìc twn shmei¸sewn aut¸n den eÐnai na esti�sei se k�poia apì tic pollèc (an-
tagwnistikèc) mejìdouc upologismoÔ thc eniaÐac tim c thc antikeimenik c sun�rthshc
se probl mata poll¸n stìqwn. Apl�, se suntomÐa, ja prospaj soume na d¸soume
idèec gia to pwc autì mporeÐ na ulopoihjeÐ. Gia par�deigma, bl. sq ma 5.7, è-
nac trìpoc bajmolìghshc (prìsdoshc tim c kìstouc, an prìkeitai gia prìblhma e-
laqistopoÐhshc) sta mèlh miac geni�c tou EA ja mporoÔse na eÐnai o ex c: gia k�je
mèloc tou met¸pou Pareto (sumbolik� FPareto member) h tim  kìstouc eÐnai an�logh
tou arijmoÔ kdominated twn lÔsewn thc trèqousac geni�c sta opoÐa kuriarqeÐ h upìyh
lÔsh. Epomènwc, oi akraÐec lÔseic tou mètwpou Pareto primodotoÔntai (touc anatÐ-
jetai mikrìterh tim  kìstouc) afoÔ kuriarqoÔn se mikrìtero arijmì �llwn lÔsewn.
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AntÐjeta, lÔseic pou brÐskontai sto kèntro tou mètwpou èqoun megalÔterh tim  kìs-
touc. Me ton trìpo autì, enisqÔetai h t�sh na exaplwjeÐ perissìtero to mètwpo.
Endeiktik�, dÐnetai mia sqèsh pou dÐnei adi�stath tim , sto di�sthma (0, 1), sthn eniaÐa
antikeimenik  sun�rthsh enìc mèlouc tou mètwpou Pareto

FPareto member =
kdominated

λ+ µ+ 1
(5.20)

H tim  FPareto member fèretai kai wc isqÔc (strength) k�je bèltisthc kat� Pareto
lÔshc.

F
1

F
2

Sq ma 5.7: 'Enac trìpoc na dojeÐ tim  sthn eniaÐa antikeimenik  sun�rthsh (tim 
kìstouc gia to prìblhma elaqistopoÐhshc) enìc mèlouc tou mètwpou Pareto, se mi�
geni� tou EA, eÐnai an�logh tou arijmoÔ twn lÔsewn thc trèqousac geni�c sta opoÐa
kuriarqeÐ h lÔsh aut . Sth lÔsh l.q. pou shmei¸netai sto sq ma me orj  gwnÐa, h
eniaÐa tim  kìstouc ja  tan an�logh tou 13.

'Eqontac orÐsei tim  thc posìthtac FPareto member gia k�je mèloc tou mètwpou
Pareto, sta k�je �llo mèloc thc geni�c, h eniaÐa tim  kìstouc eÐnai an�logh tou a-
jroÐsmatoc twn tim¸n FPareto member ìlwn twn lÔsewn Pareto (sÔnolo C) pou kuriar-
qoÔn se autì. Me skopì k�je lÔsh Pareto na eÐnai p�nta kalÔterh (na èqei mikrìterh
tim  kìstouc) apì k�je �llh lÔsh pou den an kei sto mètwpo Pareto, prostÐjetai
kai mia stajer  posìthta, sun jwc h mon�da (to giatÐ faÐnetai apì th sqèsh 5.20).
'Etsi, h eniaÐa tim  kìstouc FnonP areto member ja eÐnai

FnonP areto member = 1 +
∑
i∈C

FPareto member,i (5.21)

H perÐptwsh apeikonÐzetai sto sq ma 5.8.
Exet�zontac ton trìpo pou upologÐsjhke mèqri t¸ra h eniaÐa tim  kìstouc stic

lÔseic miac geni�c tou EA, gÐnetai emfan c h di�jesh na dojeÐ proteraiìthta stic
akraÐec lÔshc ¸ste na apotrapeÐ h surrÐknwsh tou met¸pou. Sun jwc autì den
eparkeÐ kai h tim  kìstouc pou mèqri t¸ra upologÐsjhke diorj¸netai se trìpo ¸ste
oi sunwstismènec lÔseic na timwroÔntai (na qeirotereÔei h tim  kìstouc). 'Etsi,
primodotoÔntai oi apomakrusmènec lÔseic apì tic �llec kai enisqÔetai h t�sh tou
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F
1

F
2

Sq ma 5.8: 'Enac trìpoc na dojeÐ tim  sthn eniaÐa antikeimenik  sun�rthsh se mia
lÔsh pou den an kei sto mètwpo Pareto, se mi� geni� tou EA, eÐnai ajroÐzontac tic
timèc kìstouc twn lÔsewn Pareto pou kuriarqoÔn se aut .

EA na aniqneÔei �llec perioqèc sto q¸ro twn lÔsewn. Endeiktik�, parousi�zetai to
sq ma 5.9.

F2

F1

ó share

d(i,j)
i

j

Sq ma 5.9: DiadikasÐa diìrjwshc thc tim c kìstouc twn lÔsewn Pareto me krit rio th
metaxÔ touc apìstash. H tim  kìstouc twn kontin¸n mel¸n tou Pareto qeirotereÔei
teqnht�, kai h epaÔxhsh aut  exart�tai apì thn apìstash d.
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Kef�laio 6

Upologismìc Parag¸gwn
Antikeimenik c Sun�rthshc - H
Suzug c Mèjodoc

Mèqri t¸ra, parousi�sjhkan oi perissìtero gnwstèc kai eurÔtera qrhsimopoioÔmenec
mèjodoi beltistopoÐhshc. Wc proc tic monokrithriakèc mejìdouc beltistopoÐhshc,
gnwrÐsame mejìdouc oi opoÐec proôpojètoun th diajesimìthta enìc trìpou upolo-
gismoÔ thc klÐshc thc antikeimenik c sun�rthshc  , endeqomènwc, kai trìpou upol-
ogismoÔ tou mhtr¸ou Hess. Me �lla lìgia, oi mèjodoi autèc apaitoÔn upost rixh
apì mia mèjodo ikan  na upologÐsei pr¸tec (suqn� kai deÔterec) parag¸gouc thc an-
tikeimenik c sun�rthshc. O qarakthrismìc touc wc mèjodoi basismènec sthn
klÐsh (gradient–based optimization methods) ekfr�zei autì akrib¸c. Apì thn �llh
pleur�, parousi�sjhkan antagwnistikèc mèjodoi oi opoÐec den apaitoÔn opoiad pote
�llh plhroforÐa pèran thc tim c thc antikeimenik c sun�rthshc se k�je (endi�mesh)
upoy fia lÔsh. Sugqrìnwc, tonÐsjhkan ta sugkritik� pleonekt mata kai meionekt -
mata twn parap�nw mejìdwn. Tèloc, f�nhke h dièxodoc tou mhqanikoÔ, opoted pote
adunateÐ na upologÐsei k�poia plhroforÐa me akrÐbeia, na thn upokajist� me mon-
tèla mikrìterhc akrÐbeiac   diadikasÐec parembol c pou qrhsimopoioÔn up�rqousec
parìmoiec plhroforÐec.

EÐnai sÐgouro ìti ìla ta prohgoÔmena ja apoteloÔsan didaktèa Ôlh se opoiod -
pote m�jhma beltistopoÐhshc, �sqeta me thn episthmonik  perioq  efarmog c thc
(aerodunamik , kataskeuèc, dioÐkhsh epiqeir sewn, klp). OÔtwc   �llwc, oi basikèc
-klasikèc mèjodoi beltistopoÐhshc eÐnai oi Ðdiec se opoiad pote epist mh. Kat� thn
enasqìlhsh me jèmata beltistopoÐhshc sthn aerodunamik , h idiaiterìthta ègkeitai
sth qr sh kwdÐkwn upologistik c reustodunamik c (URD) gia thn axiolìghsh upoy-
hfÐwn lÔsewn kai ton upologismì sunaf¸n me ta pedÐa ro c plhrofori¸n (ìpwc l.q.
thc klÐshc thc antikeimenik c sun�rthshc, sqetik� ja anaferjoÔme stic legìmenec
suzugeÐc mejìdouc, oi opoÐec apoteloÔn to antikeÐmeno tou parìntoc kefalaÐou).

Sto kef�laio autì, ja periorisjoÔme tic legìmenec suzugeÐc mejìdouc beltistopoÐhsh-
c kai antÐstrofou sqediasmoÔ morf¸n (adjoint shape optimization and inverse design
methods).
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O parap�nw tÐtloc eÐnai plèon dìkimoc, an kai ètsi ìpwc sun jwc qrhsimopoieÐtai,
moi�zei na sumperilamb�nei perissìtera apì ìsa kalÔptei h majhmatik  ènnoia thc
suzugÐac. Ac tonÐsoume, apì thn arq  tou kefalaÐou, ìti oi suzugeÐc diatup¸-
seic eÐnai majhmatik��upologistik� ergaleÐa upologismoÔ thc k-
lÐshc miac (antikeimenik c) sun�rthshc, exasfalÐzontac tautìqron-
a thn ikanopoÐhsh twn basik¸n exis¸sewn tou probl matoc (l.q.
tic exis¸seic ro c). O ìroc kai oi sqetikèc diatup¸seic prwtoxekÐnhsan apì
th jewrÐa elègqou. Sta majhmatik�, sunaf c �Ôlh� eÐnai aut  twn pollaplasi-
ast¸n Lagrange. Epeid , se mia mèjodo beltistopoÐhshc, h klÐsh thc antikeimenik c
sun�rthshc qrhsimopoieÐtai sun jwc gia na thn odhg sei (l.q. me th mèjodo thc
apìtomhc kajìdou) sth lÔsh pou exasfalÐzei el�qisth tim  aut c, pollèc forèc
ìtan anaferìmaste se suzugeÐc mejìdouc ennooÔme, pèran thc diadikasÐac upolo-
gismoÔ thc klÐshc thc antikeimenik c sun�rthshc, kai th diadikasÐa elaqistopoÐhshc
thc teleutaÐac, dhlad  to sÔnolo tou probl matoc beltistopoÐhshc   antÐstrofou
sqediasmoÔ.

