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PerÐlhyh

H diplwmatik  ergasÐa pragmateÔetai th qr sh thc mejìdou tou Idio-Genikeumènou Diaqwri-
smoÔ (Proper Generalized Decomposition-PGD) gia thn prìlexh pedÐwn wc lÔseic peplegmènwn
merik¸n diaforik¸n exis¸sewn (MDE). H mèjodoc aut  an kei sthn kathgorÐa twn mejìdwn
Montèlwn Meiwmènhc T�xhc (Reduced Order Models-ROMs), mia oikogèneia mejìdwn pou
dÔnatai na elatt¸soun thn apaitoÔmenh upologistik  isqÔ kai mn mh gia thn epÐlush enìc
probl matoc me pollèc paramètrouc. SÔmfwna me to PGD, èna poluparametrikì prìblhma
to opoÐo sumbatik� ja apaitoÔse thn epÐlush k�poiwn MDE, mporeÐ na upobajmisteÐ ¸ste h
lÔsh tou na prokÔyei wc lÔsh k�poiwn anex�rthtwn metaxÔ touc 1D SDE. Sth sunèqeia, autèc
oi sunart seic, se morf  ajroÐsmatoc ginomènwn, ja d¸soun mia prosèggish twn pedÐwn pou
apoteloÔn lÔsh thc exÐswshc.

H ergasÐa qwrÐzetai se dÔo basik� mèrh ta opoÐa eÐnai ìmwc �krwc allhlèndeta. To pr¸to
mèroc pragmateÔetai th leitourgÐa thc mejìdou gia thn epÐlush tou 2D sust matoc exis¸sewn
Burgers, arqik� se kartesianì kai, sth sunèqeia, se kampulìgrammo plègma. Sto deÔtero mèroc,
h mèjodoc PGD exet�zetai wc proc thn apodotikìtht� thc sthn epÐlush twn suzug¸n pedÐwn
twn 2D exis¸sewn Burgers, me skopì th qr sh tou sth suneq  suzug  mèjodo, gia qr sh sth
beltistopoÐhsh.

IdiaÐtero endiafèron èqei ìqi mìno h el�ttwsh thc apaitoÔmenhc mn mhc kat� thn epÐlush tou
prwteÔontoc probl matoc all� kai kat� thn epÐlush tou suzugoÔc pedÐou gia ton upologismì
twn parag¸gwn sunart sewn kìstouc se probl mata beltistopoÐhshc. Dedomènou twn meg�lwn
apait sewn mn mhc thc suzugoÔc mejìdou enìc qronik� mh-mìnimou probl matoc, to PGD
dÔnatai na elatt¸sei shmantik� tìso thn apaitoÔmenh upologistik  isqÔ gia ton upologismì tou
suzugoÔc pedÐou kai thn apaitoÔmenh mn mh, prosfèrontac th dunatìthta qr shc thc suzugoÔc
mejìdou se meg�lhc klÐmakac probl mata.
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Abstract

This diploma thesis is concerned with the implementation of the Proper Generalized
Decomposition - PGD method for the numerical solution of 2D partial differential equations
(PDEs). PGD belongs in a wider group of methods known as Reduced Order Models (ROMs).
Their aim is to lower the computational cost and memory required for the numerical solution
of a multi-dimensional problem governed by a single PDE or a system of PDEs. According to
the PGD, a multi-dimensional problem, can be reformulated so that its solution is achieved
by a number of far simpler ODEs, each of which is a function of a single dimension. These
functions -as solutions to these ODEs- in the form of a sum of multiples, is able to produce an
approximation to the solution to the governing PDEs.

This diploma thesis is thematically split into two parts, which are however fully interrelated.
The first part consists of the application of the PGD method as a solver to the 2D system of
the Burgers equations, initially in a cartesian and, then, a curvilinear grid. The second part
involves the application of PGD as a solver in the adjoint problem of the above system, for use
in the continuous adjoint optimization procedure (with a selected objective function).

Attention is paid not only to the reduced memory requirements during the solution of the
primal (the 2D Burgers equations, herein) problem, but also during the solution of the adjoint
field, for the computation of the sensitivity derivatives, for use in optimization problems. Since
an unsteady adjoint problem has exceptionally high memory requirements, PGD can vastly
reduce the required computational cost and memory needed for the computation of the adjoint
field.
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Kef�laio 1

Eisagwg 

1.1 Montèla Meiwmènhc T�xhc

Ta teleutaÐa qrìnia, oi upologistikèc mèjodoi exelÐssontai me ekjetik� auxanìmenouc rujmoÔc,
tìso apì th meri� twn upologistik¸n montèlwn, ìso kai apì thn isqÔ twn Ðdiwn twn
upologistik¸n susthm�twn sta opoÐa aut� ekteloÔntai. Aut  h prìodoc èqei katast sei
efikt  thn prosomoÐwsh pl jouc fainomènwn me exairetik  akrÐbeia, sumperilambanomènwn kai
plhj¸rac problhm�twn thc epist mhc thc mhqanologÐac. Apì aut� den ja mporoÔsan na leÐpoun
ta probl mata thc upologistik c reustodunamik c, dhlad  thc prìlexhc ro¸n. Parìla aut�,
suneqÐzei na up�rqei èna meg�lo pl joc problhm�twn ta opoÐa � lìgw thc di�stashc tou qwrÐou
sto opoÐo brÐsketai h lÔsh - jewroÔntai dusepÐluta, lìgw twn ter�stiwn apait sewn mn mhc.

'Enac sun jhc lìgoc gia ton opoÐon emfanÐzetai mia tètoia prìklhsh, ofeÐletai sto ìti
arket� montèla gia na perigr�youn orj� ta fainìmena pou meletoÔn, apaitoÔn th qr sh
poll¸n anex�rthtwn metablht¸n, dhlad  poll¸n bajm¸n eleujerÐac -pèran twn idiaÐtera pukn¸n
plegm�twn kai mikr¸n qronik¸n bhm�twn-. Oi metablhtèc autèc orÐzoun ènan dianusmatikì q¸ro,
me k�poio shmeÐo tou q¸rou autoÔ na apoteleÐ th lÔsh tou probl matoc pou melet�tai. Me thn
aÔxhsh twn anex�rthtwn metablht¸n, aux�netai kai o {ìgkoc} tou q¸rou pou prèpei na ereunhjeÐ
gia na brejeÐ h lÔsh. Sta perissìtera probl mata, h apaÐthsh se upologistik  isqÔ kai mn mh
(RAM) aux�netai ekjetik� me ton arijmì twn anex�rthtwn metablht¸n, kajist¸ntac mia akrib 
montelopoÐhsh (me pollèc anex�rthtec metablhtèc) Ðswc kai apagoreutik .

O profan c trìpoc na antimetwpisjeÐ to prìblhma autì eÐnai na qrhsimopoihjoÔn akìma
megalÔtera poluepexergastik� sust mata. K�ti tètoio antimetwpÐzei to prìblhma apì thn
optik  pleur� thc isqÔoc twn diajèsimwn upologistik¸n susthm�twn, me shmantik  ìmwc aÔxhsh
tou kìstouc. 'Enac enallaktikìc trìpoc na antimetwpisteÐ to prìblhma autì eÐnai apì thn pleur�
thc mejìdou epÐlushc. An�mesa stouc diajèsimouc trìpouc pou emfanÐzontai suneq¸c stic
upologistikèc mejìdouc, eÐnai taMontèla Meiwmènhc T�xhc (Reduced Order Models
– ROMs) [1]. H arq  aut¸n twn montèlwn, ègkeitai sto ìti h lÔsh enìc probl matoc, mporeÐ
na anazhthjeÐ se ènan q¸ro arket� mikrìterwn diast�sewn. Sunep¸c, èna poluparametrikì
prìblhma, mporeÐ na diatupwjeÐ me th qr sh poll¸n, aploÔsterwn, kai shmantik� eukolìtera
epilÔsimwn problhm�twn.

Mia tètoia mèjodoc pou èqei anaptuqjeÐ sqetik� prìsfata, eÐnai h Mèjodoc tou Idio-
Genikeumènou DiaqwrismoÔ (Proper Generalized Decomposition-PGD) [2],[3],[4],
sthn opoÐa sthrÐzetai h diplwmatik  aut  ergasÐa.

H basik  idèa thc mejìdou aut c eÐnai pwc èna poludi�stato prìblhma, tou opoÐou lÔsh an kei
se èna pedÐo ston q¸ro twn q diast�sewn, mporeÐ na proseggisteÐ apì thn �jroish mikroÔ arijmoÔ

1



2 1. Eisagwg 

N ginomènwn 1D sunart sewn, kajemÐa apì tic opoÐec exart�tai apokleistik� kai mìno apì mia
suntetagmènh tou poludi�statou q¸rou. Sunep¸c, to pedÐo dÔnatai na grafeÐ wc ex c:

u(x1, x2, ..., xq) ≈
N∑
i=1

X1
i (x1)X2

i (x2)...Xq
i (xq)

u(x1, x2, ..., xq) ≈
N∑
i=1

q∏
j=1

Xj
i (xj)

(1.1)

Apì ed¸ kai sto ex c, h sugkekrimènh morf  ja anafèretai wc diaqwrismènh morf 
(seperated form), kaj¸c to pedÐo diaqwrÐzetai se èna �jroisma ginomènwn b�sewn. EpÐshc,
se k�je perÐptwsh, o k�tw deÐkthc miac sun�rthshc, ja dhl¸nei ton aÔxonta arijmì thc b�shc
sthn opoÐa an kei.

H mèjodoc PGD mporeÐ na sumb�lei me dÔo trìpouc sthn antimet¸pish {poludi�statwn}
pedÐwn:

� Anakataskeu  enìc  dh gnwstoÔ pedÐou, upologismènou arijmhtik� ep�nw se domhmèno plègma,
qronik� mìnimou   mh-mìnimou, se diaqwrismènh morf  mèsw thc mejìdou PGD. Autìc o trìpoc
elatt¸nei shmantik� to mègejoc apoj keushc tou pedÐou.

� EpÐlush twn MDE se diaqwrÐsimh morf , me epanalhptikì trìpo. To pedÐo lÔnetai ex
arq c se diaqwrÐsimh morf . Se autìn ton trìpo ja esti�sei h diplwmatik  ergasÐa,
me th qr sh thc anakataskeu c enìc pedÐou na jewreÐtai dedomènh [2],[5], Par�rthma Bþ kai
na qrhsimopoieÐtai ìpou qrei�zetai qwrÐc idiaÐterh èmfash.

'Opwc ja analujeÐ diexodik� sthn ergasÐa, to deÔtero prìblhma ègkeitai ston upologismì twn
sunart sewn b�shc pou perigr�foun to zhtoÔmeno pedÐo (apì ed¸ kai sto ex c ja kaloÔntai
sunart seic b�shc). Gia ton upologismì touc apaiteÐtai h epÐlush twn prokuptous¸n nèwn
SDE, me shmantik� mikrìterh apaÐthsh upologistikoÔ kìstouc kai mn mhc apì thn antÐstoiqh
MDE pou ja apaiteÐto gia ton upologismì tou pedÐou me k�poion sumbatikì trìpo.

Se èna prìblhma reustomhqanik c, kaj¸c up�rqoun ìroi sunagwg c, apaiteÐtai na oristeÐ ènac
trìpoc, èna sq ma parag¸gishc, to opoÐo -b�sei k�poiou krithrÐou- ja kateujÔnei thn plhroforÐa
thc ro c (taqÔthta, pÐesh, enèrgeia) proc thn swst  dieÔjunsh, ¸ste na pragmatopoieÐtai h
epÐlush me ton swstì trìpo, upakoÔontac stouc nìmouc thc fusik c. Se ènan sumbatikì epilÔth
autìc o trìpoc eÐnai -se epÐpedo exÐswshc- h kateÔjunsh (kai to prìshmo) thc metafèrousac
posìthtac (taqÔthta), en¸ se èna sÔsthma exis¸sewn, ìpwc autì pou prokÔptei apì th
diatÔpwsh twn sunthrhtik¸n exis¸sewn (l.q.Euler), h kateÔjunsh ro c thc plhroforÐac orÐzetai
apì to prìshmo twn idiotim¸n tou IakwbianoÔ mhtr¸ou [6], kai epitugq�netai me th qr sh enìc
an�nti (upwind) sq matoc diakritopoÐhshc gia touc ìrouc metafor�c.

Mègisto endiafèron èqei h melèth tou trìpou di�doshc thc plhroforÐac kat� thn epÐlush enìc
pedÐou mèsw PGD, dedomènou ìti plèon paÔei na up�rqei fusikì upìbajro stouc perissìterouc
ìrouc, all� kajar� majhmatikì. 'Ena meg�lo mèroc thc epituqÐac thc qr shc thc mejìdou PGD
sth qr sh thc wc epilÔth problhm�twn URD ègkeitai sthn epituq  diatÔpwsh enìc trìpou pou
ja kajorÐzei to sq ma diakritopoÐhshc, sÔmfwno me autì enìc sumbatikoÔ epilÔth.

Ta teleutaÐa qrìnia èqei dojeÐ èmfash sthn efarmog  thc mejìdou PGD, eÐte gia epÐlush
enìc pedÐou se prìblhma pou dièpetai apì MDE, eÐte gia th bèltisth {sumpÐesh}, dhlad  ton
diaqwrismì enìc pedÐou se b�seic me skopì thn el�ttwsh tou apaitoÔmenou apojhkeutikoÔ q¸rou.
'Eqoun gÐnei melètec ìson afor� th qr sh thc mejìdou gia thn parametrik  melèth fainomènwn
metafor�c jermìthtac me paramètrouc tic idiìthtec twn ulik¸n, thn paramìrfwsh ulik¸n upì
di�forec diegèrseic all� kai th melèth thc sumperifor�c ulik¸n me idiaÐterh mikrodom  [2],[3],[4].
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1.2 BeltistopoÐhsh me Qr sh thc SuzugoÔc Me-

jìdou

Stic aitiokratikèc mejìdouc beltistopoÐhshc, eÐnai anagkaÐoc o upologismìc twn parag¸gwn
euaisjhsÐac, dhlad  thc klÐshc thc sun�rthshc stìqou wc proc tic metablhtèc sqediasmoÔ. Se
autì to pedÐo brÐskei efarmog  kai h mèjodoc PGD. H suneq c suzug c mèjodoc [7], èmfash
sthn an�ptuxh thc opoÐac èqei dojeÐ idiaÐtera sth MPUR&B/EMP, dÔnatai na qrhsimopoihjeÐ
gia thn eÔresh twn parag¸gwn aut¸n me kÔrio pleonèkthma thn anexarthsÐa tou upologistikoÔ
kìstouc apì ton arijmì twn metablht¸n sqediasmoÔ. H idiaiterìthta thc suzugoÔc mejìdou, kai
o lìgoc thc �meshc susqètis c thc me to PGD ègkeitai sto ìti gia na upologistoÔn oi zhtoÔmenec
par�gwgoi euaisjhsÐac apaiteÐtai h epÐlush MDE gia ton upologismì tou suzugoÔc pedÐou. Kat�
th qr sh thc suzugoÔc mejìdou apaiteÐtai h eÔresh twn suzug¸n pedÐwn, ta opoÐa eÐnai tìsa ìsa
kai oi exis¸seic pou perigr�foun to eujÔ/prwteÔon prìblhma. H idiaiterìthta enìc suzugoÔc
probl matoc, eidik� gia qronik� metaballìmenec roèc, ègkeitai kurÐwc stic oriakèc sunj kec tou
sto qrìno (arqikèc sunj kec). M�lista, sthn perÐptwsh enìc qronik� metablhtoÔ probl matoc,
kat� to opoÐo apaiteÐtai ènac arijmìc qronik¸n bhm�twn, en¸ sto eujÔ prìblhma oi oriakèc
sunj kec dÐnontai kat� th qronik  stigm  t = t0 (arqik  sunj kh), sto suzugèc pedÐo sumbaÐnei
to antÐstrofo, dhlad  epib�llontai {arqikèc sunj kec} sto pèrac tou qrìnou upologismoÔ.
'Etsi kat� thn epÐlush enìc suzugoÔc pedÐou, h qronik  plhroforÐa metafèretai antÐstrofa ston
qrìno. Skopìc thc suzugoÔc mejìdou eÐnai, en tèlei, h eÔresh twn parag¸gwn euaisjhsÐac, oi
opoÐec eÐnai sunart seic twn suzug¸n pedÐwn. Gia na epilujeÐ loipìn to suzugèc pedÐo, gÐnetai
olokl rwsh twn MDE se ìlec tic diast�seic tou probl matoc, sumperilambanomènou kai tou
qrìnou. 'Omwc, me thn epibol  twn {arqik¸n} sunjhk¸n tou suzugoÔc pedÐou ston telikì qrìno
upologismoÔ, apaiteÐtai h pl rhc, se k�je b ma, epÐlush tou prwteÔontoc probl matoc gia ton
upologismì tou suzugoÔc probl matoc, apagoreÔontac ètsi ton tautìqrono upologismì touc.
K�ti tètoio apaiteÐ thn pl rh apoj keush ìlwn twn pedÐwn se poll� an ìqi ìla ta qronik�
b mata, me thn apaitoÔmenh mn mh na eÐnai shmantik� uyhl .

