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STRUCTURED (CURVILIN-
EAR BODY-FITTED) GRIDS (POLAR
GRID)

N\ Covariant Vector Basis (v.b.):
At each point of the structured grid, on the
(z,y) plane, this is defined using the following
vector bases

72:_r:(xna yn)

The covariant second—order metrics are defined
as

gij:?i : 73‘
namely

911=x§+y§, 922:%274‘%2,7
Any vector Z can be analyzed on this vector
basis as

A=a7,
where A’ are its contravariant components. 7
is the position vector.

%\ Contravariant Vector Basis: This
is defined by the vector basis

T =Ve=(6.8),  TP=Vn=(nmy)

*This formula sheet is the only aid students may use
during their examination on the relevant material. There
may be typos. It is each student’s responsibility to check
it against the textbook and their notes. The instructor
kindly asks to be informed of any corrections.
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The contravariant second—order metrics are de-
fined as

=7
namely
9=+ &,

g?=ni+n,  9P=g"'=CntEmy.

Any vector Z can be analyzed on this vector
basis as

A=A7"
where A; are its covariant components.
%\ Fundamental Relationships: It is
g’ =6l

where 07 is the Kronecker symbol. From this
expression, it can be proved that A,-:Z-?i and
A=A .G 1

J=Teyn—xnYe

is the Jacobian of the transformation (x,y) <>
(§,7), then
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Similarly
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The elementary arc-length is ds? = g;;d€'d¢;. A
twice-repeated index implies summation (Ein-
stein convention).

N\ Differential Operators: The gra-
dient of a scalar function ® is written as

0P,
W)_(?Si?

The divergence of a vector function Z is written
as

_lo(JAY
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The Laplace operator, applied to ®, becomes
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where (1 =¢, £2=n.
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%\ Derivatives of the covariant v.b:
It is

oci :Fij?k

where the Christoffel symbols of the second kind
are defined as

9Yjm _ 99i;
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Structured Grid generation
The
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based on Elliptic type PDE’s:
following PDEs

v2£m — fm

must be solved; these are transformed to (&,7)
as follows:
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Functions f™ act as grid-quality control mech-
anisms. For 2D grids, these equations can be
developed as:

9221'§£—2912.1'£77+911$m7+szll'g—FJQfon =0
922?;55—2912y§n+911ynn+J2fly§+J2f2?Jn =0

STRUCTURED
GRIDS

%\ First Fundamental Form of the
Surface: At each point on the surface which
is associated with a parameterization (£, n), the
first fundamental form of the surface (I) is de-
fined as

SURFACE

d7v

[=d7-
It is
I = Ed&*+2Fd&dn+Gdn? = g;;dE' dé?

where

are the first fundamental coefficients of the sur-
face at this point. Quantity I is invariant,
thus independent of the parameterization (&, 7).
However, the first fundamental coefficients of
the surface (or the covariant second-order met-
rics) depend on the parametrization. The sur-
face Jacobian is expressed in terms of them as

Js:\/EG—FZZ\/glngz —9%2

%\ Unit Normal Vector to the Sur-
face: At each point on the surface which is
associated with the parameterization (£, 7), the
unit normal vector is

ﬁ_ 7§X7>7]
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%\ Second Fundamental Form of the
Surface: At each point on the surface which
is associated with a parameterization (§,7), the
second fundamental form of the surface is de-

fined (I7) as
[T=—d7-dN =7 -dN
it is
1= Ld€*+2Md¢dn+ Ndn® = Q;dg de?
where
L=0n=—Te¢Ne=Te N
M =00 = (PN 4 7N ) =P N
N =Qupy=—7 N,=7,) N

are the second fundamental coefficients of the
surface at this point. Quantity /7 is invariant,
thus independent of the parameterization (&, 7).
However, the second fundamental coefficients of
the surface depend on the parametrization.

%\ Curvatures: If C is a curve on a
surface S, associated with the parametrization
(&,m), the normal curvature vector k ,, at a point
P of C is given by

En=(K-N)N

%
where k is the curvature vector of C' at P.
The normal curvature k,, is defined as

=T Rl

and, as the ratio of two invariant quantities, is
also invariant.

All curves on surface S which pass by point
P and are, there, tangent to the same staright
line, have the same normal curvature value.

The normal section of a surface at point P is
every curve of S which corresponds to its section
by a plane that includes the normal unit vector
% at P.

The curvature of a normal section of S at P
is equal to the normal curvature at P, which is
invariant, for the said cross—section.

The principal directions are those d¢ : dn at
P at which k,, becomes maximum and mini-
mum. The corresponding normal curvatures are
referred to as the principal curvatures. These,
denoted by k (k1 and k) are the roots of equa-
tion

(EG—F*) k*>~(EN+GL-2F M )r+ (LN-M?*) =0

The mean curvature p at a point P os a sur-
face S is equal to half of the sum of the local
principal directions,

1( i) EN+GL-2FM 1
= — K = = —
AT = BG—F2) 2

gijQij

where the contravariant second-order metrics
are related to the covariant ones through the
following relationships

n_92  n_ g0 »_gn
- J2’ - J2’ - J2
while
ging™ =6

The Gaussian curvature K as a point P os
surface S is equal to the product of the local
principal curvatures,

LN—M2 . 911922—9%2
EG—F? 911922—9%2

K=kKiko=

At each point of the surface, the mean cur-
vature and the Gaussian curvature are both in-
variant.

%\ Gauss-Weingarten Equations:
Gauss Equations:

Tee = F117£+F§17n+911ﬁ

— — —
Pey = ThPeTL 7, Q0N
— - -
Tm = F52r§+1—‘32rﬁ+922ﬁ

or

?,ij = Ffj?,k‘i‘QUﬁ



where Ffj are the surface Christoffel symbols of
the second kind. These are:

GE;—2FF:+FE,
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Weingarten Equations:
ﬁf = 511?§+5%?n
ﬁn = 521?54‘522777
or
ﬁﬂ' - ﬁg?J

where

MF—-LG
~ EG-F?
, LF—-ME
~ EG-F?
., NF-MG
 EG-F?
s, MF-NE
~ EG-F?

Contraction of the Gauss equations with ¢

yields

9T =g T = gijQijﬁ = Qllﬁ

% Useful relationships:
proved that

It can be
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%\ The Beltrami Operator: The Bel-
trami operator, a.k.a. as the surface Laplace

operator is
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It can be proved that

%\ Generation of Surface Structured
Grids using Elliptic type PDEs: Requiring
that

vign =
the following equation
9T G T k= QMﬁ

can be derived, or
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