6.1 Eisagwg �Sqìlia

Me b�sh tic prohgoÔmenec dieukrin seic, otid pote akoloujeÐ èqei skopì thn u-
lopoÐhsh aitiokratik¸n mejìdwn beltistopoÐhshc basismènwn sthn
klÐsh thc antikeimenik c sun�rthshc (gradient–based optimization meth-
ods) kai apaitoÔn ton upologismì parag¸gwn thc antikeimenik c sun�rthshc.

Wc tupikì par�deigma anafèretai to prìblhma sqediasmoÔ miac aerotom c. Ja
anaferìmaste se prìblhma antÐstrofou sqediasmoÔ (l.q. anaz thsh thc morf c
aerotom c pou sto perÐgramm� thc na dÐnei prokajorismènh katanom  pÐeshc, taqÔth-
tac klp)   anaz thshc thc aerotom c me bèltisth �nwsh, el�qisth opisjèlkousa,
  sundiasmì touc gia dedomènec sunj kec ro c. Ja tonÐsoume ex arq c ìti, se an-
tÐjesh me orismènec �llec mejìdouc (ìpwc oi exeliktikoÐ algìrijmoi), opoiad pote
allag  stìqou� antikeimenik c sun�rthshc apaiteÐ p�nta majhmatik  epanadiatÔpw-
sh thc mejìdou kai, asfal¸c, merikì epanaprogrammatismì se epÐpedo logismikoÔ.
Akìma �qeirìtera�, h majhmatik  diatÔpwsh deÐqnei ìti den eÐnai efiktoÐ ìloi oi stìqoi,
dhlad  me tic suzugeÐc mejìdouc den eÐnai dunatì na epilujeÐ ek prooimÐou opoiod pote
prìblhma beltistopoÐhshc   antÐstrofou sqediasmoÔ.

Sugkritik� me tic �llec mejìdouc beltistopoÐhshc, stic suzugeÐc mejìdouc h
parametropoÐhsh thc morf c thc aerotom c eÐnai perissìtero shmantik , afoÔ aut 
ektìc tou na kajorÐzei thn euelixÐa wc proc ta gewmetrik� sq mata pou mporoÔn
na prokÔyoun (autì isqÔei kai gia opoiad pote �llh mèjodo), emplèketai ousiastik�
sth majhmatik  diatÔpwsh.

QwrÐc na eÐnai desmeutikì, gia tic an�gkec tou kefalaÐou, ja upojèsoume ìti
oi dÔo pleurèc miac aerotom c parametropoioÔntai me polu¸numa Bézier–Bernstein
(sq ma 6.1). K�je tètoio polu¸numo antistoiqeÐ se kampÔlh h opoÐa xekin� apì thn
akm  prosbol c kai katal gei sthn akm  ekfug c. Oi bajmoÐ eleujerÐac   metablhtèc

sqediasmoÔ, dhlad  oi sunist¸sec tou dianÔsmatoc
−→
b ∈ ℜN , ja eÐnai oi suntetag-

K.Q. Giann�koglou � Mèjodoi Aitiokratik c kai Stoqastik c BeltistopoÐhshc



6.1. Eisagwg �Sqìlia 65

-0.2

-0.1

 0

 0.1

 0.2

 0  0.2  0.4  0.6  0.8  1

y/
C

x/C

-0.2

-0.1

 0

 0.1

 0.2

 0  0.2  0.4  0.6  0.8  1

y/
C

x/C

Sq ma 6.1: Endeiktik  parametropoÐhsh memonwmènhc aerotom c me dÔo polu¸nu-
ma Bézier–Bernstein. Gia k�je pleur� thc aerotom c qrhsimopoieÐtai diaforetikì
polu¸numo Bézier–Bernstein, me ta dik� tou shmeÐa elègqou. Sto p�nw sq ma faÐ-
nontai ta 10 shmeÐa elègqou thc pleur�c upopÐeshc (maÔroi kÔkloi) kai ta 10 shmeÐa
elègqou thc pleur�c upopÐeshc (maÔra trÐgwna). H isìthta sto pl joc touc apoteleÐ
epilog  tou sqediast  kai den eÐnai upoqrewtik . H morf  thc paragìmenhc aero-
tom c faÐnetai kai sto p�nw kai sto k�tw sq ma. H diafor� eÐnai ìti, sto k�tw
sq ma, faÐnontai kai oi kìmboi (ed¸ 31 an� pleur�) pou perigr�foun to perÐgramma
thc aerotom c. 'Eqoun paraqjeÐ apì thn Ðdia katanom  thc paramètrou t, h opoÐa
 tan, apl�, isokatanemhmènh sto di�sthma [0, 1]. Parathr ste ìti ta kombik� shmeÐa
tou perigr�mmatoc den isapèqoun (oÔte kat� m koc tìxou, oÔte kat� x) èstw kai
an isapèqoun wc proc t. 'Opwc eÐnai gnwstì apì th sqetik  jewrÐa, h metaxÔ touc
apìstash �rujmÐzetai� (kai) apì tic jèseic twn shmeÐwn elègqou.

mènec twn shmeÐwn elègqou Bézier–Bernstein. To
−→
b sunoyÐzei bajmoÔc eleujerÐac

kai gia tic dÔo pleurèc thc aerotom c, dhlad  gia to sÔnolo tou probl matoc. Se
sqèsh me ta prohgoÔmena kef�laia, epishmaÐnetai h allag  sumbìlou twn metablht¸n

sqediasmoÔ apì −→x se
−→
b , afoÔ to sÔmbolo x desmeÔetai tupik� gia thn kartesian 

suntetagmènh.

Me th qr sh thc suzugoÔc mejìdou, gia opoiad pote antikeimenik  sun�rthsh
F pou kajorÐzei to prìblhma beltistopoÐhshc kai gia thn trèqousa lÔsh�morf 

pou monos manta kajorÐzei to di�nusma tim¸n
−→
b n (o deÐkthc sumbolÐzei th n�iost 

epan�lhyh enìc epanalhptikoÔ algorÐjmou), prèpei na upologisjoÔn oi merikèc par�g-

K.Q. Giann�koglou � Mèjodoi Aitiokratik c kai Stoqastik c BeltistopoÐhshc



66 6. Upologismìc Parag¸gwn Antikeimenik c Sun�rthshc - H Suzug c Mèjodoc

wgoi

∂F

∂
−→
b

(
−→
b n) = (

∂F

∂b1
,
∂F

∂b2
, . . .

∂F

∂bN
) (6.1)

upì thn proôpìjesh ìti ikanopoioÔntai tautìqrona kai oi exis¸seic Euler   Navier–
Stokes.

O trìpoc upologismoÔ twn parag¸gwn eÐnai jèma twn epìmenwn enot twn tou ke-
falaÐou autoÔ kai parousi�zetai gia sugkekrimènec morfèc antikeimenik c sun�rthsh-
c. Sto plaÐsio miac pr¸thc gnwrimÐac, ja asqolhjoÔme me monodi�stata probl mata
kai mìno me atribeÐc roèc sumpiestoÔ reustoÔ (exis¸seic Euler).

Prin parousiasjoÔn ta basik� stoiqeÐa thc mejìdou, èna basikì sqìlio afor�
sto upologistikì kìstoc. Parak�tw ja anaferìmaste sto kìstoc upologismoÔ twn
parag¸gwn 6.1 mia for� (gia mia upoy fia lÔsh) kai ìqi sto kìstoc epÐlushc tou
probl matoc beltistopoÐhshc. To teleutaÐo exart�tai apì th mèjodo beltistopoÐhsh-
c pou ja qrhsimopoihjeÐ kai thn poluplokìthta tou probl matoc, pou mazÐ ja ka-
jorÐsoun pìsec endi�mesec aerodunamikèc morfèc ja qreiasjoÔn axiolìghsh (upolo-
gismì tim c antikeimenik c sun�rthshc) kai upologismì twn klÐsewn thc antikeimenik -
c sun�rthshc.