K�ti tètoio, se èna qronik� mh-mìnimo prìblhma, topojeteÐ tic arqikèc sunj kec tou suzugoÔc
pedÐou sto tèloc tou qrìnou upologismoÔ, kajist¸ntac thn apoj keush (  ton epanupologismì)
ìlwn twn stigmiotÔpwn thc lÔshc anagkaÐa gia na mporèsoun na upologistoÔn oi par�gwgoi
euaisjhsÐac -oi opoÐec eÐnai sun�rthsh olìklhrou tou pedÐou-. Se èna pragmatikì prìblhma,
ta qronik� b mata endèqetai na eÐnai pollèc qili�dec, kai to plègma tou upologismoÔ idiaÐtera
puknì, kajist¸ntac thn apaÐthsh se apojhkeutikì q¸ro apagoreutik . Se autì to st�dio, h
epÐlush tou suzugoÔc pedÐou me th mèjodo tou PGD prosfèrei dièxodo sto dusepÐluto autì
prìblhma.

1.3 Stìqoc kai Dom  ErgasÐac

H diplwmatik  ergasÐa basÐzetai stic arqèc thc mejìdou PGD gia thn prìlexh pedÐwn, wc
lÔsewn MDE. MporeÐ na qwristeÐ se dÔo basik� komm�tia. Sto pr¸to, elègqetai h qr sh thc
mejìdou ìson afor� th dunatìthta epÐlushc peplegmènwn pedÐwn pou dièpontai apì MDE, kai
h apodotikìtht� thc, ìson afor� thn el�ttwsh thc apaitoÔmenhc mn mhc. Sto deÔtero mèroc,
anaptÔssetai h suzug c mèjodoc gia thn efarmog  beltistopoÐhshc, h epÐlush thc opoÐac gÐnetai
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mèsw thc mejìdou PGD. Sto plaÐsio thc ergasÐac analÔontai ta akìlouja:

� AnaptÔqjhke, diatup¸jhke majhmatik� kai programmatÐsthke h mèjodoc me qr sh tou PGD,
pou epilÔei peplegmèna pedÐa basismèna sth 2D exÐswsh Burgers se kartesianì plègma se
gl¸ssa programmatismoÔ Fortran 77 .

� Epekt�jhke peraitèrw se sqèsh me tic  dh up�rqousec teqnikèc, h mèjodoc kai o trìpoc
qr shc thc me di�fora eÐdh oriak¸n sunjhk¸n, kai anadeÐqjhke ikan  gia thn epÐlush
problhm�twn pou dièpontai apì parìmoiec exis¸seic kai oriakèc sunj kec. Sta di�fora
paradeÐgmata qr shc tou k¸dika, ègine emfanèc to auxanìmeno kèrdoc se mn mh thc mejìdou
me to mègejoc tou plègmatoc.

� Diatup¸jhke majhmatik�, kai programmatÐsthke h suzug c mèjodoc gia qr sh me logismikì
beltistopoÐhshc gia antÐstrofo sqediasmì se probl mata pou perigr�fontai apì to sÔsthma
twn 2D exis¸sewn Burgers.

� ProgrammatÐsthke h Ðdia mèjodoc gia epÐlush me th qr sh tou PGD, diathr¸ntac ìla
ta diaqeirizìmena pedÐa se diaqwrismènh morf , elatt¸nontac shmantik� thn apaitoÔmenh
mn mh. Sthn sunèqeia, stic efarmogèc pou qrhsimopoi jhke h mèjodoc aut , sugkrÐjhkan
ta apotelèsmat� thc me �llec sumbatikèc mejìdouc beltistopoÐhshc   parallagèc thc, ìpwc
h mèjodoc twn Peperasmènwn Diafor¸n (Finite Differences), kai h epÐlush tou suzugoÔc
pedÐou me k�poia sumbatik  mèjodo, kai anadeÐqjhke h epituqÐa thc mejìdou sth diaqeÐrish
problhm�twn thc morf c aut c.

H dom  thc diplwmatik c ergasÐac eÐnai h ex c:

� Kef�laio 2:
AnaptÔssetai h mèjodoc PGD gia thn epÐlush tou 2D sust matoc exis¸sewn Burgers,
pou basÐzetai sth diaqwrismènh epÐlush tou pedÐou gia thn kataskeu  proseggistik c
anapar�stas c tou se orjokanonikì qwrikì plègma. Perigr�fetai me leptomèreia h mèjodoc
kai o algìrijmoc pou th dièpei. EpÐshc, parousi�zetai o trìpoc epibol c diafìrwn eid¸n
oriak¸n sunjhk¸n se èna diaqwrismèno pedÐo, me skopì th qr sh touc se probl mata pou
lÔnontai me th qr sh tou PGD.

� Kef�laio 3:
GÐnetai efarmog  twn parap�nw mèsw tou progr�mmatoc pou gr�fhke gia di�forec parallagèc
tou probl matoc (diaforetikìc arijmìc Re, kai di�stash plègmatoc). EpideiknÔetai h
oikonomÐa se mn mh pou epitugq�netai lìgw thc qr shc thc mejìdou aut c. Tèloc,
diatup¸nontai sumper�smata ìson afor� ta kèrdh mn mhc kai tic peript¸seic ìpou sumfèrei
-  ìqi- h qr sh thc mejìdou gia thn epÐlush pedÐwn.

� Kef�laio 4:
Diatup¸netai majhmatik� h programmatisjeÐsa mèjodoc PGD gia thn epÐlush tou 2D
sust matoc thc exÐswshc Burgers gia kampulìgrammo pedÐo.

� Kef�laio 5:
Me th qr sh tou k¸dika pou anaptÔqjhke sto Kef�laio 4, pragmatopoioÔntai melètec kai
upologismoÐ, diatup¸nontai orismèna sumper�smata kai gÐnetai anafor� sta pleonekt mata kai
tic adunamÐec thc mejìdou wc epilÔth se kampulìgramma plègmata.

� Kef�laio 6:
Diatup¸netai majhmatik�, anaptÔssetai kai epalhjeÔetai h qr sh thc mejìdou PGD sthn
epÐlush suzug¸n pedÐwn me skopì ton antÐstrofo sqediasmì (beltistopoÐhsh) enìc probl ma-
toc pou dièpetai apì to 2D sÔsthma exis¸sewn Burgers. Ta apotelèsmata sugkrÐnontai me
�llec mejìdouc, me stìqo thn exagwg  sumperasm�twn gia ta sf�lmata pou eis�gontai kat�
th qr sh tou PGD sth beltistopoÐhsh.

� Kef�laio 7:
SunoyÐzontai sumper�smata pou aforoÔn tic peript¸seic pou exet�sthkan sth diplwmatik 
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ergasÐa kai diatup¸nontai prot�seic sqetik� me thn peraitèrw an�ptuxh/efarmog  thc mejìdou
sto mèllon kai tic dunatìthtec epèktas c thc.
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Kef�laio 2

EpÐlush twn 2D Exis¸sewn Burgers
me Qr sh PGD se Orjokanonikì
Plègma

'Eqei  dh anaptuqjeÐ ekten¸c se prohgoÔmenec ergasÐec [5], dhmosieÔseic [8] kai biblÐa [2],
h qr sh thc mejìdou tou Idio-Genikeumènou DiaqwrismoÔ gia thn ek twn ustèrwn sumpÐesh
pedÐwn (2D kai 3D), ta opoÐa èqoun prokÔyei wc lÔseic MDE me qr sh k�poiac sumbatik c
mejìdou. Oi sugkekrimènec mèjodoi qrhsimopoioÔn ènan epilÔth pou diaqeirÐzetai tic exis¸seic
sthn pl rh, fusik  morf  touc kai, sth sunèqeia, epexerg�zontai k�je pedÐo, qwrÐzont�c to
se upo-diast�seic, elatt¸nontac shmantik� ton apojhkeutikì q¸ro pou katalamb�nei. Pèran
toÔtou ìmwc, h mèjodoc aut  mporeÐ na qrhsimopoihjeÐ kai gia thn Ðdia thn epÐlush problhm�twn
pou dièpontai apì MDE. Se sun jeic efarmogèc thc Upologistik c Mhqanik c, pìso m�llon
thc URD, apaiteÐtai h epÐlush mh-grammik¸n problhm�twn, me èna ter�stio pl joc agn¸stwn
posot twn. Gia th sumbatik  epÐlush twn exis¸sewn aut¸n apaiteÐtai qwrik  diakritopoÐhsh
tou upologistikoÔ qwrÐou (pollèc forèc thc t�xhc twn merik¸n ekatommurÐwn kìmbwn  
keli¸n/kuyel¸n).

Se pollèc peript¸seic, ìmwc, mia kal  prosèggish thc lÔshc tou probl matoc pou dièpetai apì
th MDE, brÐsketai se èna uposÔnolo shmantik� mikrìterhc di�stashc apì thn pl rh di�stash
tou probl matoc. Ta ROMs axiopoioÔn autì akrib¸c to qarakthristikì, proseggÐzontac th
meiwmènh t�xh thc lÔshc tou probl matoc arketèc forèc taqÔtera apì ìti me sumbatikèc
mejìdouc. H meÐwsh tou qrìnou ektèleshc all� kai thc apaitoÔmenhc mn mhc gÐnetai pio emfan c
me thn aÔxhsh twn eleÔjerwn metablht¸n.

Se peript¸seic arijmhtik c epÐlushc enìc probl matoc me pollèc eleÔjerec metablhtèc
(polloÔc agn¸stouc), diatupwmèno se q¸ro meg�lhc di�stashc, h mèjodoc PGD apodomeÐ to
prìblhma (MDE), se arket� aploÔstera, monodi�stata probl mata (SDE). Me autìn ton trìpo
axiopoieÐtai h meiwmènh t�xh thc lÔshc, proseggÐzontac th lÔsh tou probl matoc shmantik� pio
gr gora apì ìti me mia sumbatik  mèjodo.

Se autì to kef�laio, analÔetai h mèjodoc thc epÐlushc tou sust matoc twn 2D mh-grammik¸n
exis¸sewn Burgers (2.1) me qr sh tou PGD se orjokanonikì plègma (Sq ma 2.1).

u
∂u

∂x
+ v

∂u

∂y
=

1

Re

(
∂2u

∂2x
+
∂2u

∂2y

)
u
∂v

∂x
+ v

∂v

∂y
=

1

Re

(
∂2v

∂2x
+
∂2v

∂2y

) (2.1)
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Sq ma 2.1: Orjokanonikì plègma, di�stashc 20m× 20m, me 21 kìmbouc an� kateÔjunsh.

Kaj¸c to sÔsthma exis¸sewn Burgers apoteleÐtai apì dÔo MDE, oi dÔo �gnwstoi eÐnai ta
dÔo pedÐa u kai v. 'Opwc ja analujeÐ parak�tw, se antÐjesh me mia sumbatik  mèjodo epÐlushc
exis¸sewn, o upologismìc enìc pedÐou me th qr sh tou PGD gÐnetai bhmatik� kai epanalhptik�,
me k�je b ma na proseggÐzei ìlo kai perissìtero thn pragmatik  lÔsh. O trìpoc prosèggishc
tou probl matoc, èqei thn euelixÐa na dèqetai plhj¸ra tÔpou oriak¸n sunjhk¸n. Kat� kÔrio
lìgo, sth diplwmatik  ergasÐa qrhsimopoioÔntai oriakèc sunj kec tÔpou Dirichlet sthn eÐsodo
kai sta stere� toiq¸mata kai tÔpou mhdenik c Neumann sthn èxodo tou pedÐou.

2.1 EpÐlush me Qr sh PGD

H arqik  parousÐash thc mejìdou pragmatopoieÐtai sthn epÐlush tou sust matoc twn 2D
exis¸sewn Burgers, pou perièqei ìrouc oi opoÐoi emfanÐzontai suqn� se fainìmena reustomh-
qanik c. H arqik  diatÔpwsh afor� se èna aplì, orjokanonikì (domhmèno) plègma, gia na
gÐnoun eukolìtera antilhptèc oi teqnikèc pou qrhsimopoioÔntai. Oi exis¸seic (2.1) perièqoun
ìrouc di�qushc (diffusion terms) kai agwg c (  ìroi metafor�c, convection terms), me ton
arijmì Reynolds na leitourgeÐ wc par�metroc st�jmishc metaxÔ twn dÔo, sunep¸c kajist¸ntac
thn idiaitèrwc shmantik  ston èlegqo thc mejìdou PGD, diìti epibebai¸nei th leitourgÐa thc
genikìtera se probl mata reustomhqanik c, anoÐgontac par�llhla ton drìmo gia th qr sh thc
mejìdou l.q. stic exis¸seic Euler   Navier-Stokes. To pr¸to b ma thc diadikasÐac eÐnai h
antikat�stash thc èkfrashc tou pedÐou ro c u kai v me thn antÐstoiqh èkfrash kat� PGD,
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ìpou ta dÔo pedÐa aut� ja anaptuqjoÔn se ajroÐsmata b�sewn:

u(x, y) =
N∑
i=1

Xui(x)Yui(y)

v(x, y) =
N∑
i=1

Xvi(x)Yvi(y)

(2.2)

ìpou N o sunolikìc arijmìc qrhsimopoioÔmenwn b�sewn. H logik  tou PGD èqei wc ex c: K�je
pedÐo mporeÐ na domhjeÐ apì èna �jroisma ginomènwn 1D, diakritopoihmènwn sunart sewn,
Ðswn sto pl joc me th di�stash tou probl matoc (q¸roc kai qrìnoc). To �jroisma autì domeÐtai
stadiak�, me k�je st�dio na onom�zetai kÔkloc emploutismoÔ   apl� kÔkloc. Entìc
autoÔ tou kÔklou, apaiteÐtai na upologisjoÔn oi kat�llhlec 1D sunart seic, oi opoÐec oÔsec
peplegmènec, apaitoÔn epanalhptik  diadikasÐa gia thn eÔres  touc. H diadikasÐa aut , apì ed¸,
kai sto ex c ja onom�zetai eswterik  epan�lhyh   apl¸c epan�lhyh.