6.1.1 PerÐ UpologistikoÔ Kìstouc

Ja faneÐ sthn enìthta 6.3 pou akoloujeÐ ìti, qrhsimopoi¸ntac th suzug  mèjodo, to
kìstoc upologismoÔ twn parag¸gwn thc antikeimenik c sun�rthshc wc proc tic N
metablhtèc sqediasmoÔ eÐnai perÐpou Ðso me to kìstoc gia thn epÐlush twn exis¸sewn
ro c. Sthn pragmatikìthta eÐnai sun jwc lÐgo mikrìtero, all� aut  th stigm  mac
endiafèrei na katagrafoÔn t�xeic megèjouc. IdiaÐtera shmantikì eÐnai ìti to kìstoc
eÐnai anex�rthto tou pl jouc N . Prìkeitai gia shmantikìtato pleonèkthma
thc suzugoÔc mejìdou, se sqèsh l.q. me touc exeliktikoÔc algorÐjmouc, ìpou h
aÔxhsh tou pl jouc N aux�nei kat� polÔ to upologistikì kìstoc. To pleonèkthma
autì exisorropeÐ to meionèkthma twn suzug¸n mejìdwn na apaitoÔn epanadiatÔpwsh
twn exis¸sewn kai twn oriak¸n sunjhk¸n touc all� kai merikì epanaprogrammatismì
tou logismikoÔ k�je for� pou all�zei h antikeimenik  sun�rthsh (k�ti pou den up�r-
qei stouc exeliktikoÔc algorÐjmouc, ìpou to logismikì axiolìghshc qrhsimopoieÐtai
apl� sth logik  �maÔrou koutioÔ�, qwrÐc �llec paremb�seic).

Ta sqìlia thc prohgoÔmenhc paragr�fou èqoun meg�lh praktik  shmasÐa sto
mhqanikì pou emplèketai gia pr¸th for� se jèmata beltistopoÐhshc. EÐnai pijanì
autìc na klhjeÐ na epilèxei se poia apì tic dÔo kathgorÐec (mejìdouc basismènec sthn
klÐsh thc antikeimenik c sun�rthshc, dhlad  suzugeÐc mejìdouc sthn perÐptwsh mac,
  stoqastikèc mejìdouc) prèpei na �ependÔsei�. To er¸thma den eÐnai rhtorikì, eÐnai
ousiastikì kai enswmat¸nei arket  dhmosieumènh ereunhtik  prosp�jeia ¸ste na
deiqjeÐ to poia apì tic dÔo mejìdouc upertereÐ.

H ap�nthsh sto parap�nw dÐlhmma den mporeÐ na eÐnai monolektik . Ta epìmena
sqìlia dÐnoun èna plaÐsio sÔgkrishc, lamb�nontac wc dedomèno ìti to logismikì ax-
iolìghshc twn upoyhfÐwn lÔsewn, dhlad  o epilÔthc ro c, eÐnai diajèsimoc kai stic
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dÔo peript¸seic.
Epilègontac tic suzugeÐc mejìdouc, anamènetai upologistik� gr gorh eÔresh thc

bèltisthc lÔshc, arkeÐ na up�rqei to sqetikì logismikì. Up�rqei ìmwc o kÐndunoc na
apaithjeÐ meg�lh proergasÐa (se majhmatikèc diatup¸seic, programmatismì) an den
proôp�rqei h mèjodoc   qrei�zetai na all�xei (a) to montèlo thc ro c, (b) o stìqoc
 /kai (g) h parametropoÐhsh. H apìfash enìc mhqanikoÔ sto tm ma sqediasmoÔ miac
biomhqanÐac   enìc ereunht  se jèmata aerodunamikoÔ sqediasmoÔ na ependÔsei sth
suzug  mèjodo proôpojètei diajesimìthta tou logismikoÔ axiolìghshc sthn phgaÐ-
a morf  tou (source code, anoiktì k¸dika). Tèloc, epanalamb�netai ìti h qr sh
suzug¸n mejìdwn gia opoiond pote stìqo den eÐnai p�nta efikt  kai ìti autèc, ìpwc
k�je aitiokratik  mèjodoc beltistopoÐhshc , mporeÐ eÔkola na pagideujoÔn se topikì
akrìtato. To teleutaÐo exart�tai, kat� polÔ, apì thn arqik  lÔsh pou ja epilegeÐ.

Epilègontac �klasikèc � stoqastikèc mejìdouc (l.q. ènan �klasikì� exeliktikì
algìrijmo), to upologistikì kìstoc anamènetai na eÐnai megalÔtero (Ðswc kai kat�
mia t�xh megèjouc � den apoteleÐ antikeÐmeno autoÔ tou suggr�mmatoc to pwc m-
poreÐ autì to kìstoc na meiwjeÐ, autì ex�llou uponoeÐ o prosdiorismìc �klasikèc �).
'Omwc, kajemi� apì tic proanaferjeÐsec allagèc enswmat¸netai me mikr , praktik�
amelhtèa, peraitèrw epèndush. Jewrhtik�, odeÔontac proc th sÔgklish tou algo-
rÐjmou (dhlad , praktik�, met� apì thn axiolìghsh �eparkoÔc � pl jouc upoyhfÐwn
lÔsewn) anamènetai na èqei entopisjeÐ to kajolikì akrìtato.

Ja upenjumÐsoume, ed¸, ton tupikì trìpo mètrhshc tou upologistikoÔ kìstouc
se mia mèjodo aerodunamik c beltistopoÐhshc. 'Etsi, tupik  mon�da mètrhshc eÐnai
to upologistikì kìstoc miac axiolìghshc, thc kl shc dhlad  tou logismikoÔ URD

pou upologÐzei to F (
−→
b ). H telik  anagwg  se qrìno CPU eÐnai eÔkolh arkeÐ na

eÐnai gnwstì to mèso kìstoc miac axiolìghshc. H anafor� se �mèso kìstoc � gÐnetai
epeid  h arijmhtik  epÐlush tou pedÐou ro c gÔrw apì dÔo diaforetikoÔ sq matoc
aerotomèc, me Ðdiac di�stashc plègma kai to Ðdio logismikì URD, den eÐnai aparaÐthto
na èqei to Ðdio kìstoc. Sthn epÐlush enìc sunektikoÔ pedÐou ro c, gia par�deigma,
to kìstoc aux�netai me thn poluplokìthta twn roðk¸n fainomènwn (l.q. thn Ôparxh
apokìllhshc thc ro c).

To pìso qamhlì eÐnai to upologistikì kìstoc twn suzug¸n mejìdwn mporeÐ
na gÐnei katanohtì sugkrÐnont�c to me ton piì aplì trìpo upologismoÔ tètoiwn
parag¸gwn. H merik  par�gwgoc thc antikeimenik c sun�rthshc wc proc ton i�iostì
bajmì eleujerÐac mporeÐ na proseggisjeÐ me sq ma prìsw peperasmènwn diafor¸n,
akrÐbeiac pr¸thc t�xhc, wc

∂F

∂bi
=

F (b1, b2, . . . , bi + ϵ, . . . , bN) − F (b1, b2, . . . , bi, . . . , bN)

ϵ
(6.2)

ìpou ϵ stajer� , polÔ mikr c tim c, pou kajorÐzei o qr sthc. H exÐswsh 6.2 prèpei

na efarmosteÐ N forèc (gia tic N timèc tou deÐkth i) sthn trèqousa lÔsh
−→
b n. 'Etsi,

to upologistikì kìstoc ¸ste na brejoÔn (kai, m�lista, me akrÐbeia pr¸thc t�xhc)
oi sunist¸sec thc klÐshc thc antikeimenik c sun�rthshc sthn trèqousa lÔsh eÐnai
N kl seic thc antikeimenik c sun�rthshc. An se autoÔc prosjèsoume kai thn axi-
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olìghsh ¸ste na upologisjeÐ h F (
−→
b n), tìte to upologistikì kìstoc an� epan�lhyh

miac mejìdou beltistopoÐhshc basismènhc sthn klÐsh thc antikeimenik c sun�rthshc

eÐnai N + 1 axiolog seic F (
−→
b ). Sta meionekt mata thc qr shc thc sqèshc 6.2 kata-

gr�fetai kai h euaisjhsÐa tou upologismoÔ wc proc thn tim  thc posìthtac ϵ. An,
bèbaia, qrhsimopoihjoÔn deÔterhc t�xhc kentrikèc peperasmènec diaforèc, dhlad  to
akribèstero sq ma

∂F

∂bi
=

F (b1, b2, . . . , bi + ϵ, . . . , bN) − F (b1, b2, . . . , bi − ϵ, . . . , bN)

2ϵ
(6.3)

tìte qrei�zontai 2N upologismoÐ (kl seic) thc antikeimenik c sun�rthshc (antÐ twn
mìno dÔo pou apaiteÐ h suzug c mèjodoc).

H parap�nw suz thsh anèdeixe ton krÐsimo rìlo thc tim c tou N sto upolo-
gistikì kìstoc. Up�rqoun, pragmatik�, peript¸seic stic opoÐec o arijmìc N twn
bajm¸n eleujerÐac enìc probl matoc eÐnai prokajorismènoc kai o mhqanikìc den è-
qei dunatìthtec parèmbashc se autì. Se �lla ìmwc probl mata, h epilog  tou N
enapìkeitai, se meg�lo bajmì, sthn krÐsh tou sqediast �mhqanikoÔ. Mia aerotom 
mporeÐ l.q. na sqediasjeÐ me N shmeÐa elègqou, sÔmfwna me th jewrÐa Bézier–
Bernstein, all� kai me polÔ perissìtera (endeiktik� 2N   3N , klp). Aux�nontac
thn tim  tou N , pèran thc metabol c se upologistikì kìstoc pou proanafèrame,
aux�netai kai h euelixÐa thc parametropoÐhshc. Me apl� lìgia, aux�nontac ton ari-
jmì twn shmeÐwn elègqou mporoÔn na upologisjoÔn morfèc aerotom c pou adunateÐ
na entopÐsei h Ðdia parametropoÐhsh me ligìtera shmeÐa elègqou.