Dedomènou ìti, mèsw twn exis¸sewn (2.1), ta dÔo pedÐa eÐnai peplegmèna, oi epiplèon b�seic
ja prostÐjentai tautìqrona kai sta dÔo pedÐa, kaj¸c eÐnai profanèc pwc h allag  sto èna pedÐo
epifèrei allag  kai sto �llo.

H epÐlush tou pedÐou gÐnetai loipìn stadiak�, ìpwc kai sthn perÐptwsh thc ek twn ustèrwn
sumpÐeshc (Par�rthma Bþ) se k�poion (elpÐzontac sqetik� qamhlì) arijmì kÔklwn. H mèjodoc
gia ton upologismì twn sunart sewn-b�sewn aut¸n eÐnai epanalhptik  an� kÔklo kai h diadikasÐa
pou akoloujeÐ anafèretai sthn p epan�lhyh kat� ton kÔklo upologismoÔ thc n-ost c b�shc,
jewr¸ntac pwc oi prohgoÔmenec n− 1 b�seic eÐnai pl rwc gnwstèc. H trèqousa (p) epan�lhyh
kai oi sqetizìmenec me aut  sunart seic-b�seic, ja sumbolÐzetai me ton ìro new , kai h
prohgoÔmenh (p− 1) epan�lhyh, me ton ìro old .

Sunep¸c, emfanÐzontai dÔo xeqwristèc diadikasÐec kat� th di�rkeia epÐlushc tou pedÐou:

� KÔkloi, me eisagwg  nèac om�dac sunart sewn-b�sewn kai

� Epanal yeic, gia th sÔgklish aut¸n twn sunart sewn-b�sewn, sto eswterikì k�je kÔklou

Prin xekin sei h epÐlush tou sust matoc twn mh-grammik¸n exis¸sewn mèsw PGD, apaiteÐtai
autì na grammikopoihjeÐ. K�ti tètoio mporeÐ na gÐnei me dÔo diaforetikoÔc trìpouc: eÐte
grammikopoi¸ntac prin gÐnei h an�ptuxh twn ìrwn tou ginomènou, kat� th logik :

uu = (ui + un)(ui + un) ≈ (ui + un)ui

ìpou o deÐkthc i dhl¸nei to pedÐo wc èqei prokÔyei apì touc n− 1 kÔklouc, kai o deÐkthc n thn
diìrjwsh pou epifèrei o trèqwn kÔkloc, eÐte met�:

uu = (ui + un)(ui + un) = uiui + 2uiun + unun ≈ uiui + 2uiun

Se k�je perÐptwsh, jewreÐtai pwc h diìrjwsh pou epifèrei o k�je kÔkloc eÐnai mikr  se sqèsh
me to  dh up�rqon pedÐo, dhlad : un < ui. Sth diplwmatik  ergasÐa qrhsimopoieÐtai o pr¸toc
trìpoc. E�n gÐnei �mesh antikat�stash twn megej¸n aut¸n sthn exÐswsh (2.1), ja prokÔyei èna
mh-grammikì sÔsthma diaforik¸n exis¸sewn lìgw twn ìrwn metafor�c. 'Etsi, oi ìroi metafor�c
grammikopoioÔntai kai proseggÐzontai sth morf  PGD wc (l.q. o ìroc u∂u

∂x
):

u
∂u

∂x
= un−1

∂un
∂x

=

[
n−1∑
i=1

Xi(x)Yi(y)

][
n−1∑
i=1

∂Xi(x)

∂x
Yi(y) +

∂Xn(x)

∂x
Yn(y)

]
(2.3)
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Apì ed¸ kai sto ex c, oi metablhtèc entìc twn sunart sewn ja paraleÐpontai
(
Xi(x) ≡

Xi, Yi(y) ≡ Yi

)
. Stouc ìrouc metafor�c, h metafèrousa posìthta den lamb�netai sthn pl rh

morf  thc all� proseggÐzetai wc h tim  tou pedÐou pou èqei  dh upologisjeÐ apì ìlouc touc
prohgoÔmenouc ìrouc, me ton mìnon �gnwsto ston ìro autìn tou ginomènou na eÐnai mèsa sthn
par�gwgo. Met� apì epark  arijmì kÔklwn, ja èqei prostejeÐ ènac epark c arijmìc om�dwn
b�sewn kai anamènetai ta dÔo pedÐa na mhn all�zoun shmantik�, sunep¸c to telikì pedÐo ja
proseggÐzei autì pou ja proèkupte apì thn pl rh epÐlush twn mh-grammik¸n exis¸sewn.

O parap�nw trìpoc, pèran thc grammikopoÐhshc thc exÐswshc, apemplèkei -an� kÔklo- tic
dÔo exis¸seic tou sust matoc. Sunep¸c, mporeÐ na epilujeÐ h pr¸th exÐswsh qwrist� apì th
deÔterh, ektel¸ntac dÔo epanalhptikèc diadikasÐec, me dÔo peplegmènec exis¸seic sthn kajemÐa,
antÐ gia mia diadikasÐa me tèsseric peplegmènec exis¸seic.

'Opwc kai gia th sumpÐesh enìc dedomènou pedÐou (Par�rthma Bþ) gÐnetai h qr sh thc probol c
Galerkin (Par�rthma Aþ), ètsi kai ed¸, gia na brejoÔn oi sunart seic pou na elaqistopoioÔn to
upìloipo twn dÔo exis¸sewn, gÐnetai qr sh thc probol c Galerkin.

'Ena qarakthristikì thc mejìdou PGD eÐnai ìti oi exis¸seic kai oi oriakèc sunj kec mporoÔn
na diatupwjoÔn anex�rthta kai na gÐnei h diaqeÐris  touc wc diaforetikèc ontìthtec, pou
{allhlepidroÔn} kat� thn epÐlush tou pedÐou. H efarmog  twn exis¸sewn pou anaptÔssontai
se aut n thn enìthta gÐnetai me thn epibol  oriak¸n sunjhk¸n tÔpou Dirichlet kai Neumann
(2.4), ìpwc aut  diatup¸netai sta antÐstoiqa kef�laia efarmog¸n (Kef. 3, Kef. 5). MporoÔn
ìmwc na efarmostoÔn opoiesd pote oriakèc sunj kec, me tic exis¸seic pou perigr�foun to
pedÐo stouc eswterikoÔc kìmbouc na paramènoun amet�blhtec. Peraitèrw an�lush tou jèmatoc
pragmatopoieÐtai sthn Enìthta 2.4. H an�lush pou akoloujeÐ, afor� ton n-ostì kÔklo,
jewr¸ntac pwc ìlec oi prohgoÔmenec sunart seic b�shc ektìc thc trèqousac eÐnai gnwstèc
apì thn epanalhptik  diadikasÐa.

En suntomÐa, o algìrijmoc epÐlushc parousi�zetai sto sq ma 2.2, tou opoÐou h logik  mporeÐ
na genikeuteÐ gia opoiod pote sÔsthma MDE.
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Sq ma 2.2: Algìrijmoc epÐlushc 2D sust matoc exis¸sewn Burgers.

2.2 Upologismìc tou PedÐou u

Gia thn diatÔpwsh twn exis¸sewn upologismoÔ tou pedÐou u ja qrhsimopoihjeÐ h pr¸th (kat�
x) exÐswsh tou sust matoc exis¸sewn (2.1). Antikajist¸ntac th morf  tou pedÐou kat� PGD
gia tic pr¸tec n b�seic kai grammikopoi¸ntac touc ìrouc ìpwc proanafèrjhke, prokÔptei h
èkfrash thc exÐswshc gia th n-ost  b�sh. JewreÐtai pwc ìlec oi prohgoÔmenec n − 1 b�seic
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èqoun  dh upologisteÐ. EÐnai:[
n−1∑
i=1

XuiYui

][
∂Xun

∂x
Yun +

n−1∑
i=1

∂Xui

∂x
Yui

]
+

+

[
n−1∑
i=1

XviYvi

][
Xun

∂Yun
∂y

+
n−1∑
i=1

Xui
∂Yui
∂y

]
=

=
1

Re

[
∂2Xun

∂x2
Yun +

n−1∑
i=1

∂2Xui

∂x2
Yui

]
+

1

Re

[
Xun

∂2Yun
∂y2

+
n−1∑
i=1

Xui
∂2Yui
∂y2

] (2.4)

Gia na upologisjoÔn oi zhtoÔmenec sunart seic -sth sugkekrimènh perÐptwsh, h Xun kai h Yun-
qrhsimopoieÐtai h probol  Galerkin, me sun�rthsh b�shc tic u∗ = Yun kai u∗ = Xun antÐstoiqa,
kai olokl rwsh thc prokÔptousac èkfrashc sth dieÔjunsh y kai x, antÐstoiqa.

Sto trèqon st�dio, oi monadikoÐ �gnwstoi eÐnai oi dÔo sunart seic Xun kai Yun. O
upologismìc touc ja gÐnei me th qr sh twn eswterik¸n epanal yewn pou proanafèrjhkan,
dhlad  ja upologisjeÐ to Xnew

un apì to Y old
un , kai to Y new

un apì to Xnew
un , me touc ìrouc new kai

old na anafèrontai stic sunart seic pou èqoun upologisteÐ sthn trèqousa epan�lhyh kai sthn
prohgoÔmenh antÐstoiqa, ìntac tautìshmoi me touc ìrouc p kai p − 1. 'Opwc anafèrjhke
parap�nw, o upologismìc k�je om�dac b�sewn gÐnetai apemplegmèna an� pedÐo u kai v. 'Etsi,
gÐnetai na qwristeÐ majhmatik� h diadikasÐa se dÔo b mata an� upologismì pedÐou, dhlad  dÔo
b mata gia to pedÐo u (upologismìc Xun kai Yun) kai �lla dÔo b mata gia to pedÐo v
(upologismìc Xvn kai Yvn), dÐnontac telik� tèssera b mata, ta opoÐa an� dÔo domoÔn mia
eswterik  epan�lhyh. Apì ed¸ kai sto ex c, ìloi oi ìroi anafèrontai sto pedÐo pou
anazhteÐtai (u   v) sto trèqon b ma, ektìc kai an oi deÐktec touc dhl¸noun diaforetik�.

� B ma 1o, eÔresh Xnew
un (x), apì Y old

un (y), Xold
vn (x), Y old

vn (y)

Efarmìzontac thn probol  Galerkin sthn exÐswsh (2.4) me sun�rthsh b�rouc thn u∗ = Y old
un

kai oloklhr¸nontac sthn y kateÔjunsh kai me anadi�taxh twn ìrwn lamb�netai:

n−1∑
i=1

∫
y

YiY
2
n dyXi

∂Xn

∂x
+

n−1∑
i=1

n−1∑
j=1

∫
y

YnYiYjdy
∂Xj

∂x
Xi+

+
n−1∑
i=1

∫
y

YnYvi
∂Yn
∂y

dyXviXn +
n−1∑
i=1

n−1∑
j=1

∫
y

YnYvj
∂Yi
∂y

dyXvjXi =

=
1

Re

∫
y

Y 2
n dy

∂2Xn

∂2x
+

1

Re

n−1∑
i=1

∫
y

YnYidy
∂2Xi

∂2x
+

+
1

Re

∫
y

Yn
∂2Yn
∂2y

dyXn +
1

Re

n−1∑
i=1

∫
y

Yn
∂2Yi
∂2y

dyXi

(2.5)
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Telik¸c, jètontac:

Ax =
n−1∑
i=1

∫
y

YiY
2
n dyXi Bx =

n−1∑
i=1

∫
y

YnYvi
∂Yn
∂y

dyXvi

C =
1

Re

∫
y

Y 2
n dy D =

1

Re

∫
y

Yn
∂2Yn
∂2y

dy

RHSx = −
n−1∑
i=1

n−1∑
j=1

∫
y

YnYiYjdy
∂Xj

∂x
Xi −

n−1∑
i=1

n−1∑
j=1

∫
y

YnYvj
∂Yi
∂y

dyXvjXi+

+
1

Re

n−1∑
i=1

∫
y

YnYidy
∂2Xi

∂2x
+

1

Re

n−1∑
i=1

∫
y

Yn
∂2Yi
∂2y

dyXi

ìpou o deÐkthc x dhl¸nei pwc to mègejoc eÐnai sun�rthsh thc metablht c aut c, prokÔptei h
SDE pou perigr�fei th sunist¸sa Xn tou megèjouc u (dhlad  to Xun):

(Bx −D)Xn + Ax
∂Xn

∂x
− C∂

2Xn

∂2x
= RHSx (2.6)

h opoÐa mporeÐ na diakritopoihjeÐ me peperasmènec diaforèc kai to antÐstoiqo sq ma
diakritopoÐhshc (bl. Enìthta 2.5) kai na epilujeÐ me tic antÐstoiqec oriakèc sunj kec.

� B ma 2o, eÔresh Y new
un (y), apì Xnew

un (x), Xold
vn (x), Y old

vn (y)

OmoÐwc me prin, efarmog  thc probol c Galerkin sthn exÐswsh 2.4 me sun�rthsh b�shc thn
u∗ = Xn kai olokl rwsh kat� th dieÔjunsh x, prokÔptei:

n−1∑
i=1

∫
x

XnXi
∂Xn

∂x
dxYiYn +

n−1∑
i=1

n−1∑
j=1

∫
x

XnXi
∂Xj

∂x
dxYiYj+

+
n−1∑
i=1

∫
x

X2
nXvidxYvi

∂Yn
∂y

+
n−1∑
i=1

n−1∑
j=1

XnXviXjdxYvi
∂Yj
∂y

=

=
1

Re

∫
x

Xn
∂2Xn

∂x2
dxYn +

1

Re

n−1∑
i=1

∫
x

Xn
∂Xi

∂x
dxYi+

+
1

Re

∫
x

X2
ndx

∂2Yn
∂y2

+
1

Re

n−1∑
i=1

∫
x

XnXidx
∂2Yi
∂y2

(2.7)

Jètontac wc:

Ay =
n−1∑
i=1

∫
x

XnXi
∂Xn

∂x
dxYi By =

n−1∑
i=1

∫
x

X2
nXvidxYvi

C =
1

Re

∫
x

Xn
∂2Xn

∂x2
dx D =

1

Re

∫
x

X2
ndx
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RHSy = −
n−1∑
i=1

n−1∑
j=1

∫
x

XnXi
∂Xj

∂x
dxYiYj −

n−1∑
i=1

n−1∑
j=1

XnXviXjdxYvi
∂Yj
∂y

+

+
1

Re

n−1∑
i=1

∫
x

Xn
∂Xi

∂x
dxYi +

1

Re

n−1∑
i=1

∫
x

XnXidx
∂2Yi
∂y2

prokÔptei h SDE upologismoÔ thc sunist¸sac Yn tou megèjouc u (dhlad  to Yun):

(Ay − C)Yn +By
∂Yn
∂y
−D∂

2Yn
∂y2

= RHSy (2.8)

pou mporeÐ na diakritopoihjeÐ kai na epilujeÐ me th mèjodo twn peperasmènwn diafor¸n.

'Opwc anafèrjhke, ta dÔo parap�nw b mata ja dom soun mia eswterik  epan�lhyh, epilÔontac
diadoqik� tic exis¸seic (2.6) kai (2.8) èwc ìtou epiteuqjeÐ sÔgklish, ìpwc aut  anafèretai sthn
antÐstoiqh Enìthta 2.6.

2.3 Upologismìc tou PedÐou v

Me ìmoio trìpo, anaptÔssetai h SDE pou perigr�fei to pedÐo v, me th qr sh thc kat� y
exÐswshc Burgers tou sust matoc. Me antikat�stash twn kat� PGD morf¸n sta pedÐa u kai
v, prokÔptei: [

n−1∑
i=1

XuiYui

][
∂Xvn

∂x
Yvn +

n−1∑
i=1

∂Xvi

∂x
Yvi

]
+

+

[
n−1∑
i=1

XviYvi

][
Xvn

∂Yvn
∂y

+
n−1∑
i=1

Xvi
∂Yvi
∂y

]
=

=
1

Re

[
∂2Xvn

∂x2
Yvn +

n−1∑
i=1

∂2Xvi

∂x2
Yvi

]
+

1

Re

[
Xvn

∂2Yvn
∂y2

+
n−1∑
i=1

Xvi
∂2Yvi
∂y2

] (2.9)

'Opwc kai prÐn, gÐnetai qr sh thc probol c Galerkin, me sun�rthsh b�shc thn v∗ = Yn kai
olokl rwsh kat� thn y kateÔjunsh ìtan anazhteÐtai h Xn, kai thn v∗ = Xn kai olokl rwsh
kat� thn x kateÔjunsh ìtan anazhteÐtai h sun�rthsh Yn:

� B ma 3o, eÔresh Xnew
vn (x), apì Y old

vn (y), Xnew
un (x), Y new

un (y)

Efarmìzontac thn probol  Galerkin sthn exÐswsh (2.9), me sun�rthsh b�shc thn v∗ = Y old
vn
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kai me olokl rwsh kat� thn y kateÔjunsh, prokÔptei:

n−1∑
i=1

∫
y

Y 2
n YuidyXui

∂Xn

∂x
+

n−1∑
i=1

n−1∑
j=1

∫
y

YnYuiYjdyXui
∂Xj

∂x
+

+
n−1∑
i=1

∫
y

Yi
∂Yn
∂y

YndyXiXn +
n−1∑
i=1

n−1∑
j=1

∫
y

Yi
∂Yj
∂y

YndyXiXj =

=
1

Re

∫
y

Y 2
n dy

∂2Xn

∂x2
+

1

Re

n−1∑
i=1

∫
y

YnYidy
∂2Xi

∂x2
+

+
1

Re

∫
y

Yn
∂2Yn
∂y2

dyXn +
1

Re

n−1∑
i=1

∫
y

Yndy
∂2Yi
∂y2

Xi

(2.10)

Jètontac wc:

Ax =
n−1∑
i=1

∫
y

Y 2
n YuidyXui Bx =

n−1∑
i=1

∫
y

Yi
∂Yn
∂y

YndyXi

C =
1

Re

∫
y

Y 2
n dy D =

1

Re

∫
y

Yn
∂2Yn
∂y2

dy

RHSx = −
n−1∑
i=1

n−1∑
j=1

∫
y

YnYuiYjdyXui
∂Xj

∂x
−

n−1∑
i=1

n−1∑
j=1

∫
y

Yi
∂Yj
∂y

YndyXiXj+

+
1

Re

n−1∑
i=1

∫
y

YnYidy
∂2Xi

∂x2
+

1

Re

n−1∑
i=1

∫
y

YndyXi

lamb�netai h SDE pou perigr�fei th sunist¸sa Xn tou megèjouc v (dhlad  to Xvn):

(Bx −D)Xn + Ax
∂Xn

∂x
− C∂

2Xn

∂x2
= RHSx (2.11)

� B ma 4o, eÔresh Y new
vn (y), apì Xnew

vn (x), Xnew
un (x), Y new

un (y)

Me ìmoio trìpo me prin, efarmìzontac thn probol  Galerkin sthn exÐswsh (2.9), me sun�rthsh
b�shc aut  th for� thn v∗ = Xnew

vn kai me olokl rwsh kat� th x kateÔjunsh, lamb�netai:

n−1∑
i=1

∫
x

XiX
2
ndxYi

∂Yn
∂y

+
n−1∑
i=1

n−1∑
j=1

∫
x

XnXiXjdx
∂Yj
∂y

Yi+

+
n−1∑
i=1

∫
x

XnXui
∂Xn

∂x
dxYviYn +

n−1∑
i=1

n−1∑
j=1

∫
y

XnXuj
∂Xi

∂x
dyYvjYi =

=
1

Re

∫
x

X2
ndx

∂2Yn
∂2y

+
1

Re

n−1∑
i=1

∫
x

XnXidy
∂2Yi
∂2y

+

+
1

Re

∫
x

Xn
∂2Xn

∂2x
dxYn +

1

Re

n−1∑
i=1

∫
x

Xn
∂2Xi

∂2x
dxYi

(2.12)
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Jètontac:

Ay =
n−1∑
i=1

∫
x

XiX
2
ndxYi By =

n−1∑
i=1

∫
x

XnXvi
∂Xn

∂x
dxYvi

C =
1

Re

∫
x

X2
ndx D =

1

Re

∫
x

Xn
∂2Xn

∂2x
dx

RHSy = −
n−1∑
i=1

n−1∑
j=1

∫
x

XnXiXjdx
∂Yj
∂y

Yi −
n−1∑
i=1

n−1∑
j=1

∫
x

XnXvj
∂Xi

∂x
dyYvjYi+

+
1

Re

n−1∑
i=1

∫
x

XnXidx
∂2Yi
∂2y

+
1

Re

n−1∑
i=1

∫
x

Xn
∂2Xi

∂2x
dxYi

kleÐnei o kÔkloc upologismoÔ me thn epÐlush thc SDE pou upologÐzei th sun�rthsh Yn tou
megèjouc v (dhlad  to Yvn):

(By −D)Yn + Ay
∂Yn
∂y
− C∂

2Yn
∂2y

= RHSy (2.13)

ParathreÐtai pwc oi exis¸seic pou upologÐzoun ta Xun, Yvn eÐnai pl rwc summetrikèc. OmoÐwc
kai oi exis¸seic upologismoÔ twn Yun, Xvn. Se programmatistikì epÐpedo, aut  h idiìthta
dieukolÔnei shmantik� thn epÐlus  touc, kaj¸c mporeÐ na qrhsimopoihjoÔn oi Ðdiec routÐnec
k¸dika, me antÐstrofa orÐsmata (l.q. mia routÐna gia ta Xun, Yvn kai �llh mia gia ta Yun, Xvn).

2.4 Efarmog  Oriak¸n Sunjhk¸n

Oi proanaferjeÐsec MDE sumplhr¸nontai apì tic antÐstoiqec oriakèc sunj kec touc, oi opoÐec
èqoun apl¸c anaferjeÐ, qwrÐc akìma na dÐnetai èmfash se autèc   na analÔetai o trìpoc epibol c
touc.

H diafor� me to poludi�stato prìblhma pou dièpetai apì tic oriakèc sunj kec pou epib�lloun
oi nìmoi thc fusik c eÐnai ìti, plèon, prèpei na efarmostoÔn oi Ðdiec oriakèc sunj kec se poll�
1D probl mata.

'Opwc èqei proanaferjeÐ, sthn {eÐsodo} tou pedÐou efarmìzontai oriakèc sunj kec tÔpou
Dirichlet, kai Neumann sthn {èxodo}.

Parak�tw, anaptÔssetai o trìpoc me ton opoÐon epib�llontai oriakèc sunj kec enìc pro-
bl matoc sto PGD.
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2.4.1 TÔpou Dirichlet

Ac upotejeÐ, gia eukolÐa katanìhshc, pwc to pedÐo sto opoÐo epib�llontai oi oriakèc sunj kec
eÐnai to qwrÐo Ω = (0, 1) × (0, 1), ìpwc faÐnetai sto sq ma 2.3 (perÐptwsh daneismènh apì ta
paradeÐgmata pou ja akolouj soun sto Kef. 3):

Sq ma 2.3: Sumbolikì pedÐo twn jèsewn twn oriak¸n sunjhk¸n se orjokanonikì plègma, ìmoio

me autì pou ja qrhsimopoihjeÐ sto Kef. 3.

Oi oriakèc sunj kec tÔpou Dirichlet epib�lloun mia gnwst  tim  se oriakoÔc kìmbouc tou
upologistikoÔ pedÐou, dhlad  (l.q. sthn eÐsodo enìc pedÐou, ìpou x = 0):

u(0, y) = fy(y) (2.14)

me th sun�rthsh fy(y) na èqei   ìqi stajer  tim . O aploÔsteroc trìpoc na efarmosteÐ h
oriak  sunj kh aut  eÐnai na afierwjeÐ ènac arijmìc zeug¸n b�sewn prin ekkin sei o pr¸toc
kÔkloc, dhlad  na qrhsimopoihjoÔn k�poiec b�seic, oi opoÐec ja ikanopoioÔn pl rwc MONO tic
sunoriakèc sunj kec. Sthn perÐptwsh pou èqoume èna parallhlìgrammo qwrÐo, sto opoÐo ta
pedÐa u kai v dièpontai apì oriakèc sunj kec tÔpou Dirichlet kat� m koc tou arister� kai k�tw
orÐou tou sq matoc 2.3 (aut� ta ìria ja onom�zontai {eÐsodoc}, ìpwc gÐnetai sto par�deigma
pou akoloujeÐ, Kef. 3), prèpei na epiblhjoÔn oi ex c oriakèc sunj kec stic pleurèc autèc:

u(0, y) = c1(y)

v(0, y) = c2(y)

u(x, 0) = c3(x)

v(x, 0) = c4(x)

(2.15)
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ìpou ta ci eÐnai gnwstèc sunart seic. O pio aplìc trìpoc na dhmiourghjeÐ èna pedÐo pou na
sèbetai tic sunj kec autèc asqètwc me to ti timèc lamb�nei sta �lla ìria kai sto eswterikì, eÐnai
na qrhsimopoihjeÐ èna zeÔgoc b�sewn an� metablht  gia to aristerì ìrio kai �llo èna zeÔgoc
b�sewn an� metablht  gia to k�tw ìrio, wc ex c:

� 'Orio x = 0:

Xu1(x) =

{
1, x = 0

0, x 6= 0
Xv1(x) =

{
1, x = 0

0, x 6= 0

Yu1(y) =

{
1
2
c1(0), y = 0

c1(y), y 6= 0
Yv1(y) =

{
1
2
c2(0), y = 0

c2(y), y 6= 0

� 'Orio y = 0:

Xu2(x) =

{
1
2
c3(0), x = 0

c3(x), x 6= 0
Xv2(x) =

{
1
2
c4(0), x = 0

c4(x), x 6= 0

Yu2(y) =

{
1, y = 0

0, y 6= 0
Yv2(y) =

{
1, y = 0

0, y 6= 0

'Etsi, to pedÐo pou ja prokÔyei apì tic dÔo pr¸tec b�seic ja èqei thn morf  (kat� antistoiqÐa
me to par�deigma pou parousi�zetai sto Kef�laio 3) tou sq matoc 2.4:

Sq ma 2.4: PedÐo oriak¸n sunjhk¸n tÔpou Dirichlet apì tic dÔo pr¸tec b�seic tou probl matoc

3. Prosoq  sthn asunèqeia pou eis�getai stic dÔo pleurèc thc eisìdou!

O ìroc 1
2
prostÐjetai sta shmeÐa thc jèshc (0, 0) ¸ste na up�rqei Ðsh suneisfor� apì touc

ìrouc pou domoÔn tic oriakèc sunj kec sthn pleur� (0, y) kai sth (x, 0), dedomènou p�nta ìti
h oriak  sunj kh eisìdou eÐnai suneq c sto shmeÐo autì. Me anadìmhsh tou pedÐou pou dÐnoun
oi dÔo om�dec twn parap�nw dÔo pr¸twn b�sewn prokÔptei èna pedÐo to opoÐo èqei mhdenik 
tim  pantoÔ, ektìc apì ta ìria sta opoÐa èqoun epiblhjeÐ oi sunj kec Dirichlet, oi opoÐec
ikanopoioÔntai pl rwc. Sth sunèqeia, se ìlec tic epìmenec b�seic, sthn pleur� sthn opoÐa
èqoun epiblhjeÐ oi sunj kec Dirichlet, ja epiblhjeÐ mhdenik  tim  sthn antÐstoiqh sun�rthsh
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b�shc, dhlad  ja eÐnai:

Yui(0) = Xui(0) = 0, i > 3

Yvi(0) = Xvi(0) = 0, i > 3

An kai exairetik� aplìc sthn qr sh, o trìpoc autìc endèqetai se orismènec peript¸seic,
lìgw thc asunèqeiac pou emfanÐzetai sto pedÐo (2.4) (dhlad  thn Ôparxh mh-mhdenikoÔ megèjouc
eÐsodo kai mhdenikoÔ sto eswterikì) na prokalèsei probl mata kat� thn epÐlush. Sunep¸c,
proteÐnontai kai enallaktikoÐ trìpoi epibol c twn oriak¸n sunjhk¸n.

Enallaktikìc trìpoc 1

O proanaferjeÐc trìpoc mhdenÐzei sta �kra ìlec tic sunart seic-b�seic (ektìc twn dÔo
pr¸twn) pou stadiak� domoÔn th lÔsh. Parìla aut�, k�ti tètoio dÔnatai na beltiwjeÐ peraitèrw
axiopoi¸ntac thn idiìthta tou PGD na belti¸nei stadiak� th lÔsh me thn prosj kh epiplèon
om�dwn b�sewn. 'Etsi, mporeÐ na qrhsimopoihjeÐ o akìloujoc trìpoc. 'Estw loipìn pwc
efarmìzetai sunj kh tÔpou Dirichlet mìno sthn arister  pleur� tou orjogwnikoÔ qwrÐou, ekeÐ
dhlad  ìpou x = 0, kai isqÔei:

u(0, y) = c1(y)

  se morf  kat� PGD :

Xn(0)Yn(y) +
n−1∑
i=1

Xi(0)Yi(y) = c1(y)

Upojètontac pwc oi n − 1 b�seic eÐnai  dh upologismènec, prèpei na brejeÐ h tim  tou Xn(0) h
opoÐa ikanopoieÐ thn exÐswsh,   me logik  probol c Galerkin, na elaqistopoi sei to sf�lma thc.
Me efarmog  thc mejìdou, dhlad  me pollaplasiasmì me thn �llh sun�rthsh pou domeÐ to pedÐo
tou nèou kÔklou (Yn) kai olokl rwsh kat� thn y dieÔjunsh, lamb�netai h akìloujh morf :

n−1∑
i=1

∫
y

Yn(y)Yi(y)dyXi(0) +

∫
y

Y 2
n (y)dyXn(0) =

∫
y

Yn(y)c1(y)dy

Kai me ìla ta megèjh gnwst� ektìc thc tim c tou Xn(0), h tim  aut  upologÐzetai wc:

Xn(0) =

∫
y
Yn(y)c1(y)dy −

∑n−1
i=1

∫
y
Yn(y)Yi(y)dyXi(0)∫

y
Y 2
n (y)dy

Me autìn ton trìpo, antÐ na ikanopoioÔntai pl rwc oi oriakèc sunj kec me tic pr¸tec dÔo
b�seic, ikanopoioÔntai kat� th stadiak  dìmhsh tou pedÐou, par�llhla me touc eswterikoÔc
kìmbouc. 'Etsi, den qrei�zetai na afierwjeÐ ènac arijmìc b�sewn gia thn epibol  oriak¸n
sunjhk¸n. Dhlad  en tèlei pragmatopoioÔntai dÔo probolèc Galerkin, mia gia tic oriakèc
sunj kec, kai mia gia touc eswterikoÔc kìmbouc. Autì èqei wc apotèlesma, o bajmìc
ikanopoÐhshc twn oriak¸n sunjhk¸n na kajorÐzetai apì to sf�lma sÔgklishc pou orÐzei
o qr sthc (Enìthta 2.7), kai na mhn eÐnai dedomènoc ìpwc sthn prohgoÔmenh mèjodo. O
sugkekrimènoc trìpoc den qrhsimopoieÐtai sthn ergasÐa aut , all� proteÐnetai gia mellontikèc
efarmogèc.
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Enallaktikìc trìpoc 2

Gia touc lìgouc pou proanafèrjhkan, o arqikìc trìpoc epibol c oriak¸n sunjhk¸n parou-
si�zei orismèna probl mata se k�poiec peript¸seic lìgw thc asunèqeiac pou emfanÐzetai sto
pedÐo. An kai oi dÔo prohgoÔmenoi trìpoi eÐnai polÔ apodotikoÐ apì thn �poyh thc apaitoÔmenhc
mn mhc (o pr¸toc qrei�zetai mìno dÔo (2) epiplèon zeÔgh b�sewn gia na diatup¸sei tic oriakèc
sunj kec, en¸ o deÔteroc kanèna epiplèon zeÔgoc), axÐzei na anaferjeÐ kai �lloc ènac trìpoc
epibol c oriak¸n sunjhk¸n, ligìtero apodotikìc apì pleur� mn mhc, all� pio asfal c, pou
èqei protajeÐ kai palaiìtera [2]:

'Estw pwc to proc epÐlush prìblhma perigr�fetai apì thn exÐswsh:{
R(u(x, y)) = 0, ∀(x, y) ∈ Ω

u(x, y) = f(x, y), ∀(x, y) ∈ ∂Ω
(2.16)

ìpou me ∂Ω sumbolÐzetai to ìrio tou qwrÐou.