6.1.2 Upologismìc KlÐshc me JewrÐa Migadik¸n Sunart -

sewn

Sta prohgoÔmena parousi�sjhkan kai sugkrÐjhkan sq mata prìsw   kentrik c di-
afìrishc wc enallaktik� thc suzugoÔc teqnik c, thc opoÐac h parousÐash akoloujeÐ.
'Enac diaforetikìc trìpoc upologismoÔ thc klÐshc thc antikeimenik c sun�rthsh-
c eÐnai autìc pou basÐzetai sth jewrÐa twn migadik¸n sunart sewn. Parousi�ze-
tai sÔntoma, ìqi mìno gia lìgouc plhrìthtac all� kai epeid  mporeÐ na uposthrÐx-
ei bohjhtikoÔc upologismoÔc klÐshc gia �llec sunart seic pèran thc Ðdiac thc an-
tikeimenik c sun�rthshc. Sto k�tw�k�tw, apì majhmatik c skopi�c, eÐnai ènac polÔ
endiafèron kai ousiastik� aplìc trìpoc upologismoÔ. EpÐshc, eÐnai eÔkolo na u-
lopoihjeÐ programmatistik� (akoloujeÐ aplì par�deigma).

'Estw h migadik  sun�rthsh F (z) = u(x, y) + iv(x, y), ìpou z = x + iy. Gia na
eÐnai h F (z) diaforÐsimh prèpei oi par�gwgoi twn u kai v wc proc x kai y na eÐnai
suneqeÐc kai na ikanopoioÔntai oi exis¸seic Cauchy–Riemann

∂u

∂x
=

∂v

∂y
(6.4)

∂u

∂y
= −∂v

∂x
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Apì thn exÐswsh 6.4, prokÔptei ìti

∂u

∂x
= lim

ϵ→0

v(x+ i(y + ϵ)− v(x+ iy)

ϵ
(6.5)

'Estw y = 0, dhlad  h sun�rthsh dèqetai apokleistik� pragmatikì ìrisma �ra kai h
tim  thc ja eÐnai ènac pragmatikìc arijmìc. Apì thn exÐswsh 6.5

∂u

∂x
= lim

ϵ→0

v(x+ iϵ)− v(x)
ϵ

(6.6)

opìte, an imag eÐnai to fantastikì mèroc enìc migadikoÔ arijmoÔ, ja isqÔei

∂F

∂x
= lim

ϵ→0

imag(F (x+ iϵ))

ϵ

 , sÔmfwna me thn orologÐa tou kefalaÐou,

∂F

∂bi
= lim

ϵ→0

imag(F (bi + iϵ))

ϵ
(6.7)

H sqèsh 6.7 eÐnai ikan  na upologÐsei th merik  par�gwgo thc antikeimenik c
sun�rthshc F wc proc k�je metablht  sqediasmoÔ bi. Parathr ste ìti apaiteÐ mìno
mia kl sh thc antikeimenik c sun�rthshc an� merik  par�gwgo. Gia to lìgo autì
(kai ìqi mìno, bl. parak�tw) pleonekteÐ twn sqèsewn peperasmènwn diafor¸n 6.2
kai 6.3, ìpwc ja faneÐ apì to parak�tw aplì majhmatikì par�deigma.

6.2 Genik  DiatÔpwsh Suzug¸n Exis¸sewn

Wc eisagwg , h diatÔpwsh twn suzug¸n exis¸sewn,   tou duadikoÔ probl -
matoc ìpwc autì suqn� onom�zetai, ja parousiasjeÐ genik�, �sqeta me to poio
montèlo ro c   stìqoc qrhsimopoieÐtai. Ja jewr soume ìti epilÔoume èna prìblh-
ma beltistopoÐhshc morf c (èstw aerotom c), dhlad  stìqoc eÐnai o sqediasmìc thc
bèltisthc aerotom c sÔmfwna me èna krit rio. To krit rio autì lamb�nei th morf 
miac antikeimenik c sun�rthshc F h opoÐa prèpei na elaqistopoihjeÐ. H sun�rthsh F
eÐnai bajmwt , dhlad  up�rqei mìno ènac stìqoc ( , an eÐnai perissìteroi, èqoun ìloi
sunduasjeÐ sth morf  miac sun�rthshc F , sun jwc wc grammikìc touc sunduasmìc
me qr sh suntelest¸n barÔthtac). H aerotom  pou sqedi�zetai parametropoieÐtai me
polu¸numa Bézier–Bernstein kai aut  h epilog  kajorÐzei kai tic metablhtèc sqedi-

asmoÔ
−→
b .

H antikeimenik  sun�rthsh diatup¸netai, genik�, sth morf 

F = F (
−→
U ,
−→
b ) (6.8)

ìpou
−→
U eÐnai to di�nusma twn metablht¸n ro c. H exÐswsh 6.8 ekfr�zei thn ex�rthsh

thc tim c thc antikeimenik c sun�rthshc afenìc men apì th morf  thc aerotom c

(di�nusma
−→
b ), afetèrou de apì to diamorfoÔmeno pedÐo ro c (di�nusma

−→
U ). Praktik�,
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dhlad , k�je allag  tim c twn metablht¸n sqediasmoÔ
−→
b , tropopoieÐ th gewmetrÐa

thc aerotom c, diamorf¸nei diaforetikì pedÐo ro c
−→
U gÔrw apì aut  kai, me thn

metepexergasÐa (l.q. olokl rwsh, klp) stoiqeÐwn tou pedÐou ro c upologÐzetai nèa
tim  thc antikeimenik c sun�rthshc. EÐnai swst , loipìn, kai h diatÔpwsh F =

F (
−→
U (
−→
b ),
−→
b ). Ta

−→
b kai

−→
U ja jewroÔntai dianÔsmata st lhc.

Ac diatup¸soume majhmatik� thn prohgoÔmenh allhlouqÐa allag¸n: k�je metabol 

δ
−→
b sto di�nusma

−→
b , pou antistoiqeÐ se mikr  allag  thc morf c thc aerotom c,

prokaleÐ metabol  δF thc tim c thc antikeimenik c sun�rthshc Ðsh me

δF =
∂F

∂
−→
U

δ
−→
U +

∂F

∂
−→
b
δ
−→
b (6.9)

ìpou to di�nusma gramm c ∂F

∂
−→
b
akoloujeÐ th graf  6.1 en¸ antÐstoiqo di�nusma gram-

m c (genik� diaforetik c di�stashc) eÐnai kai to ∂F

∂
−→
U
.

H epÐlush tou probl matoc beltistopoÐhshc, eÔreshc dhlad  tou akrìtatou thc

antikeimenik c sun�rthshc F , isodunameÐ me eÔresh ekeÐnou tou dianÔsmatoc
−→
b gia to

opoÐo δF =
−→
0 , th gnwst  anagkaÐa sunj kh Ôparxhc akrìtatou (an den epib�llontai

periorismoÐ kai o q¸roc anÐqneushc to perilamb�nei).
QwrÐc na upeisèljoume se jèmata URD, mporoÔme na d¸soume orismèna sqìlia

gia tic parag¸gouc ∂F

∂
−→
b
kai ∂F

∂
−→
U
. H di�stash thc pr¸thc eÐnai N , ìsec dhlad  kai

oi metablhtèc sqediasmoÔ. Gia th di�stash thc deÔterhc qrei�zetai na gÐnei sÔntomh
anafor� ston trìpo pou qwrik� montelopoieÐtai to pedÐo ro c. Autì gÐnetai me qr sh
plegm�twn (l.q. domhmènwn ìpwc aut� pou parousi�zontai sto sq ma 6.2) ìpou se
k�je kìmbo (autì den eÐnai upoqrewtikì se ìlec tic mejìdouc URD all� eÐnai to
pio aplì kai gi' autì ja to uiojet soume) apojhkeÔontai oi timèc twn megej¸n tou
pedÐou ro c. 'Etsi, se èna prìblhma ìpou to plègma èqei 10000 kìmbouc, oi �gnw-
stec posìthtec posìthtec gia to prìblhma ro c eÐnai to ginìmeno tou pl jouc autoÔ
me ton arijmì twn anex�rthtwn posot twn ro c an� kìmbo. Autèc, gia èna didi�s-
tato prìblhma sumpiestoÔ reustoÔ eÐnai tèsseric (h puknìthta, oi dÔo sunist¸sec
thc taqÔthtac kai mia energeiak  posìthta�k�je �llh posìthta, ìpwc h statik 
pÐesh upologÐzetai apì autèc) ìsec dhlad  kai oi merikèc diaforikèc exis¸seic pou
ikanopoioÔntai (exÐswsh sunèqeiac, oi dÔo sunist¸sec thc dianusmatik c exÐswshc

thc orm c kai h exÐswsh thc enèrgeiac). 'Ara, sto par�deigm� mac, to di�nusma
[

∂F

∂
−→
U

]
èqei κ = 40000 stoiqeÐa ( , orjìtera, 1000 blocks twn 4 stoiqeÐwn èkasto).

Sthn exÐswsh 6.9 anagnwrÐzoume tic dÔo summetoqèc sth metabol  tim c thc
antikeimenik c sun�rthshc. O pr¸toc ìroc sto dexiì mèloc ekfr�zei th metabol 
pou ofeÐletai sthn allag  tou roðkoÔ pedÐou pou prok�lese h allag  gewmetrÐac
thc aerotom c. O deÔteroc ìroc ekfr�zei thn apeujeÐac epÐdrash thc allag c thc
gewmetrÐac sthn tim  thc antikeimenik c sun�rthshc.