To pedÐo pou prokÔptei apì thn epÐlush thc exÐswshc (2.16), dÔnatai na grafeÐ wc epallhlÐa
dÔo diaforetik¸n pedÐwn, dhlad :

u(x, y) = u1(x, y) + u2(x, y) (2.17)

gia ta opoÐa ja isqÔei:
u1(x, y) = f(x, y),∀(x, y) ∈ ∂Ω (2.18)

{
R
(
u1(x, y) + u2(x, y)

)
= 0, ∀(x, y) ∈ Ω

u2(x, y) = 0, ∀(x, y) ∈ ∂Ω
(2.19)

'Opwc faÐnetai, h exÐswsh perigraf c tou pr¸tou pedÐou af nei aujaÐreth tim  sto eswterikì
tou. 'Enac trìpoc na ikanopoihjoÔn oi parap�nw dÔo exis¸seic eÐnai o proanaferjeÐc, k�nontac
dhlad  qr sh enìc arijmoÔ b�sewn pou ikanopoioÔn tic oriakèc sunj kec. Gia na arjeÐ ìmwc
h asunèqeia sto pedÐo 2.4, antÐ mhdenik c tim c sto eswterikì tou pedÐou pou perigr�fetai apì
thn exÐswsh (2.18), mporeÐ to eswterikì tou na ikanopoi sei k�poia �llh exÐswsh, sthn opoÐa
up�rqei sunèqeia, l.q. Laplace. Me th lÔsh thc exÐswshc (2.18), kai èqontac èna suneqèc pedÐo
to opoÐo ikanopoieÐ tic oriakèc sunj kec, dÔnatai plèon to pedÐo autì na sumpiesjeÐ me ton trìpo
pou anafèretai sto antÐstoiqo Par�rthma Bþ me th qr sh m b�sewn:

u1(x, y) =
m∑
j=1

XjYj (2.20)

Epìmeno st�dio apoteleÐ h sunèqeia thc epÐlushc kat� ton PGD trìpo pou èqei anaferjeÐ èwc
t¸ra, lÔnontac plèon thn exÐswsh (2.19) me mhdenikèc oriakèc sunj kec, me th mình diafor�
pwc h diadikasÐa emploutismoÔ ja ekkin sei apì th b�sh m+ 1, dhlad  ston n-ostì kÔklo thc
epÐlushc, to pedÐo ja perigr�fetai apì thn exÐswsh:

u(x, y) =
m∑
j=1

XjYj︸ ︷︷ ︸
u1

+
n−1∑

i=m+1

XiYi +XnYn︸ ︷︷ ︸
u2

(2.21)
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To pleonèkthma autoÔ tou trìpou eÐnai ìti dÐnei exarq c èna omalì pedÐo (se antÐjesh me
ton pr¸to), to opoÐo ikanopoieÐ pl rwc tic oriakèc sunj kec (se antÐjesh me ton deÔtero),
jusi�zontac ìmwc ènan arijmì b�sewn. Na shmeiwjeÐ pwc an oi oriakèc sunj kec gia èna
prìblhma pou perièqei parap�nw apì èna megèjh (l.q. u,v), eÐnai arket� diaforetikèc, endèqetai
ta pedÐa pou ja prokÔyoun na mhn eÐnai ston Ðdio bajmì diaqwrÐsima, apait¸ntac gia thn ek twn
ustèrwn sumpÐesh touc diaforetikì arijmì b�sewn, k�ti to opoÐo prèpei na lhfjeÐ upìyh se
ìlec tic exis¸seic.

2.4.2 TÔpou Mhdenik c Neumann

Oi oriakèc sunj kec tÔpou Neumann epib�lloun sugkekrimènh tim  (ed¸ mhdenik ) sthn
par�gwgo tou pedÐou se k�poio ìriì tou. E�n l.q. efarmostoÔn se èna pedÐo Ω = (0, 1)× (0, 1)
sto dexÐ ìrio (ìpwc dhlad  faÐnetai kai sto sq ma 2.4), tìte ja isqÔei:

∂u(1, y)

∂x
= 0

O pio profan c trìpoc efarmog c thc sunoriak c sunj khc aut c (mhdenik c Neumann) eÐnai
k�je om�da b�sewn, sumperilambanomènou ìswn qrhsimopoi jhkan me ton proanaferjènta trìpo
gia epibol  oriak¸n sunjhk¸n Dirichlet, na ikanopoieÐ xeqwrist� th sunj kh, dhlad :

∂Xi(1, y)

∂x
= 0, i = 1, n (2.22)

Enallaktikìc trìpoc

O enallaktikìc trìpoc, ìpwc kai stic prohgoÔmenec efarmogèc, eÐnai tic oriakèc sunj kec na
tic ikanopoieÐ to sÔnolo twn b�sewn ajroistik�, kai ìqi k�je om�da b�sewn xeqwrist�. E�n
dhlad  se k�poio ìrio tou qwrÐou (l.q. sto dexÐ, ìpou x = 1) epiblhjeÐ oriak  sunj kh
Neumann, dhlad :

∂u(1, y)

∂x
= f ∗

y (y)

ìpou f ∗
y (y) ìqi aparaÐthta mhdenikì, kai grafìmeno kat� PGD eÐnai:

∂u(1, y)

∂x
= Yn(y)

∂Xn(1)

∂x
+

n−1∑
i=1

Yi(y)
∂Xi(1)

∂x
= f ∗

y (y)

Efarmìzontac ìpwc kai prin thn probol  Galerkin lamb�netai h sqèsh:∫
y

(
Yn(y)

)2
dy
∂Xn(1)

∂x
+

n−1∑
i=1

∫
y

Yn(y)Yi(y)dy
∂Xi(1)

∂x
=

∫
y

Yn(y)f ∗
y (y)dy

thc opoÐac o mìnoc �gnwstoc eÐnai h tim  thc parag¸gou sto �kro tou pedÐou

∂Xn(1)

∂x
=

∫
y
Yn(y)f ∗

y (y)dy −
∑n−1

i=1

∫
y
Yn(y)Yi(y)dy ∂Xi(1)

∂x∫
y

(
Yn(y)

)2
dy
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H sugkekrimènh tim  thc parag¸gou thc n-ost c b�shc den ja eÐnai en gènei mhdenik , all� ja
eÐnai tètoia, ¸ste to pedÐo wc �jroisma n ìrwn na ikanopoieÐ sto shmeÐo autì, ìso perissìtero
gÐnetai th sunj kh Neumann. EÐnai emfanèc pwc o sugkekrimènec trìpoc mporeÐ na epib�llei
sunj kec Neumann di�forec thc mhdenik c (f ∗

y (y) 6= 0), se antÐjesh me ton proanaferjènta.

2.5 Mèjodoi DiakritopoÐhshc

'Ena exairetik� shmantikì pedÐo sthn URD eÐnai o trìpoc me ton opoÐon ja metadojeÐ h
plhroforÐa thc ro c mèsa se aut . Lìgw thc Ôparxhc ìrwn agwg c/metafor�c, to eÐdoc thc
ro c ja all�xei ton trìpo epibol c twn oriak¸n sunjhk¸n. KÔrio par�deigma, stic 2D exis¸seic
Euler apoteleÐ h diafor� metaxÔ upohqhtik c kai uperhqhtik c ro c. Sthn pr¸th perÐptwsh,
sthn eÐsodo tou pedÐou ro c epib�llontai treic oriakèc sunj kec, en¸ mia epib�lletai sthn èxodo,
sun jwc me th morf  statik c pÐeshc. AntÐjeta, sthn perÐptwsh thc uperhqhtik c ro c, ìlec
oi oriakèc sunj kec epib�llontai sthn eÐsodo tou pedÐou. K�ti tètoio mporeÐ na exhghjeÐ me
ton ex c aplì trìpo. H met�dosh thc opoiasd pote plhroforÐac se èna pedÐo, gÐnetai mèsw tou
reustoÔ, me thn taqÔthta tou  qou sto reustì autì. Se mÐa uperhqhtik  ro , h plhroforÐa
sthn èxodo tou pedÐou den {prolabaÐnei} potè na ft�sei mèsa se autì, sunep¸c den mporeÐ na
oristeÐ se autì to shmeÐo k�poia oriak  sunj kh. Dedomènhc loipìn thc Ôparxhc ìlwn twn
oriak¸n sunjhk¸n sthn eÐsodo tou pedÐou, ja  tan l�joc na qrhsimopoihjeÐ mia diakritopoÐhsh
thc parag¸gou tou ìrou metafor�c h opoÐa ja lamb�nei plhroforÐa apì to pÐsw mèroc tou pedÐou.
'Etsi, apaiteÐtai èna krit rio to opoÐo ja mporeÐ na kajorÐsei ton tÔpo thc diakritopoÐhshc thc
parag¸gou an�loga me ta qarakthristik� thc ro c ston ek�stote kìmbo.

Stic exis¸seic Euler k�ti tètoio gÐnetai me th qr sh twn idiotim¸n tou IakwbianoÔ mhtr¸ou se
k�je shmeÐo. Mia jetik  idiotim  metafr�zetai se metafor� thc plhroforÐac kat� thn {jetik }
kateÔjunsh, �ra qr sh pÐsw parag¸gishc, kai to antÐjeto. H mèjodoc aut  eÐnai gnwst  wc
Flux Vector Splitting-FVS [6], kai qrhsimopoieÐ ta fusik� megèjh thc ro c wc paramètrouc
epilog c tou sq matoc parag¸gishc.

Sthn ergasÐa aut , dhlad  sto 2D sÔsthma Burgers, parìlo pou den up�rqei me thn austhr 
ènnoia tou ìrou ro  reustoÔ, lìgw thc Ôparxhc twn ìrwn metafor�c, epib�lletai na gÐnei qr sh
enìc sq matoc parag¸gishc, ètsi ¸ste oi ìroi autoÐ na montelopoihjoÔn orj�, kai na up�rxei
epituq c metafor� thc plhroforÐac thc {ro c}, �ra kai epÐlush tou pedÐou. To kuriìtero
prìblhma sto PGD ègkeitai sto ìti potè den lÔnetai to pedÐo apeujeÐac, all� upologÐzontai
stadiak� oi b�seic pou to domoÔn, sunep¸c all�zoun ta megèjh pou upìkeintai se parag¸gish
(�ra kai diakritopoÐhsh), kaj¸c h epÐlush gÐnetai ep�nw se sunist¸sec, kai ìqi sto Ðdio to pedÐo.

'Enac trìpoc pou upakoÔei stouc prohgoÔmenouc kanìnec kateÔjunshc thc plhroforÐac, eÐnai h
qr sh tou pros mou tou metaferìmenou megèjouc gia kajorismì tou tÔpou thc diakritopoÐhshc,
dhlad :

� E�n ston ìro metafor�c u∂u
∂x

o ìroc u eÐnai jetikìc, tìte h par�gwgoc, me pr¸thc t�xhc
akrÐbeia, ja diakritopoihjeÐ wc:

∂u

∂x
=
ui − ui−1

∆x
(2.23)

� AntÐjeta, e�n o ìroc u eÐnai arnhtikìc, tìte h par�gwgoc, p�li me pr¸thc t�xhc akrÐbeia,
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diakritopoieÐtai wc:
∂u

∂x
=
ui+1 − ui
xi+1 − xi

=
ui+1 − ui

∆x
(2.24)

O parap�nw trìpoc mporeÐ na {metaferjeÐ} sto PGD, qrhsimopoi¸ntac to prìshmo tou megèjouc
me to opoÐo pollaplasi�zetai h par�gwgoc tou ìrou metafor�c, dhlad , an o ìroc eÐnai o Ax

∂Xn

∂x

tìte:

Ax
∂Xn

∂x
=

{
Ax

Xn(x)−Xn(x−∆x)
∆x

, Ax(x) > 0

Ax
Xn(x+∆x)−Xn(x)

∆x
, Ax(x) < 0

(2.25)

Prosoq !: Sthn efarmog  tou PGD se kampulìgrammo plègma, dhlad  ìtan:

Aξ
∂Ξn

∂ξ
=

{
Aξ

Ξn(ξ)−Ξn(ξ−∆ξ)
∆ξ

, Aξ(ξ) > 0

Aξ
Ξn(ξ+∆ξ)−Ξn(ξ)

∆ξ
, Aξ(ξ) < 0

(2.26)

den ja proèrqontai ìloi oi ìroi pr¸thc parag¸gou apì ìrouc metafor�c.

EÐnai emfanèc pwc sthn pr¸th perÐptwsh, dhlad  me jetik  taqÔthta, h plhroforÐa sto pedÐo
{ro c} metafèretai me th dieÔjunsh thc taqÔthtac. AntÐjeta, e�n h taqÔthta eÐnai arnhtik ,
gÐnetai to antÐjeto, dhlad  h plhroforÐa {taxideÔei} apì to pÐsw mèroc tou pedÐou proc ta
mprost�. OmoÐwc kai sthn perÐptwsh tou PGD (2.25), ìpou ìmwc plèon, paÔoun na èqoun isqÔ
ta fusik� megèjh, kai wc krit rio qrhsimopoieÐtai to mègejoc pou emfanÐzetai mprost� sthn
par�gwgo thc kat� PGD exÐswshc.