Oi exis¸seic pou dièpoun to pedÐo ro c (exis¸seic Euler   Navier–Stokes, an�loga
me to montèlo ro c pou ja epÐlegeÐ) gr�fontai, me th sumbolik  qr sh tou telest 

ro c
−→
R , sth morf 
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Sq ma 6.2: Endeiktik� plègmata, gia thn arijmhtik  epÐlush didi�statwn pedÐwn ro c.
Prìkeitai gia plègmata domhmènou tÔpou (structured grids). Ta sugkekrimèna qrhsi-
mopoioÔntai gia thn arijmhtik  epÐlush twn exis¸sewn ro c gÔrw apì memonwmènh
aerotom  (arister�, faÐnetai mìno tm ma tou plègmatoc kont� sthn aerotom ) kai mè-
sa se summetrikì diaqÔth (dexi�, lìgw summetrÐac thc gewmetrÐac all� kai thc ro c,
melet�tai mìno to misì qwrÐo, autì pou brÐsketai k�tw thc gramm c summetrÐac).

−→
R =

−→
R (
−→
U ,
−→
b ) = 0 (6.10)

me to
−→
R na antistoiqeÐ se di�nusma st lhc me κ sunist¸sec. 'Opwc deÐqjhke me to

prohgoÔmeno arijmhtikì par�deigma, se èna diakritopoihmèno se plègma pedÐo ro c,
to κ isoÔtai me to ginìmeno twn kìmbwn tou plègmatoc epÐ ton arijmì twn merik¸n
diaforik¸n exis¸sewn pou dièpoun th ro . Grammikopoi¸ntac thn 6.10 (gia dedomènh

aerotom , �ra gia dedomènec timèc twn metablht¸n sqediasmoÔ
−→
b ) sth morf 

−→
R (
−→
U ) +

[
∂
−→
R

∂
−→
U

]T

δ
−→
U = 0

prokÔptei h diakritopoihmènh morf  thc exÐswshc thc ro c h opoÐa prèpei na epilujeÐ[
∂
−→
R

∂
−→
U

]T

δ
−→
U = −

−→
R (
−→
U ) (6.11)

To mhtr¸o suntelest¸n ∂
−→
R

∂
−→
U

eÐnai sun�rthsh tou
−→
U .

K�je metabol  δ
−→
b thc morf c thc aerotom c metab�llei to pedÐo ro c gÔrw thc

all�, afoÔ suneqÐzoun na ikanopoioÔntai oi exis¸seic ro c, isqÔei ìti

δ
−→
R =

∂
−→
R

∂
−→
U

δ
−→
U +

∂
−→
R

∂
−→
b
δ
−→
b = 0 (6.12)

ìpou
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∂
−→
R

∂
−→
b

=


∂R1

∂b1

∂R1

∂b2
· · · ∂R1

∂bN
∂R2

∂b1

∂R2

∂b2
· · · ∂R2

∂bN
...

∂Rκ

∂b1
∂Rκ

∂b2
· · · ∂Rκ

∂bN

 (6.13)

kai antÐstoiqa gia to mhtr¸o
[

∂
−→
R

∂
−→
U

]
.

To di�nusma thc metabol c δ
−→
R , di�stashc κ, pollaplasi�zetai me èna di�nusma

gramm c
−→
ΨT , Ðshc di�stashc, kai h bajmwt  posìthta pou prokÔptei apì ton pol-

laplasiasmì afaireÐtai apì th metabol  thc antikeimenik c sun�rthshc (exÐswsh 6.9).
To an ja gÐnei afaÐresh   prìsjesh eÐnai adi�foro, arkeÐ oi upìloipec enèrgeiec na
eÐnai sumbatèc. H afaÐresh (  prìsjesh) aut  den alloi¸nei to stìqo mac o opoÐoc

eÐnai h eÔresh tou dianÔsmatoc
−→
b pou mhdenÐzei thn klÐsh δF (anagkaÐa sunj kh gia

akrìtato thc antikeimenik c sun�rthshc), afoÔ h metabol  δ
−→
R eÐnai mhdenik .

DhmiourgeÐtai ètsi h legìmenh epauxhmènh antikeimenik  sun�rthsh (augmented
objective function,Faug), thc opoÐac h metabol  eÐnai

δFaug =
∂F

∂
−→
U

δ
−→
U +

∂F

∂
−→
b
δ
−→
b −

−→
ΨT

(
∂
−→
R

∂
−→
U

δ
−→
U +

∂
−→
R

∂
−→
b
δ
−→
b

)
(6.14)

 

δFaug =

(
∂F

∂
−→
U
−
−→
ΨT ∂

−→
R

∂
−→
U

)
δ
−→
U +

(
∂F

∂
−→
b
−
−→
ΨT ∂

−→
R

∂
−→
b

)
δ
−→
b (6.15)

H kentrik  idèa thc suzugoÔc mejìdou eÐnai na epilegeÐ to di�nusma
−→
Ψ ètsi ¸ste

na mhdenisjeÐ o pr¸toc ìroc sto dexiì mèloc thc 6.15, na eÐnai dhlad 

∂F

∂
−→
U
−
−→
ΨT ∂

−→
R

∂
−→
U

= 0 (6.16)

Me thn apaÐthsh aut , h metabol  thc antikeimenik c sun�rthshc sunart�tai mìno thc

metabol c tou dianÔsmatoc twn metablht¸n sqediasmoÔ δ
−→
b kai ìqi twn epagìmenwn

metabol¸n δ
−→
U tou pedÐou ro c .

To pedÐo twn
−→
Ψ , to opoÐo onom�zetai plèon twn suzug¸n metablht¸n,

(adjoint variables) prokÔptei apì th lÔsh thc suzugoÔc exÐswshc (adjoint equa-
tion, prosèxte eÐnai sÔsthma exis¸sewn ìpwc sÔsthma apoteloÔsan kai oi exis¸seic
ro c) [

∂
−→
R

∂
−→
U

]T
−→
Ψ =

[
∂F

∂
−→
U

]T

(6.17)

K.Q. Giann�koglou � Mèjodoi Aitiokratik c kai Stoqastik c BeltistopoÐhshc



6.2. Genik  DiatÔpwsh Suzug¸n Exis¸sewn 73

Parathr ste ìti h exÐswsh 6.17 eÐnai grammik  wc proc
−→
Ψ , afoÔ to mhtr¸o�suntelest c[

∂
−→
R

∂
−→
U

]T
den sunart�tai tou

−→
Ψ .

Tèloc, apì thn exÐswsh 6.15 apomènei mìno h eujeÐa susqètish thc metabol c

tim c thc antikeimenik c sun�rthshc me th metabol  gewmetrÐac tou orÐou δ
−→
b . EÐnai,

dhlad 

δFaug =
−→
GT δ
−→
b (6.18)

me

−→
GT =

∂F

∂
−→
b
−
−→
ΨT ∂

−→
R

∂
−→
b

(6.19)

Oi exis¸seic 6.17 wc 6.19 eÐnai plèon eÔkolo na entaqjoÔn se mia diadikasÐa
sqediasmoÔ bèltisthc aerodunamik c morf c h opoÐa basÐzetai sthn klÐsh thc an-
tikeimenik c sun�rthshc. H epÐlush tou sust matoc 6.17 upologÐzei to pedÐo twn

suzug¸n metablht¸n
−→
Ψ , to opoÐo sth sunèqeia qrhsimopoieÐtai stic sqèseic 6.18 kai

6.19 ¸ste na upologisjeÐ h par�gwgoc thc antikeimenik c sun�rthshc wc proc tic

metablhtèc elègqou thc morf c thc gewmetrÐac. Oi suzugeÐc metablhtèc
−→
Ψ onom�-

zontai suqn� kai duadikèc metablhtèc (dual variables), tonÐzontac ètsi th d-

uadikìthta pou parousi�zoun wc proc tic metablhtèc
−→
U tou pedÐou ro c.

H parap�nw diadikasÐa diatÔpwshc tou probl matoc, h opoÐa basÐsjhke ston
orismì thc epauxhmènhc antikeimenik c sun�rthshc (pou sqhmatÐsjhke apì th diakrit 
graf  thc antikeimenik c sun�rthshc, tic diakritopoihmènec exis¸seic ro c kai tic
kombikèc timèc thc suzugoÔc metablht c) kai se majhmatikèc pr�xeic kai exis¸seic
¸ste h metabol  aut c na gÐnei anex�rthth k�je metabol c roðkoÔ megèjouc kai
na sunart�tai mìno metabol¸n thc Ðdiac thc gewmetrÐac, prosdiorÐzei th legìmenh
diakrit  suzug  mèjodo (discrete adjoint method).

Oi lìgoi pou h suzug c aut  diatÔpwsh prosdiorÐzetai epiplèon wc diakrit  eÐ-
nai (a) gia na xeqwrÐsei apì th suneq  suzug  diatÔpwsh pou ja orÐsoume kai ja
qrhsimopoi soume idiaÐtera sth sunèqeia kai (b) gia na tonÐsei to ìti h b�sh thc ìlhc
an�ptuxhc eÐnai diakritopoihmènec exis¸seic. Gia par�deigma, h exÐswsh 6.11 eÐnai h
diakrit  morf  thc 6.10, dhlad  h exÐswsh 6.10 grammènh stouc kìmbouc. To Ðdio
isqÔei kai gia thn exÐswsh 6.12. Ergazìmenoi, dhlad  me th diakrit  suzug  mèjodo,

praktik� qeirizìmaste ta arijmhtik� stoiqeÐa mhtr¸wn suntelest¸n, ìpwc to ∂
−→
R

∂
−→
b
kai

dianÔsmata kombik¸n tim¸n posot twn, ìpwc ta δ
−→
U kai δ

−→
b .