'Oson afor� touc ìrouc 2hc parag¸gou, autoÐ montelopoioÔntai ìloi (anexart twc an eÐnai h
trèqousa b�sh   twn prohgoÔmenwn kÔklwn) mèsw kentrik¸n diafor¸n, dhlad , gia to mègejoc
l.q. Xn:

∂2Xn

∂x2
=
Xn(x+ ∆x)− 2Xn(x) +Xn(x−∆x)

∆x2
(2.27)

EpÐshc, oi ìroi thc pr¸thc parag¸gou stouc ìrouc metafor�c twn prohgoÔmenwn b�sewn,
upologÐzontai kai autoÐ mèsw kentrik¸n diafor¸n ìtan apaitoÔntai gia ton upologismì twn
epomènwn b�sewn (parìlo pou gia ton upologismì twn Ðdiwn qrhsimopoi jhke to parap�nw
sq ma diakritopoÐhshc, dhlad  eÐte mproc eÐte pÐsw parag¸gish):

∂Xn

∂x
=
Xn(x+ ∆x)−Xn(x−∆x)

2∆x
(2.28)

Oi parap�nw trìpoi diakritopoÐhshc qrhsimopoioÔntai kajìlh thn ergasÐa aut , dhlad  sto
orjokanonikì plègma (Kef.3), sto kampulìgrammo (Kef.5), all� kai sthn epÐlush tou suzugoÔc
probl matoc (Kef. 6).

H parap�nw mèjodoc diakritopoÐhshc sto PGD endèqetai na qreiasteÐ na anajewrhjeÐ, kai
na epanadiatupwjeÐ met� apì diereÔnhsh se �lla probl mata se mellontikèc efarmogèc (l.q.
exis¸seic Euler, Navier-Stokes).
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2.6 SÔgklish Eswterik¸n Epanal yewn

Dedomènou ìti h diadikasÐa upologismoÔ sto st�dio twn eswterik¸n epanal yewn (ìtan h
om�da twn nèwn b�sewn kaleÐtai na sugklÐnei) perilamb�nei epanalhptik  diadikasÐa, prèpei na
tejeÐ èna krit rio gia na termatisteÐ ìtan ja èqei epiteuqjeÐ h epijumht  akrÐbeia sto k�je
st�dio.

Gia th sÔgklish twn eswterik¸n epanal yewn, to aploÔstero kai pio sunhjismèno krit rio
eÐnai thc morf c:

log10

√∫
x

(
Xnew
n (x)−Xold

n (x)
)2
dx < ε

log10

√∫
y

(
Y new
n (y)− Y old

n (y)
)2
dy < ε

(2.29)

ìpou ε h anoq  tou sf�lmatoc (sthn sugkekrimènh ergasÐa, ε = −12). 'Otan ikanopoihjoÔn
oi parap�nw exis¸seic gia to prìblhma pou lÔnetai, h diadikasÐa emploutismoÔ proqwr�
sthn epìmenh om�da b�sewn, dhlad  ston epìmeno kÔklo, ekqwr¸ntac tic Xp

n(x), Y p
n (y) stic

Xn(x), Yn(y) antÐstoiqa.

2.7 SÔgklish B�shc - Krit ria TermatismoÔ

KÔklwn

Oi kÔkloi kat� ton upologismì twn pedÐwn, dhlad  h diadikasÐa emploutismoÔ tou ajroÐsmatoc
me b�seic, termatÐzontai ìtan èqei prostejeÐ ènac prokajorismènoc apì ton qr sth arijmìc
b�sewn,   ìtan ikanopoihjeÐ èna krit rio pou èqei orisjeÐ. To krit rio autì mporeÐ na oristeÐ
me di�forouc trìpouc. 'Enac apì autoÔc eÐnai h sqetik  barÔthta pou o nèoc ìroc èqei sth
lÔsh, dhlad  to pìso ja all�xei o nèoc ìroc (an l.q. paraleifjeÐ) thn  dh up�rqousa lÔsh
tou ajroÐsmatoc twn prohgoÔmenwn b�sewn me th qr sh thc kat�llhlhc nìrmac:

e(m) = log10

{
||Xn(x)Yn(y)||

||
∑n−1

i=1 Xi(x)Yi(y)||

}
(2.30)

O parap�nw orismìc apaiteÐ thn anadìmhsh ìlwn twn n−1 ìrwn apì tic 1D sunart seic-b�seic
touc, to opoÐo upologistik� apoteleÐ meionèkthma. 'Enac parìmoioc orismìc krithrÐou pou den
perilamb�nei ton epiplèon autì arijmì pr�xewn, eÐnai na oristeÐ h sqetik  barÔthta pou ja èqei o
teleutaÐoc ìroc epÐ tou pr¸tou ìrou (ektìc aut¸n pou domoÔn tic oriakèc sunj kec), dedomènou
ìti stic perissìterec peript¸seic, autoÐ dÐnoun th megalÔterh plhroforÐa gia thn anadìmhsh tou
pedÐou. Sunep¸c, to krit rio mporeÐ na oristeÐ kai wc:

e∗(m) = log10

{
||Xn(x)Yn(y)||
||Xk+1(x)Yk+1(y)||

}
(2.31)
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ìpou k+ 1 o arijmìc tou kÔklou ston opoÐon gÐnetai h pr¸th epÐlush me PGD (k o arijmìc twn
b�sewn pou qrhsimopoioÔntai gia thn apotÔpwsh oriak¸n sunjhk¸n).

Sthn paroÔsa ergasÐa ja qrhsimopoihjeÐ exolokl rou h pr¸th diatÔpwsh tou krithrÐou. Gia
tic an�gkec thc ergasÐac, ja onomasteÐ {Sqetikì sf�lma b�sewc}, parìlo pou den eÐnai
me thn austhr  ènnoia sf�lma, all� -ìpwc kai èna sf�lma- ikanopoieÐtai ìtan h tim  tou gÐnei
arket� mikr .

2.8 'Elegqoc T�xhc Megèjouc twn B�sewn

H mèjodoc PGD domeÐ stadiak� to pedÐo ro c wc èna ginìmeno q b�sewn, ìpou q h di�stash
tou pedÐou. H diadikasÐa gia na upologisteÐ h n-ost  b�sh eÐnai epanalhptik , k�ti pou shmaÐnei
pwc lamb�nontai upìyh kai ìlec oi prohgoumènwc upologismènec b�seic thc epan�lhyhc sthn
epÐlush. Epeid  h diìrjwsh tou pedÐou pou ja prosfèrei k�je om�da b�sewn apoteleÐtai apì
èna ginìmeno sunart sewn, mporeÐ na parathrhjeÐ met� apì dokimèc to ex c prìblhma:

Kat� thn epÐlush, endèqetai, kat� th di�rkeia miac eswterik c epan�lhyhc, mia b�sh na
elattwjeÐ se mègejoc. Autì �mesa shmaÐnei pwc h peplegmènh thc b�sh sthn epanalhptik 
diadikasÐa, gia na prosd¸sei th swst  diìrjwsh sto pedÐo ja auxhjeÐ se mègejoc, ¸ste to
telikì pedÐo na diathr sei mia stajer  tim . Sto epìmenh st�dio thc epanalhptik c
diadikasÐac, h epìmenh b�sh (dhlad  h pr¸th se perÐptwsh enìc probl matoc me dÔo eleÔjerec
metablhtèc), ja {dei} thn prohgoÔmenh se megalÔterh t�xh megèjouc, kai ja elattwjeÐ se
mègejoc akìma perissìtero, prospaj¸ntac na apod¸sei th swst  telik  diìrjwsh sto pedÐo.
EÐnai profanèc pwc h diadikasÐa aut  apotrèpei thn k�je b�sh apì to na sugklÐnei se k�poia
stajer  sun�rthsh (to ginìmenì touc bèbaia sugklÐnei), gegonìc pou -se sunduasmì me tic
exairetik� uyhlèc kai qamhlèc timèc twn b�sewn- na odhgeÐ sthn apìklish thc diadikasÐac
epÐlushc lìgw arijmhtik¸n sfalm�twn, fainìmeno to opoÐo ìntwc parathr jhke kat� thn
an�ptuxh thc mejìdou. Mia tètoia sumperifor� eÐnai sqetik� anamenìmenh, kaj¸c h probol 
Galerkin èqei skopì na dom sei èna nèo pedÐo, to un = Xn(x)Yn(y), to opoÐo ìtan prostejeÐ
sto  dh up�rqon (un−1 =

∑n−1
i=1 XiYi) èqei skopì na elaqistopoi sei to sf�lma se sqèsh me th

telik  lÔsh tou probl matoc. H elaqistopoÐhsh ìmwc kajorÐzei tic timèc tou pedÐou, kai ìqi
tic sunist¸sec pou to domoÔn, af nontac ètsi ènan epiplèon bajmì eleujerÐac kat� thn
epÐlush. K�ti tètoio mporeÐ na antimetwpisjeÐ diathr¸ntac thn t�xh megèjouc ìlwn twn
b�sewn pou domoÔn èna pedÐo Ðdia:

'Estw pwc melet�tai èna prìblhma me dÔo eleÔjerec paramètrouc, me thn lÔsh na domeÐtai
apì to �jroisma twn sunart sewn b�sewn Xi(x), Yi(y). Se k�poio st�dio thc epanalhptik c
diadikasÐac, eÐnai gnwstèc oi timèc twn Xn(x), Yn(y). 'Opwc anafèrjhke, h t�xh megèjouc twn
b�sewn thc trèqousac eswterik c epan�lhyhc prèpei na eÐnai Ðdia. Arqik�, upologÐzetai to RMS
(Root Mean Square) thc k�je b�shc, to opoÐo se diakrit  morf  eÐnai:

RMSXn =

√∑nx

i=1

(
Xn(i)

)2

nx

RMSYn =

√∑ny

i=1

(
Yn(i)

)2

ny

(2.32)
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ìpou nx kai ny o arijmìc twn kìmbwn thc k�je b�shc. Me dedomèna ta dÔo parap�nw megèjh,
mporeÐ na upologisjeÐ h diorjwmènh (kanonikopoihmènh) morf  thc k�je sun�rthshc wc:

Xcorr
n (x) =

√
RMSXnRMSYn
RMSXn

Xn(x)

Y corr
n (y) =

√
RMSXnRMSYn
RMSYn

Yn(y)

(2.33)

EÐnai emfanèc pwc h mèjodoc aut  all�zei mìno to apìluto mègejoc twn tim¸n thc k�je
sun�rthshc, qwrÐc na all�zei thn telik  lÔsh, kaj¸c:

Xcorr
n (x)Y corr

n (y) = Xn(x)Yn(y) (2.34)



Kef�laio 3

EpÐlush me PGD twn 2D Exis¸sewn
Burgers se Orjokanonikì Plègma

Gia thn efarmog  thc mejìdou pou parousi�sthke sthn prohgoÔmenh enìthta, epilègetai èna
prìblhma se orjokanonikì plègma (di�stashc 1 mètro an� pleur�, me 101   201 kìmbouc an�
pleur�, me tic kuyèlec tou sunep¸c na eÐnai tetragwnikèc) kai anoiqtì qwrÐo (3.2), ìpou h
eiserqìmenh (apì thn arister  kai thn k�tw pleur� tou qwrÐou) taqÔthta (an, dhlad , jewrhjoÔn
ta (u, v) wc oi sunist¸sec enìc 2D dianÔsmatoc thc taqÔthtac) eÐnai upì gwnÐa 45o kai me mètro
pou èqei morf  hmitonoeidoÔc katanom c, ìpwc faÐnetai sto sq ma 3.1:

u =
[
5 + 1.2sin

(2πk

λ

)]
cos(φ)

v =
[
5 + 1.2sin

(2πk

λ

)]
sin(φ)

(3.1)

Sq ma 3.1: Katanom  tou mètrou tou dianÔsmatoc (u,v) stic dÔo pleurèc eisìdou sto pedÐo. H

katanom  aut  ja qrhsimopoihjeÐ kai sta èxi paradeÐgmata pou ja akolouj soun.

ìpou to λ eÐnai par�metroc thc periìdou thc hmitonoeidoÔc probol c (sthn perÐptwsh aut 
qrhsimopoieÐtai λ = 0.5) kai wc k orÐzetai to mègejoc:

k =

{
i−1
Λ

∆x cos(φ), y = 0
−(i−1)

Λ
∆y cos(φ), x = 0

(3.2)

27
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me i ton aÔxonta arijmì tou k�je kìmbou sthn antÐstoiqh pleur�, φ th gwnÐa klÐshc (wc proc thn
orizìntia kateÔjunsh) tou dianÔsmatoc (u, v) (sth sugkekrimènh perÐptwsh φ = 45o), ∆x,∆y
h apìstash dÔo diadoqik¸n plegmatik¸n gramm¸n an� kateÔjunsh tou plègmatoc kai Λ eÐnai to
�jroisma twn mhk¸n twn dÔo pleur¸n (thc arister c kai thc k�tw). Tèloc, na anaferjeÐ pwc h
epÐlush gÐnetai me kentrokombik  diatÔpwsh se ìlec tic efarmogèc thc ergasÐac aut c.

Sq ma 3.2: Orjokanonikì plègma di�stashc 1m×1m, me 101 kìmbouc an� pleur�.

Me autìn ton trìpo, epib�llontai stic dÔo pleurèc eisìdou (k�tw kai arister ) oriakèc
sunj kec Dirichlet en¸ stic pleurèc exìdou (p�nw kai dexi�) oriakèc sunj kec mhdenik c
Neumann (ìpwc kai analÔjhke sthn antÐstoiqh Enìthta (2.4.1). Lìgw thc gwnÐac twn 45o

oi oriakèc sunj kec ja eÐnai Ðdiec gia ta dÔo pedÐa, sunep¸c k�je sunist¸sa tou dianÔsmatoc
sthn eÐsodo ja eÐnai Ðdia. EpÐshc, to k�je stigmiìtupo anaparist� tautoqrìnwc kai ta dÔo pedÐa
u kai v, dedomènhc thc summetrÐac. To plègma pou qrhsimopoieÐtai akoloujeÐ thn an�lush
thc prohgoÔmenhc enìthtac, dhlad  eÐnai orjokanonikì, me Ðso an� pleur� arijmì kìmbwn.
Ja parousiastoÔn èxi diaforetikèc ekdoqèc tou probl matoc kai ja melethjeÐ h epÐdrash tou
arijmoÔ twn kìmbwn tou plègmatoc, kai tou arijmoÔ Reynolds sthn sÔgklish kai sthn akrÐbeia
tou apotelèsmatoc. O arijmìc Reynolds all�zei th morf  tou pedÐou, dhlad  ligìtero  
perissìtero diaqwrÐsimh morf , ligìterec   perissìterec b�seic gia na domhjeÐ, ìpwc gÐnetai
emfanèc kai me thn ek twn ustèrwn sumpÐesh twn pedÐwn ta opoÐa prokÔptoun me th qr sh PGD.

Me gnwst  thn telik  lÔsh tou probl matoc (me th qr sh enìc sumbatikoÔ epilÔth), dÔnatai na
upologisjoÔn dÔo eÐdh sfalm�twn. To pr¸to sf�lma eÐnai to sf�lma tou pedÐou pou prokÔptei
apì ton epilÔth PGD se sqèsh me thn telik  lÔsh pou èqei prokÔyei apì ton sumbatikì epilÔth
(ja onom�zetai sunolikì sf�lma - total error), to opoÐo orÐzetai wc:

εtot,u = log10

[
1

nxny

nx∑
i=1

ny∑
j=1

(
uPGD − ufin

)2
]

εtot,v = log10

[
1

nxny

nx∑
i=1

ny∑
j=1

(
vPGD − vfin

)2
] (3.3)

ìpou uPGD kai vPGD oi mèqri stigm c (n-ost  b�sh) proseggÐseic twn pedÐwn kat� PGD
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kai ufin kai vfin eÐnai oi lÔseic twn pedÐwn, ìpwc aut  èqei prokÔyei mèsw thc qr shc enìc
sumbatikoÔ epilÔth peperasmènwn diafor¸n (jewroÔmenh wc h {arijmhtik� akrib c lÔsh}   h
{lÔsh anafor�c}). Tèloc, nx kai ny eÐnai o arijmìc twn kìmbwn an� kateÔjunsh tou plègmatoc.

To deÔtero eÐdoc sf�lmatoc eÐnai to sf�lma sÔgklishc thc k�je b�shc se sqèsh me ìlec
tic prohgoÔmenec, akrib¸c ìpwc èqei proanaferjeÐ sthn Enìthta 2.6 (ja onom�zetai sf�lma
sÔgklishc b�sewn   sqetikì sf�lma sÔgklishc - Base Convergence Error). 'Opwc anafèretai
sthn Enìthta 2.4.1, ja qrhsimopoihjoÔn dÔo b�seic apokleistik� gia th diatÔpwsh twn oriak¸n
sunjhk¸n tÔpou Dirichlet thc eisìdou. Sunep¸c, h diadikasÐa emploutismoÔ ekkineÐ apì thn
trÐth

(
3 = 2 + 1

)
b�sh kai met�. Met� thn ikanopoÐhsh tou antÐstoiqou krithrÐou sf�lmatoc

(to opoÐo tÐjetai sto sunolikì sf�lma), oi kÔkloi prosj khc om�dwn b�sewn termatÐzontai kai
prokÔptei to telikì pedÐo tou opoÐou o bajmìc prosèggishc se sqèsh me thn pl rh lÔsh eÐnai
antÐstoiqoc thc anoq c sf�lmatoc pou èqei epileqjeÐ.

3.1 EpilÔseic gia Di�forouc ArijmoÔc Re kai Dia-

st�seic Plègmatoc

Stic parak�tw efarmogèc ja gÐnei h epÐlush twn dÔo pedÐwn u kai v thc k�je perÐptwshc me th
qr sh tou PGD wc epilÔth. H telik  lÔsh se k�je perÐptwsh, mporeÐ na upologisjeÐ arijmhtik�
me ènan sumbatikì epilÔth o opoÐoc qeirÐzetai to prìblhma wc 2D kai epilÔei tautìqrona tic dÔo
peplegmènec exis¸seic. Aut  h lÔsh qrhsimopoieÐtai kai gia na orÐsei to sunolikì sf�lma met�
apì k�je kÔklo thc diadikasÐac epÐlushc. H lÔsh tou pedÐou gia tic treic diaforetikèc timèc tou
arijmoÔ Reynolds (Re = 1, 50, 1000) kai gia tic diaforetikèc diast�seic tou plègmatoc (101×101
kai 201×201), gia tic opoÐec kai gÐnetai o èlegqoc leitourgÐac tou algorÐjmou ja parousi�zontai
dÐpla sthn telik  lÔsh pou prokÔptei mèsw PGD se k�je par�deigma.
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3.1.1 Re=1, Plègma 101×101

Sq ma 3.3: Stadiak  dìmhsh pedÐou, Re=1, (101×101).
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(aþ) LÔsh me PGD. (bþ) LÔsh me sumbatikì epilÔth.

Sq ma 3.4: SÔgkrish pedÐwn gia Re=1 se Plègma 101× 101.

(aþ) Sunolikì sf�lma (bþ) Sqetikì sf�lma b�sewn

Sq ma 3.5: Sf�lmata gia Re=1 se Plègma 101× 101.
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3.1.2 Re=1, Plègma 201×201

Sq ma 3.6: Stadiak  dìmhsh pedÐou, Re = 1, (201×201).
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(aþ) LÔsh me PGD. (bþ) LÔsh me sumbatikì epilÔth.

Sq ma 3.7: SÔgkrish pedÐwn gia Re=1 se Plègma 201× 201.

(aþ) Sunolikì sf�lma (bþ) Sqetikì sf�lma b�sewn

Sq ma 3.8: Sf�lmata gia Re=1 se Plègma 201× 201.
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3.1.3 Re=50, Plègma 101×101

Sq ma 3.9: Stadiak  dìmhsh pedÐou, Re = 50, (201×201).
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(aþ) LÔsh me PGD. (bþ) LÔsh me sumbatikì epilÔth.

Sq ma 3.10: SÔgkrish pedÐwn gia Re=50 se Plègma 101× 101.

(aþ) Sunolikì sf�lma (bþ) Sqetikì sf�lma b�sewn

Sq ma 3.11: Sf�lmata gia Re=50 se Plègma 101×101.
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3.1.4 Re=50, Plègma 201×201

Sq ma 3.12: Stadiak  dìmhsh pedÐou, Re = 50, (201×201).
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(aþ) LÔsh me PGD. (bþ) LÔsh me sumbatikì epilÔth.

Sq ma 3.13: SÔgkrish pedÐwn gia Re=50 se Plègma 201× 201.

(aþ) Sunolikì sf�lma (bþ) Sqetikì sf�lma b�sewn

Sq ma 3.14: Sf�lmata gia Re=50 se Plègma 201× 201.
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3.1.5 Re=1000, Plègma 101×101

Sq ma 3.15: Stadiak  dìmhsh pedÐou, Re = 103, (101×101).
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(aþ) LÔsh me PGD. (bþ) LÔsh me sumbatikì epilÔth.

Sq ma 3.16: SÔgkrish pedÐwn gia Re=1000 se Plègma 101× 101.

(aþ) Sunolikì sf�lma (bþ) Sqetikì sf�lma b�sewn

Sq ma 3.17: Sf�lmata gia Re=1000 se Plègma 101×101.
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3.1.6 Re=1000, Plègma 201×201

Sq ma 3.18: Stadiak  dìmhsh pedÐou, Re = 103, (201×201).
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(aþ) LÔsh me PGD. (bþ) LÔsh me sumbatikì epilÔth.

Sq ma 3.19: SÔgkrish pedÐwn gia Re=1000 se Plègma 101× 101.

(aþ) Sunolikì sf�lma (bþ) Sqetikì sf�lma b�sewn

Sq ma 3.20: Sf�lmata gia Re=1000 se Plègma 201× 201.
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3.2 Apotelèsmata-SqoliasmoÐ

Met� to pèrac thc epÐlushc twn parap�nw pedÐwn stic èxi autèc diaforetikèc peript¸seic,
mporoÔn na lhfjoÔn orismèna sumper�smata ìson afor� th leitourgÐa tou PGD wc epilÔth:

� An� kÔklo prosj khc epiplèon b�sewn, ta dÔo epimèrouc pedÐa u kai v epilÔontai apeplegmèna.
Autìc eÐnai kai o lìgoc gia ton opoÐon oi b�seic touc sugklÐnoun me diaforetikì rujmì,
par� to gegonìc ìti ta pedÐa eÐnai en tèlei panomoiìtupa. E�n o upologismìc touc ginìtan
antÐstrofa, tìte oi dÔo grammèc sÔgklishc ja  tan anestrammènec. EpÐshc, to sf�lma ε=−5
pou qrhsimopoieÐtai gia na termatisteÐ h diadikasÐa prosj khc epiplèon b�sewn twn kÔklwn
eÐnai idiaÐtera austhrì, kai an�loga me thn akrÐbeia thc lÔshc pou zhteÐtai na upologisjeÐ,
mporeÐ na auxhjeÐ, elatt¸nontac ton aparaÐthto arijmì kÔklwn gia thn epÐteux  tou.

� Me ton arijmì Reynolds na aux�nei, all�zei rizik� h morf  twn pedÐwn u kai v, kaj¸c h
di�qush gÐnetai ligìtero èntonh, to opoÐo shmaÐnei pwc h katanom  eisìdou diathreÐtai se
megalÔterh bajmì kat� th dieÔjunsh tou pedÐou. Me thn tropopoÐhsh tou pedÐou mèsw tou
arijmoÔ Reynolds, aux�netai kai h mh diaqwrisimìtht� tou, k�ti to opoÐo mporeÐ na apodeiqjeÐ
arket� eÔkola, efarmìzontac ènan algìrijmo sumpÐeshc me PGD (Par�rthma Bþ) sta pedÐa
pou prokÔptoun apì ènan sumbatikì epilÔth me diaforetikoÔc arijmoÔc Re. Autì shmaÐnei
pwc gia èna dedomèno sunolikì sf�lma ja apaithjeÐ megalÔteroc arijmìc b�sewn gia ton Ðdio
bajmì prosèggishc tou pedÐou se sqèsh me èna pio {diaqwrÐsimo} pedÐo.

� Sthn perÐptwsh ìpou Re=1, parathreÐtai pwc gia na epiteuqjeÐ to Ðdio sf�lma stic peript¸seic
twn dÔo plegm�twn (101 kai 201 kìmboi an� kateÔjunsh), apaiteÐtai perÐpou o Ðdioc arijmìc
b�sewn, parìlo pou to plègma eÐnai tetrapl�sio se arijmì kìmbwn. SumperaÐnetai pwc h
di�stash enìc pedÐou paÐzei mikrì rìlo ston arijmì twn b�sewn pou ja apaithjoÔn gia na to
proseggÐsoun (oi b�seic bèbaia eÐnai dipl�siec se di�stash). Sunep¸c, o mìnoc pragmatikìc
par�gontac apì ton opoÐon exart�tai o arijmìc twn apaitoÔmenwn b�sewn eÐnai to kat� pìso
{diaqwrÐsimh} eÐnai h morf  tou pedÐou pou zhteÐtai na epilujeÐ, k�ti to opoÐo ìmwc genik� den
dÔnatai na gnwrÐzei o qr sthc ek twn protèrwn.

� 'Opwc faÐnetai sthn perÐptwsh thc epÐlushc gia Re=50, me peraitèrw aÔxhsh tou arijmoÔ
Reynolds, �ra kai thn epiplèon mh-diaqwrisimìthta tou pedÐou, ja auxhjeÐ kai o apaitoÔmenoc
arijmìc b�sewn pou qrei�zetai gia na to proseggÐsei.

� IdiaÐterh axÐa èqei h perÐptwsh gia Re=1000, ìpou parathreÐtai pwc o arijmìc b�sewn pou
qrei�zetai gia to (201 × 201) plègma, den eÐnai Ðdioc me ton arijmì b�sewn tou plègmatoc
(101 × 101), all� arket� megalÔteroc. 'Enac lìgoc pou sumbaÐnei autì, eÐnai h èntonh mh-
diaqwrisimìthta tou pedÐou. Sunep¸c, o  dh megalÔteroc arijmìc b�sewn pou apaiteÐtai,
lìgw thc Ðdiac apaÐthshc se sf�lma, ja qreiasteÐ perissìterec se sqèsh me to pedÐo di�stashc
(101×101) b�seic gia na proseggisjeÐ. Na tonisjeÐ pwc oi perissìterec b�seic pou apaitoÔntai,
qrhsimeÔoun sto na ikanopoi soun to krit rio tou sunolikoÔ sf�lmatoc, kai ìqi tou sqetikoÔ,
to opoÐo ikanopoieÐtai se ligìterec b�seic (blèpe Sq ma 3.20aþ kai 3.20bþ). Kaj¸c se èna
pragmatikì sen�rio, mìno to sqetikì sf�lma mporeÐ na qrhsimopoihjeÐ wc krit rio sÔgklishc,
en tèlei mporeÐ na jewrhjeÐ pwc oi b�seic pou apaitoÔntai kai stic dÔo diast�seic plegm�twn,
eÐnai perÐpou Ðdiec.

� EÐnai emfanèc se k�je perÐptwsh pwc emfanÐzetai epituq c sÔgklish kai twn dÔo eid¸n
sfalm�twn. Se èna pragmatikì sen�rio, h alhjin  lÔsh den ja eÐnai gnwst , kai ja mporeÐ na
qrhsimopoihjeÐ mìno to sqetikì sf�lma sÔgklishc twn b�sewn. Kaj¸c ìmwc h poreÐa touc
eÐnai kajodik  kai h t�xh megèjouc twn sfalm�twn eÐnai perÐpou Ðdia an� st�dio emploutismoÔ,
to krit rio mporeÐ epituq¸c na efarmosteÐ kai sto sqetikì sf�lma sÔgklishc, prosfèrontac
gn¸sh gia to pìte èqei sugklÐnei h diadikasÐa.

Telik�, sth sugkekrimènh perÐptwsh gÐnetai emfanèc pwc o arijmìc Reynolds ìso aux�nei,
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k�nei to telikì pedÐo ìlo kai ligìtero diaqwrÐsimo, apait¸ntac megalÔtero arijmì b�sewn gia
thn epituq  prosèggis  tou.

3.2.1 ApaitoÔmenh mn mh

Exèqousa shmasÐac èqei o apaitoÔmeno q¸roc apoj keushc twn nèwn, diaqwrismènwn plèon,
pedÐwn pou proèkuyan apì thn epÐlush tou probl matoc me to PGD. 'Enac sumbatikìc epilÔthc
pou kaleÐtai na epilÔsei to Ðdio pedÐo, ja qreiazìtan:

2(u kai v pedÐo)×Nx ×Ny

jèseic mn mhc (  arijmoÔc/kìmbouc), ìpou Nx kai Ny o arijmìc twn kìmbwn an� pleur� tou
domhmènou plègmatoc. Dhlad  gia thn epÐlush enìc pedÐou se plègma (101×101) ja apaitoÔntan h
apoj keush 20402 pragmatik¸n arijm¸n se kìmbouc, en¸ gia èna prìblhma se plègma (201×201)
ja apaiteÐto h apoj keush/qr sh 80802 arijm¸n/kìmbwn, dhlad  h zhtoÔmenh apoj keush eÐnai
an�logh tou tetrag¸nou twn arijm¸n kìmbwn an� pleur� tou upologistikoÔ qwrÐou,   se èna
prìblhma q diast�sewn:

Memory Required =∼ N q (Conventional Solver)

AntÐjeta, me thn epÐlush tou PGD , oi apaitoÔmenoi kìmboi ja eÐnai:

Nb × [(Nx tou pedÐou u ) + (Ny tou pedÐou u )+

+(Nx tou pedÐou v ) + (Ny tou pedÐou v )]

ìpou Nb o arijmìc twn apaitoÔmenwn b�sewn gia thn anapar�stash tou pedÐou. Dedomènou ìti o
arijmìc b�sewn pou apaiteÐtai gia ta dÔo aut� pedÐa ìntac peplegmèna eÐnai Ðsoc, kai upojètontac
epÐlush se orjokanonikì qwrÐo, me Ðso arijmì kìmbwn an� kateÔjunsh, all� kai thc genikìterhc
fainìmenhc anexarthsÐac tou arijmì twn b�sewn apì to megèjouc tou plègmatoc, oi apaitoÔmenoi
kìmboi eÐnai:

2×N ×Nb + 2×N ×Nb =

4×N ×Nb

dhlad :

Memory Required =∼ N (PGD Solver)

Se mia pio genik  perÐptwsh, ìpou to prìblhma pou zhteÐtai na lujeÐ eÐnai diatupwmèno se q
diast�seic, me stajerì arijmì N kìmbwn an� di�stash, kai apaitoÔmeno arijmì b�sewn Nb, ja
up�rqei kèrdoc kat� th qr sh tou PGD e�n o apaitoÔmenoc arijmìc kìmbwn eÐnai mikrìteroc se
sqèsh me autìn enìc sumbatikoÔ epilÔth, dhlad  an isqÔei h anisìthta:

qNb N < N q

  alli¸c:

Nb <
N q−1

q
(3.4)
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kai, gia pedÐa 2D, ìpwc aut� pou melet¸ntai sth diplwmatik  ergasÐa, ja eÐnai:

Nb <
N

2

Me ton parap�nw aplì trìpo eÐnai emfanèc to kèrdoc se mn mh se pedÐa meg�lhc di�stashc,
kaj¸c h aÔxhsh twn apait sewn mn mhc eÐnai grammik , kai -se diaqwrÐsima pedÐa- genik�
anex�rthth apì th di�stash tou q¸rou ston opoÐon eÐnai diatupwmènh to prìblhma, antÐjeta
me mia sumbatik  epÐlush ìpou h apaÐthsh se mn mh aux�netai ekjetik� (Conventional Solver)
me th di�stash tou qwrÐou sto opoÐo eÐnai diatupwmèno to proc epÐlush prìblhma. Bèbaia, se
perÐptwsh ìpou melet�tai èna prìblhma idiaÐtera mh-diaqwrÐsimo, den apokleÐetai h perÐptwsh
o arijmìc twn b�sewn na eÐnai sugkrÐsimoc me autìn twn kìmbwn an� di�stash, kajist¸ntac
to kèrdoc thc diadikasÐac epÐlushc me to PGD Ðswc kai ìqi sumfèrousa. All� sth genikìterh
perÐptwsh, ìpwc dhlad  gÐnetai emfanèc parap�nw (epÐshc bl. Kef�laio 5), o arijmìc twn
b�sewn eÐnai sqedìn p�nta shmantik� mikrìteroc thc di�stashc tou plègmatoc, prosfèrontac en
tèlei shmantikì kèrdoc mn mhc.