Me afethrÐa tic exis¸seic 6.9 kai 6.12 kai apaleÐfontac to δ
−→
U , gr�foume th

metabol  thc antikeimenik c sun�rthshc wc

δF =

− ∂F
∂
−→
U

[
∂
−→
R

∂
−→
U

]−1
∂
−→
R

∂
−→
b

+
∂F

∂
−→
b

 δ
−→
b (6.20)
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ParathroÔme ìti h 6.20 eÐnai epark c ¸ste na upologisjeÐ h metabol  δF gia k�je

sunist¸sa metabol c δ
−→
b . Sthn perÐptwsh aut , h suzug c metablht 

−→
Ψ emplèketai

kai p�li me skopì na apofÔgoume thn antistrof  mhtr¸ou thc sqèshc 6.20. OrÐzontac
tic suzugeÐc metablhtèc me th sqèsh 6.17, h metabol  thc antikeimenik c sun�rthshc
lamb�nei kai p�li th morf 

δFaug =

(
∂F

∂
−→
b
−
−→
ΨT ∂

−→
R

∂
−→
b

)
δ
−→
b (6.21)

dhlad  tic  dh gnwstèc sqèseic 6.18, 6.19. H sqèsh 6.21 ulopoieÐ telik� th diakrit 
suzug  mèjodo, dhlad  th sundèei me mia mèjodo elaqistopoÐhshc, ìpwc aut  thc
apìtomhc kajìdou.

6.3 Diakrit  Suzug c Mèjodoc kai Upologis-

tikì Kìstoc

Sthn enìthta aut  ja analujoÔn poll� perissìtera apì ìsa perièqei o sÔntomoc
tÐtloc thc. H parousÐash pou akoloujeÐ sthrÐzetai, gia epoptikoÔc kai mìno lì-
gouc, sth diakrit  suneq  mèjodo, h opoÐa ja parousiasjeÐ �xan�� gia probl ma-
ta miac kai perisìtèrwn thc miac metablht¸n sqediasmoÔ, p�nta gia monokrithriak 
beltistopoÐhsh. Ja faneÐ se ti akrib¸c sunÐstatai autì pou onom�zoume duadikì
prìblhma (dual problem), pwc èna prìblhma elaqistopoÐhshc miac antikeimenik c
sun�rthshc F (sqèsh 6.8) mporeÐ na lujeÐ me thn eujeÐa   th suzug  prosèggish kai
poia apì tic dÔo proseggÐseic kai pìte sumfèrei na qrhsimopoihjeÐ.

Wc afethrÐa, epanadiatup¸netai h sqèsh 6.9 wc

δF =
∂F

∂
−→
U

d
−→
U

d
−→
b
δ
−→
b +

∂F

∂
−→
b
δ
−→
b =

(
∂F

∂
−→
U

d
−→
U

d
−→
b

+
∂F

∂
−→
b

)
δ
−→
b (6.22)

me pleonèkthma ìti h nèa morf  perièqei eujèwc thn par�gwgo d
−→
U

d
−→
b
, h opoÐa ekfr�zei

th �diakrit � epÐdrash twn metabol¸n thc gewmetrÐac
−→
b stic timèc twn megej¸n thc

ro c stouc kìmbouc enìc plègmatoc. Me b�sh touc genikoÔc sumbolismoÔc pou diè-
poun autèc tic shmei¸seic, ìpou upenjumÐzetai ìti N eÐnai to pl joc twn metablht¸n
sqediasmoÔ kai κ to pl joc twn diakrit¸n roðkèc posìthtec pou perigr�foun to
pedÐo ro c (l.q. oi timèc twn megej¸n aut¸n stouc kìmbouc tou qrhsimopoioÔmenou
plègmatoc), ta dianÔsmata   mhtr¸a pou emplèkontai sth sqèsh 6.22 eÐnai sqhmatik�:
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∂F

∂
−→
U

=
· · · ↕ 1

← κ → ,
∂F

∂
−→
b

=
· · · ↕ 1
←N →

−→
b =

↑
... N
↓

1

,
−→
U =

↑

... κ

↓
1

,
d
−→
U

d
−→
b

=

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

en¸, bèbaia, h δF eÐnai bajmwt  posìthta. Gia thn ousiastik  katanìhsh, kai gia
pragmatik� probl mata beltistopoÐhshc sthn aerodunamik , eÐnai κ >> N kai, m�l-
ista, h diafor� touc mporeÐ na eÐnai arketèc t�xeic megèjouc.

Sth sqèsh 6.22, h par�gwgoc pou antistoiqeÐ sthn eujeÐa ex�rthsh�euaisjhsÐa
thc antikeimenik c sun�rthshc wc proc tic metablhtèc sqediasmoÔ, dhlad  h ∂F

∂
−→
b
, up-

ologÐzetai �mesa ìtan eÐnai gnwst  h parametropoÐhsh. Gia par�deigma, an F ≡ CL ∝∫
(pnycosa− pnxsina)ds ≈

∑
i(pnycosa− pnxsina)ds (a eÐnai h gwnÐa thc ep' �peiro

ro c), ìpou h �jroish gÐnetai gia ìla ta eujÔgramma tm mata pou orÐzontai apì dÔo
diadoqikoÔc kìmbouc sto perÐgramma miac aerotom c, arkeÐ na brejoÔn oi par�gwgoi

gewmetrik¸n posot twn (twn nx, ny, ds) wc proc
−→
b , gia to trèqon pedÐo pièsewn.

ExÐsou eÔkoloc eÐnai kai o upologismìc thc parag¸gou ∂F

∂
−→
U
. To pragmatikì prìblh-

ma ¸ste na eÐnai praktik� qr simh h sqèsh 6.22 eÐnai na upologisjeÐ h par�gwgoc
d
−→
U

d
−→
b
.

O upologismìc thc teleutaÐac gÐnetai efiktìc qrhsimopoi¸ntac th sqèsh 6.12,

h opoÐa ekfr�zei ìti h diamorfoÔmenh ro  met� th diakÔmansh δ
−→
b suneqÐzei na

ikanopoieÐ tic (grammikopoihmènec kai me diakritì trìpo grammènec) exis¸seic thc
ro c. H 6.12 xanagr�fetai sth morf 

∂
−→
R

∂
−→
U

d
−→
U

d
−→
b

+
∂
−→
R

∂
−→
b

= 0 ⇒ A
d
−→
U

d
−→
b

+
∂
−→
R

∂
−→
b

= 0 (6.23)

ìpou to tetragwnikì mhtr¸o A orÐzetai wc

A =
∂
−→
R

∂
−→
U

'Opwc kai prohgoumènwc, apeikonÐzontai sqhmatik� ta dianÔsmata kai mhtr¸ta thc
sqèshc 6.23. EÐnai:
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A =

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

,
∂
−→
R

∂
−→
b

=

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

O sundiasmìc twn sqèsewn 6.22 kai 6.23 odhgeÐ se dÔo trìpouc ergasÐac ¸ste
na upologisjeÐ to δF  , isodÔnama, to dF

d
−→
b
. AutoÐ eÐnai:

• H EujeÐa Mèjodoc: EÐnai o profan c trìpoc ergasÐac. Lìgw thc 6.23,
epilÔetai h wc proc ,

A
d
−→
U

d
−→
b

= −∂
−→
R

∂
−→
b

(6.24)

kai oi timèc tou d
−→
U

d
−→
b
pou upologÐzontai antikajÐstantai sthn 6.22 ¸ste na up-

ologisjeÐ to δF .

• H Suzug c Mèjodoc: O deÔteroc trìpoc ergasÐac, o opoÐoc mac eis�gei

kai sthn ènnoia thc duadikìthtac, prokÔptei arqik� me apaloif  tou d
−→
U

d
−→
b
apì

thn 6.22, h opoÐa ètsi gr�fetai wc

δF =

− ∂F

∂
−→
U

A−1︸ ︷︷ ︸
−→
ΨT

∂
−→
R

∂
−→
b

+
∂F

∂
−→
b

 δ
−→
b

H posìthta pou uposhmei¸netai sthn exÐswsh orÐzetai wc to duadikì   suzugèc

pedÐo
−→
Ψ (di�nusma st lhc di�stashc κ × 1) kai upologÐzetai apì thn epÐlush

thc diakrit c suzugoÔc exÐswshc

AT −→Ψ =

[
∂F

∂
−→
U

]T

(6.25)

opìte to δF prokÔptei wc

δF =

(
−
−→
ΨT ∂

−→
R

∂
−→
b

+
∂F

∂
−→
b

)
δ
−→
b (6.26)
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Endiafèrousa eÐnai h sÔgkrish se upologistikì kìstoc thc eujeÐae kai thc suzu-
goÔc mejìdou. H sÔgkrish aut  akoloujeÐ, arqik� gia prìblhma beltistopoÐhshc
me mia metablht  sqediasmoÔ (N = 1) kai, sth sunèqeia, gia N > 1 metablhtèc
sqediasmoÔ.

6.3.1 SÔgkrish EujeÐac kai SuzugoÔc Mejìdou gia N =
1

Gia mia mìno metablht  sqediasmoÔ, to di�nusma
−→
b ekfulÐzetai sth bajmwt  posìth-

ta b kai oi dÔo mèjodoi epanadiatup¸nontai wc:

• H EujeÐa Mèjodoc: EpilÔetai h exÐswsh 6.24,   sqhmatik�

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

·

↑

... κ

↓
1

=

↑

... κ

↓
1

me upologistikì kìstoc autì thc arijmhtik c epÐlushc grammikoÔ sust matoc

κ × κ exis¸sewn. H antikat�stash tou d
−→
U

d
−→
b
sthn 6.22, pr�xh pou sqhmatik�

gr�fetai wc

δF =


· · · ↕ 1

← κ → ·

↑

... κ

↓
1

+
1

1


1

1

stoiqÐzei ìso to ginìmeno dÔo dianusm�twn, kìstoc praktik� amelhtèo se sqèsh
me thn epÐlush tou grammikoÔ sust matoc.

• H Suzug c Mèjodoc: H epÐlush thc suzugoÔc exÐswshc 6.25 dÐnetai sqh-
matik� wc
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· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

·

↑

... κ

↓
1

=

↑

... κ

↓
1

kai èqei, ìpwc kai h eujeÐa mèjodoc to kìstoc thc arijmhtik c epÐlushc gram-

mikoÔ sust matoc κ× κ exis¸sewn. H antikat�stash tou
−→
Ψ sthn 6.26, pr�xh

pou sqhmatik� gr�fetai wc

δF =


· · · ↕ 1

← κ → ·

↑

... κ

↓
1

+
1

1


1

1

èqei, kai p�li, amelhtèo kìstoc.

To sumpèrasma eÐnai ìti se èna prìblhma beltistopoÐhshc me mia metablht  sqe-
diasmoÔ (N = 1), h qr sh eÐte thc eujeÐac   thc suzugoÔc mejìdou èqei praktik� to
Ðdio upologistikì kìstoc, �ra opoiad pote epilog  an�mesa stic dÔo eÐnai adi�forh.

6.3.2 SÔgkrish EujeÐac kai SuzugoÔc Mejìdou gia N >

1

Gia perissìterec thc miac metablhtèc sqediasmoÔ, isqÔoun ta parak�tw:

• H EujeÐa Mèjodoc: EpilÔetai h exÐswsh 6.24,   sqhmatik�

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

·

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

=

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →
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pou isodunameÐ me thn epÐlush N susthm�twn, me to Ðdio κ × κ mhtr¸o sun-

telest¸n (aristerì mèloc) kai diaforetik� dexi� mèlh (k�je st lh tou −∂
−→
R

∂
−→
b
).

K�je tètoia epÐlush ja d¸sei ta stoiqeÐa miac st lhc tou d
−→
U

d
−→
b
. Praktik�,

apaiteÐtai ì upologismìc kai apoj keush tou A−1 kai, an autì eÐnai efiktì
(h apoj keush olìklhrou tou mhtr¸ou gia meg�lec timèc tou κ eÐnai pijanìn
asÔmforh   kai adÔnath) to sunolikì kìstoc ja epibarunjeÐ me autì twn N

pollaplasiasm¸n mhtr¸ou me di�nusma. H antikat�stash tou d
−→
U

d
−→
b
sthn 6.22,

pr�xh pou sqhmatik� gr�fetai wc

δF =


· · · ↕ 1

← κ → ·

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

+
· · · ↕ 1
←N →



↑
... N
↓

1

stoiqÐzei ìso N ginìmena dianusm�twn, dhlad  èqei sugkritik� amelhtèo kìs-
toc.

• H Suzug c Mèjodoc: H epÐlush thc suzugoÔc exÐswshc 6.25 apeikonÐzetai
sqhmatik�, akrib¸c ìpwc kai sthn perÐptwsh N = 1, wc

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

·

↑

... κ

↓
1

=

↑

... κ

↓
1

kai èqei, se antÐjesh me thn eujeÐa mèjodo, kìstoc miac mìno arijmhtik c
epÐlushc grammikoÔ sust matoc κ×κ exis¸sewn, �sqeta me thn tim  tou

N . H antikat�stash tou
−→
Ψ sthn 6.26, pr�xh pou sqhmatik� gr�fetai wc
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δF =


· · · ↕ 1

← κ → ·

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

+
· · · ↕ 1
←N →



↑
... N
↓

1

èqei, kai p�li, amelhtèo kìstoc.

Sthn perÐptwshN > 1, sumperaÐnoume ìti h qr sh thc suzugoÔc eÐnai perissìtero
sumfèrousa se upologistikì kìstoc apì thn eujeÐa mèjodo kai, m�lista, to kèrdoc
aux�nei ìso aux�nei h tim  tou N .

6.4 Suneq c Suzug c Mèjodoc

Mèqri t¸ra gnwrÐsame th diakrit  suneq  mèjodo. Basikì thc gn¸risma kai ei-
dopoiìc thc diafor� apì th suneq  suzug  mèjodo pou ja parousiasjeÐ sth sunè-
qeia eÐnai ìti pr¸ta grammikopoioÔme (an eÐnai mh�grammikèc) kai diakritopoioÔme thn
antikeimenik  sun�rthsh kai tic exis¸seic ro c kai sth sunèqeia par�goume thn proc
epÐlush suzug  exÐswsh. 'Etsi, h teleutaÐa prokÔptei se mhtrwðk  graf  kai eÐnai
ètoimh proc arijmhtik  epÐlush.

H suneq c suzug c mèjodoc (continuous adjoint method) basÐzetai kai
aut  sthn epauxhmènh antikeimenik  sun�rthsh Faug. H diafor�, ìmwc, eÐnai ìti h
Faug suntÐjetai apì thn analutik  èkfrash thc antikeimenik c sun�rthshc (l.q. mia
oloklhrwmatik  posìthta, ennoeÐtai prin apì th diakritopoÐhs  thc) kai apì to olok-
l rwma (se ìlo to qwrÐo) twn exis¸sewn kat�stashc (ed¸, twn exis¸sewn ro c)
pollaplasiasmènwn me th sun�rthsh twn suzug¸n metablht¸n. Me to Ðdio skeptikì
pou akolouj jhke kai sth diakrit  mèjodo (dhlad , na katasteÐ h metabol  thc an-
tikeimenik c sun�rthshc anex�rthsh k�je metabol c megej¸n thc ro c) entopÐzontai
posìthtec pou prèpei na mhdenisjoÔn kai autì par�gei tic suzugeÐc exis¸seic kai
tic oriakèc touc exis¸seic. Aut� eÐnai ìmwc se analutik  graf  kai apaitoÔn diakri-
topoÐhsh. 'Ara sth suneq  suzug  mèjodo, h diakritopoÐhsh akoloujeÐ thn paragwg 
thc suzugoÔc exÐswshc, se antÐjesh me th diakrit  mèjodo pou h diakritopoÐhsh pro-
hgeÐtai kai ètsi oi suzugeÐc exis¸seic par�gontai apeujeÐac se diakrit  morf .

Ja parousi�soume th suneq  suzug  mèjodo me èna aplì par�deigma.
JewroÔme th qronik� mìnimh, strwt  ro  asumpÐestou, sunektikoÔ reustoÔ an�me-

sa se sÔo par�llhlec pl�kec, se apìstash L, bl. sq ma 6.3. Oi dÔo pl�kec eÐnai
sto y = 0 kai sto y = 1. Se mia tètoia ro , h egk�rsia klÐsh thc statik c pÐeshc
eÐnai mhdèn, ∂p

∂y
= 0 kai h axonik  taqÔthta u, pou eÐnai kai h monadik  mh�mhdenik 
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y

u

y=0

y=1

Sq ma 6.3: Qronik� mìnimh, strwt  ro  asumpÐestou, sunektikoÔ
reustoÔ an�mesa se sÔo par�llhlec pl�kec, se apìstash L.

sunist¸sa thc taqÔthtac ikanopoieÐ th sun jh diaforik  exÐswsh

µ
d2u

dy2
− k = 0 (6.27)

ìpou k eÐnai h stajer  klÐsh thc pÐeshc sth diam kh kateÔjunsh,

k =
dp

dx
=
p(L)− p(0)

L
(6.28)

O suntelest c dunamik c sunektikìthtac µ jewreÐtai ìti paramènei stajerìc.

Skopìc mac eÐnai na upologisjoÔn oi timèc tou k kai tou µ oi opoÐec dÐnoun katanom 
taqÔthtac u(y) to dunatìn plhsièsterh se dedomènh katanom  utar(y), me utar(0) =
utar(1) = 0. Gia to skopì autì, ja qrhsimopoihjeÐ h mèjodoc thc apìtomhc ka-
jìdou, me th suneq  suzug  mèjodo gia ton upologismì thc klÐshc thc antikeimenik c
sun�rthshc F wc proc ta k kai µ.

Arqik� orÐzetai h antikeimenik  sun�rthsh pou prèpei na elaqistopoihjeÐ wc

F =
1

2

∫ 1

0

(u(y)−utar(y))
2 dy

kai, mazÐ thc, h epauxhmènh sun�rthsh

Faug =
1

2

∫ 1

0

(u(y)−utar(y))
2 dy −

∫ 1

0

Ψ

(
µ
d2u

dy2
−k
)
dy

H metabol  thc Faug, pou ja eÐnai Ðdia me th metabol  thc F , miac kai epaux jhke me
thn exÐswsh thc ro c (pou ikanopoieÐtai, �ra to upìloipì thc eÐnai mhdenikì) dÐnetai
apì th sqèsh

δFaug =

∫ 1

0

(u(y)−utar(y)) δudy −
∫ 1

0

Ψδ

(
µ
d2u

dy2
−k
)
dy (6.29)
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To teleutaÐo olokl rwma sto dexÐ mèloc thc exÐswshc 6.29 gr�fetai wc can be written
ac ∫ 1

0

Ψδ

(
µ
d2u

dy2
−k
)
dy=

∫ 1

0

Ψδµ
d2u

dy2
dy +

∫ 1

0

Ψµ
d2(δu)

dy2
dy −

∫ 1

0

Ψδkdy

Epeid  dµ
dy

= 0, mporeÐ eÔkola na deiqjeÐ ìti∫ 1

0

Ψµ
d2(δu)

dy2
dy=

∫ 1

0

d

dy

(
Ψµ

d(δu)

dy

)
dy −

∫ 1

0

d

dy

(
dΨ

dy
µδu

)
dy +

∫ 1

0

d2Ψ

dy2
µδudy

 , ìti, ∫ 1

0

Ψµ
∂2(δu)

∂y2
dy =

[
Ψµ

d(δu)

dy

]1

0

−
[
dΨ

dy
µδu

]1

0

+

∫ 1

0

d2Ψ

dy2
µδudy

ìpou o deÔteroc ìroc sto dexÐ mèloc isoÔtai me mhdèn afoÔ δu=0 stic jèseic y=0
kai y=1.

Antikajist¸ntac autèc tic ekfr�seic sth sqèsh 6.29 paÐrnoume

δFaug =

∫ 1

0

(u(y)−utar(y)) δudy︸ ︷︷ ︸
AE

−
∫ 1

0

Ψδµ
d2u

dy2
dy︸ ︷︷ ︸

SD

−
[
Ψµ

d(δu)

dy

]1

0︸ ︷︷ ︸
AEBC

−
∫ 1

0

d2Ψ

dy2
µδudy︸ ︷︷ ︸

AE

+

∫ 1

0

Ψδkdy︸ ︷︷ ︸
SD

(6.30)

H suzug c exÐswsh (suzug c sun jhc diaforik  exÐswsh) sqhmatÐzetai apì ta oloklhr¸-
mata pou shmei¸nontai me AE kai èqei th morf 

µ
d2Ψ

dy2
− u(y) + utar(y) = 0 (6.31)

Aut  h exÐswsh prèpei na lujeÐ me mhdenikèc sunj kec gia gia to Ψ sta dÔo �kra
tou m kouc melèthc

Ψ(0)=0 , Ψ(1)=0 (6.32)

ìpwc akrib¸c upagoreÔetai apì touc ìrouc pou shmei¸nontai me AEBC. Ikanopoi¸n-
tac tic exis¸seic 6.31 kai 6.32, ìloi oi ìroi sthn exÐswsh 6.30 pou perièqoun th
metabol  δu   tic parag¸gouc thc kat� y kajÐstantai mhdenikoÐ tìso sto eswterikì
ìso kai sta dÔo ìria. 'Etsi, apomènei ìti

δF = −
∫ 1

0

Ψδµ
d2u

dy2
dy +

∫ 1

0

Ψδkdy (6.33)

pou apoteleÐ kai thn èkfrash thc ex�rthshc tou δF apì ta δµ kai δk. Wc ek toÔtou,
prokÔptoun oi ekfr�seic twn zhtoÔmenwn parag¸gwn

δF

δk
=

∫ 1

0

Ψdy ,
δF

δµ
= −

∫ 1

0

Ψ
d2u

dy2
dy (6.34)

pou ja qreiastoÔn gia na uposthrÐxoun th mèjodo thc apìtomhc kajìdou.
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Kef�laio 7

Proteinìmenh BibliografÐa

H bibliografÐa se jèmata beltistopoÐhshc eÐnai ekten c kai, sthn pleioyhfÐa thc,
sÔgqronh, gegonìc pou pistopoieÐ ìti eÐnai jèma aiqm c sthn aerodunamik  all�
kai se opoiad pote �llh episthmonik  perioq .

AkoloujeÐ ènac kat�logoc biblÐwn, me sÔntoma sqìlia, pou ja mporoÔse na faneÐ
qr simoc se foithtèc pou ja apofasÐsoun na anazht soun perissìtera stoiqeÐa gia
tic mejìdouc beltistopoÐhshc:

• To biblÐo Numerical Optimization Techniques for Engineering De-
sign: With Applications twn G.N. Vanderplaats apì tic ekdìseic McGraw–
Hill (1984) (ISBN 0−07−066964−3) eÐnai apì ta pr¸ta, klasik� plèon, biblÐa
beltistopoÐhshc. Parousi�zei eisagwgik� tic basikìterec mejìdouc aitiokratik -
c beltistopoÐhshc, me poll� paradeÐgmata kurÐwc apì thn perioq  twn kataskeu¸n.

• 'Ena �llo klasikì biblÐo beltistopoÐhshc eÐnai to Practical Optimization
twn P.E. Gill, W. Murray, M.H. Wright apì tic ekdìseic Academic Press (1981)
(ISBN 0−12−283952−8). EÐnai prosanatolismèno perissìtero sth majhmatik 
jemelÐwsh twn aitiokratik¸n mejìdwn beltistopoÐhshc. ApoteloÔse th basik 
anafor� gia sqetikèc ergasÐec gia mia toul�qiston dekaetÐa.

• To biblÐo Numerical Optimization twn J. Nocedal, M.H. Wright apì tic
ekdìseic Springer (1999) (ISBN 0− 387− 98793− 2) apoteleÐ ousiastik� mia
emploutismènh, epektetamènh epanèkdosh tou prohgoÔmenou biblÐou (o basikìc
suggrafèac eÐnai o Ðdioc). EÐnai exairetikì bo jhma gia ìsouc jèloun na
katano soun tic aitiokratikèc mejìdouc se b�joc. H an�gnwsh tou biblÐou
apaiteÐ kalì majhmatikì upìbajro.

• To biblÐo Nonlinear Multiobjective Optimization thc K. Miettinen apì
tic ekdìseic Kluwer Academic Publishers (1999) esti�zei apokleistik� se prob-
l mata poll¸n stìqwn. EÐnai grammèno apì majhmatikì kai apaiteÐ kalì majh-
matikì upìbajro apì ton anagn¸sth.

• To biblÐo Genetic Algorithms in Search, Optimization and Machine
Learning tou D. Goldberg apì tic ekdìseic Addison–Wesley (1989) (ISBN
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0 − 201 − 15767 − 5) eÐnai to klasikì an�gnwsma gia ìsouc epijumoÔn mia
bajei� gnwrimÐa me touc genetikoÔc algìrijmouc. Se poll� shmeÐa tou, to
biblÐo aggÐzei to ìria thc filosofik c prosèggishc twn mejìdwn aut¸n. AxÐzei,
kat� th gn¸mh tou gr�fontoc, na to melet sei kaneÐc afoÔ pr¸ta gnwrÐsei kai
programmatÐsei, wc k�poio epÐpedo, touc genetikoÔc algìrijmouc.

• To biblÐo Genetic Algorithms + Data Structures = Evolution Pro-
grams tou Z. Michalewicz apì tic ekdìseic Springer-Verlag (1992) (ISBN
3 − 540 − 58090 − 5) eÐnai kalogrammèno, polÔ analutikì kai sunist�tai gi-
a ìsouc epijumoÔn na m�joun kai na programmatÐsoun genetikoÔc algìrijmouc.

• To biblÐo Evolutionary Computation: Toward a New Philosophy of
Machine Intelligence tou D. Fogel apì tic ekdìseic IEEE Press (1998) (ISBN
0 − 7803 − 5379 − X) epiqeireÐ na analÔsei se b�joc jèmata pou aforoÔn
exeliktikoÔc upologismoÔc.

• To biblÐo How to Solve it: Modern Heuristics twn Z. Michalewicz, D.B.
Fogel apì tic ekdìseic Springer (2000) (ISBN 3 − 540 − 66061 − 5) eÐnai è-
nac sÔgqronoc, mh�majhmatikìc odhgìc sto ti prèpei na k�nei k�poioc gia na
antimetwpÐsei probl mata beltistopoÐhshc. To biblÐo eÐnai exairetik� kalo-
grammèno kai xefeÔgei apì ta sten� ìria thc beltistopoÐhshc.

• To biblÐo Mathematical Methods of Airfoil Design twn A.M. Elizarov,
N.B. Il’inskiy, A.V. Potashev apì tic ekdìseic Akademie-Verlag (1997) (ISBN
3− 05− 501701− 3) parousi�zei mia pl rh (eidik  Ðswc) majhmatik  diadikasÐa
gia th sqedÐash aerotom¸n.

Tèloc, mia prìsfath anaskìphsh twn trìpwn qr shc twn exeliktik¸n algìri-
jmwn, kai m�lista se sunduasmì me mejìdouc upologistik c eufuÐac, gia th sqedÐ-
ash bèltistwn aerodunamik¸n morf¸n perièqetai sthn ergasÐa anaskìphshc (review
paper) me tÐtlo: Design of Optimal Aerodynamic Shapes using Stochas-
tic Optimization Methods and Computational Intelligence, upì K.C. Gian-
nakoglou, pou èqei dhmosieujeÐ sto periodikì International Review Journal Progress
in Aerospace Sciences, Vol. 38, pp. 43− 76, 2002.
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