Autì gÐnetai arket� emfanèc sth sugkekrimènh perÐptwsh, ìpou ektìc thc epituqÐac leitourgÐac
thc mejìdou wc epilÔth, axÐzei na gÐnei kai mia anafor� sth mn mh pou apaiteÐtai ìtan h epÐlush
pragmatopoieÐtai me PGD se sqèsh me èna sumbatikì trìpo (h apaitoÔmenh mn mh anafèretai se
sunolikì arijmì kìmbwn/jèsewn mn mhc, anex�rthta an brÐskontai se 2D   1D pedÐo):

Required Memory

Re Grid Size
Conventional

Solver
PGD Solver

Percentage
(%)

1 101× 101 20402 6060 29.70

1 201× 201 80802 9648 11.94

50 101× 101 20402 16968 83.16

50 201× 201 80802 27336 33.83

1000 101× 101 20402 21816 106.93

1000 201× 201 80802 59496 73.63

PÐnakac 3.1: SÔgkrish thc apaitoÔmenhc mn mhc gia epÐlush mèsw PGD kai sumbatik c

epÐlushc.

Sta eÔkola diaqwrÐsima pedÐa to kèrdoc eÐnai shmantikì (eidik� sthn deÔterh perÐptwsh (Re=1,
Ω = 201×201), h apaitoÔmenh mn mh eÐnai perÐpou to 10% thc mn mhc pou ja qrhsimopoioÔntan apì
mia sumbatik  diadikasÐa. EÐnai emfanèc pwc se èntona mh-diaqwrÐsima pedÐa, up�rqei perÐptwsh
to PGD gia èna dosmèno sunolikì sf�lma na qreiasteÐ perissìterh mn mh se sqèsh me ton
sumbatikì epilÔth. O epiplèon arijmìc twn b�sewn pou afier¸nontai se aut n thn epiplèon
mn mh, eÐnai leptomèreiec enìc pedÐou, oi opoÐec -an�loga p�nta me thn qr sh- mporoÔn na mhn
lhfjoÔn upìyh me mia mikrìterh anoq  sf�lmatoc, jusi�zontac p�nta akrÐbeia gia mn mh kai
taqÔthta.

To genikìtero sumpèrasma eÐnai pwc me thn aÔxhsh thc di�stashc tou plègmatoc aux�netai kai
to kèrdoc se mn mh. K�ti tètoio eÐnai logikì, diìti to PGD antilamb�netai thn morf  tou pedÐou
mèsw 1D pedÐwn an� di�stash, qwrÐc na apaiteÐtai -se antÐjesh me ènan sumbatikì epilÔth- na
epilÔsei se KAJE kìmbo tou pragmatikoÔ qwrÐou gia na upologÐsei th lÔsh.



Kef�laio 4

EpÐlush twn 2D Exis¸sewn Burgers
se Kampulìgrammo Plègma me PGD

Se pragmatik� probl mata èna pedÐo den ja eÐnai austhr¸c orjogwnikì, all� ja èqei akajìristo
sq ma, prosarmosmèno sth gewmetrÐa tou exetazìmenou qwrÐou (l.q. ro c). Me thn kat�llhlh
gènesh plègmatoc, èna tuqaÐo sq ma mporeÐ na anaparastajeÐ apì èna domhmèno plègma. Gia thn
epÐlush tou pedÐou autoÔ, ja apaithjeÐ h qr sh metrik¸n megej¸n, pou ja pareisfrÔoun stic
proc epÐlush exis¸seic.

'Opwc kai sthn perÐptwsh tou orjokanonikoÔ plègmatoc, ètsi kai ed¸, oi dÔo exis¸seic tou 2D
sust matoc Burgers apemplèkontai an� st�dio emploutismoÔ metaxÔ touc kai epilÔontai enall�x
kai epanalhptik�. Sunep¸c, se k�je st�dio, ìlec oi sunart seic pou sqetÐzontai me thn �llh
sunist¸sa thc taqÔthtac jewroÔntai pl rwc gnwstèc, kai oi dÔo sunart seic-b�seic pou domoÔn
ton trèqon kÔklo tou pedÐou upologÐzontai epanalhptik�.

Se k�je perÐptwsh qr shc kampulìgrammou plègmatoc, h diatÔpwsh twn exis¸sewn pragmato-
poieÐtai sto arqikì, kampulìgrammo pedÐo (x, y) all� h epÐlush lamb�nei q¸ra sto orjokanonikì
plègma (ξ, η) me ∆ξ = ∆η = 1 (bl. Sq ma 4.1).

Arqik�, oi exis¸seic (2.1) xanagr�fontai, aut  th for� se dianusmatik  morf , jewr¸ntac
pwc ~u = (u, v):

~u · ∇u = ∇2u

~u · ∇v = ∇2v

Gia na gÐnei h {metafor�} apì to èna pedÐo sto �llo, ja apaithjeÐ na tropopoihjoÔn oi proc
epÐlush exis¸seic kai, sugkekrimèna, oi ìroi twn parag¸gwn, dhlad  (me epanalambanìmenouc
deÐktec sumbolÐzetai h sÔmbash Einstein):

∇Φ(x, y) =
∂Φ(ξ, η)

∂ξi
~gi (4.1)

∇2Φ(x, y) =
1

J

∂

∂ξi

(
Jgij

∂Φ

∂ξj

)
(4.2)

ìpou me ~gi sumbolÐzontai oi antalloÐwtec dianusmatikèc b�seic kai me gij oi antalloÐwtec metrikèc

deÔterhc t�xhc, oi opoÐec orÐzontai wc gij = ~gi ~gj.

45
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Sq ma 4.1: Orjokanonikì qwrÐo epÐlushc (ξ, η) di�stashc 100×100, me 101 kìmbouc an� pleur�.

Met� thn eisagwg  twn metrik¸n, to sÔsthma twn 2D exis¸sewn Burgers, lamb�nei thn ex c
morf :

u

(
∂u

∂ξ
ξx +

∂u

∂η
ηx

)
+ v

(
∂u

∂ξ
ξy +

∂u

∂η
ny

)
=

=
1

Re

{
g11∂

2u

∂ξ2
+

1

J

[
∂(Jg11)

∂ξ
+
∂(Jg12)

∂η

]
∂u

∂ξ
+

+2g12 ∂
2u

∂η∂ξ
+

1

J

[
∂(Jg12)

∂ξ
+
∂(Jg22)

∂η

]
∂u

∂η
+ g22∂

2u

∂η2

} (4.3)

u

(
∂v

∂ξ
ξx +

∂v

∂η
ηx

)
+ v

(
∂v

∂ξ
ξy +

∂v

∂η
ηy

)
=

=
1

Re

{
g11∂

2v

∂ξ2
+

1

J

[
∂(Jg11)

∂ξ
+
∂(Jg12)

∂η

]
∂v

∂ξ
+

+2g12 ∂
2v

∂η∂ξ
+

1

J

[
∂(Jg12)

∂ξ
+
∂(Jg22)

∂η

]
∂v

∂η
+ g22∂

2v

∂η2

} (4.4)
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Ta megèjh twn pedÐwn u kai v gr�fontai plèon wc:

u(ξ, η) =
n∑
i=1

Ξui(ξ)Hui(η)

v(ξ, η) =
n∑
i=1

Ξvi(ξ)Hvi(η)

(4.5)

'Opwc kai se k�je �llh perÐptwsh, h metablht  thc k�je b�shc ja jewreÐtai dedomènh kai den
ja anagr�fetai gia lìgouc aplìthtac. Sth sunèqeia, apaiteÐtai na ekfrastoÔn oi parap�nw
exis¸seic kat� PGD. Sunep¸c, h k�je èkfrash ja prokÔyei met� apì antikat�stash tou
megèjouc tou pedÐou me to antÐstoiqo kat� PGD pedÐo (4.5).

'Opwc kai sthn epÐlush tou probl matoc se kartesianì plègma, ètsi kai ed¸ ja up�rqoun
tèssera b mata, dÔo gia thn eÔresh tou pedÐou u -ta opoÐa pragmatopoioÔntai epanalhptik� èwc
epiteuqjeÐ sÔgklish-, kai �lla dÔo gia ton upologismì tou pedÐou v -ta opoÐa gÐnontai kai aut�
epanalhptik�-.

4.1 Upologismìc tou PedÐou u

Efarmìzontac to PGD sthn 1h exÐswsh tou 2D sust matoc Burgers (4.3), dhlad  me
antikat�stash twn megej¸n ìpwc anagr�fontai sthn (4.5) se aut n, prokÔptei h èkfrash thc
exÐswshc kat� PGD:

(
n−1∑
i=1

ΞiHi

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξx +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηx

]
+

+

(
n−1∑
i=1

ΞviHvi

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξy +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηy

]
=

=
1

Re

[
g11

(
∂2Ξn

∂ξ2
Hn +

n−1∑
i=1

∂2Ξi

∂ξ2
Hi

)
+
c1

J

(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)

+2g12

(
∂Ξn

∂ξ

∂Hn

∂η
+

n−1∑
i=1

∂Ξi

∂ξ

∂Hi

∂η

)
+
c2

J

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
+

+g22

(
Ξn
∂2Hn

∂η2
+

n−1∑
i=1

Ξi
∂2Hi

∂η2

)]

(4.6)

ìpou:

c1 =
∂

∂ξ

(
Jg11

)
+

∂

∂η

(
Jg12

)
c2 =

∂

∂ξ

(
Jg12

)
+

∂

∂η

(
Jg22

) (4.7)
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Sth sunèqeia, apì thn parap�nw exÐswsh ja exaqjoÔn oi ekfr�seic pou upologÐzoun ta
megèjh Ξun, Hun, se peplegmènh profan¸c morf , me th qr sh -ìpwc kai prohgoumènwc- thc
probol c Galerkin.

� B ma 1o, eÔresh tou Hnew
un (η) apì Ξold

un (ξ), Hold
vn (η), Ξold

vn (ξ)
Me qr sh thc probol c Galerkin sthn exÐswsh (4.3), me sun�rthsh b�shc thn u∗ = Hold

n , kai
olokl rwsh kat� th η dieÔjunsh, lamb�netai:∫

η

Hn
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dη

(4.8)

me ta c1, c2 na dÐnontai apì thn (4.7).

Met� to pèrac twn antÐstoiqwn pr�xewn, prokÔptei h akìloujh morf :
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(4.9)
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Omadopoi¸ntac touc parap�nw ìrouc wc ex c:

aξ =
n−1∑
i=1
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n−1∑
i=1

∫
η

HnHvi
∂Hn

∂η
ηydηΞvi

eξ = − 1

Re

∫
η

g11H2
ndη fξ = − 1

Re

∫
η

H2
n

c1

J
dη

gξ = − 1

Re

∫
η

Hn2g12∂Hn

∂η
dη hξ = − 1

Re

∫
η

Hn
c2

J

∂Hn

∂η
dη

iξ = − 1

Re

∫
η

Hng
22∂

2Hn

∂η2
dη

RHSξ = −
n−1∑
i=1

n−1∑
j=1

∫
η

HnHiHjξxdηΞi
∂Ξj

∂ξ
−

n−1∑
i=1

n−1∑
j=1

∫
η

Hnni
∂Hj

∂η
ξydηΞiΞj−

−
n−1∑
i=1

n−1∑
j=1

∫
η

HnHviHjηxdηΞvi
∂Ξj

∂ξ
−

n−1∑
i=1

n−1∑
j=1

∫
η

HnHvi
∂Hj

∂η
ηydηΞviΞj+

+
1

Re

{
n−1∑
i=1

∫
η

g11HiHndη
∂2Ξi

∂ξ2
+

n−1∑
i=1

∫
η

Hn
c1

J
Hidη

∂Ξi

∂ξ
+

n−1∑
i=1

∫
η

Hn2g12∂Hi

∂η
dη
∂Ξi

∂ξ
+

+
n−1∑
i=1

∫
η

Hn
c2

J

∂Hi

∂η
dηΞi +

n−1∑
i=1

∫
η

Hng
22∂

2Hi

∂η2
dηΞi

}
prokÔptei mia deÔterhc t�xhc SDE h opoÐa mporeÐ na lujeÐ met� thn epibol  twn kat�llhlwn
oriak¸n sunjhk¸n:

(bξ + dξ + hξ + iξ)Ξn + (aξ + cξ + fξ + gξ)
∂Ξn

∂ξ
+ eξ

∂2Ξn

∂ξ2
= RHSξ (4.10)

Me th qr sh enìc orjokanonikoÔ plègmatoc (ξ, η), h qr sh peperasmènwn diafor¸n eÐnai
shmantik� pio eÔkolh apì to kampulìgrammo plègma (x, y). To sq ma parag¸gishc (kentrikèc
  one-sided diaforèc) eÐnai to Ðdio pou qrhsimopoieÐtai kai sto Kef�laio 3 kai analÔetai sthn
Enìthta 2.5.

� B ma 2o, eÔresh tou Hnew
un apì Ξnew

un , H
old
vn , Ξold

vn

'Opwc kai parap�nw, me probol  Galerkin sthn (4.3), aut  th for� me sun�rthsh b�shc thn
u∗ = Ξnew

n kai olokl rwsh kat� thn ξ dieÔjunsh, prokÔptei h antÐstoiqh morf  gia ton
upologismì thc sun�rthshc Hun:
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∫
ξ

Ξn

{(
n−1∑
i=1

ΞiHi

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξx +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηx

]
+(

n−1∑
i=1

ΞviHvi

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξy +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηy

]}
dξ =

=

∫
ξ

Ξn

Re

[
g11

(
∂2Ξn

∂ξ2
Hn +

n−1∑
i=1

∂2Ξi

∂ξ2
Hi

)
+
c1

J

(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
+

+2g12

(
∂Ξn

∂ξ

∂Hn

∂η
+

n−1∑
i=1

∂Ξi

∂ξ

∂Hi

∂η

)
+
c2

J

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
+

+g22

(
Ξn
∂2Hn

∂η2
+

n−1∑
i=1

Ξi
∂2Hi

∂η2

)]
dξ

(4.11)

me ta c1 kai c2 na dÐnontai apì thn exÐswsh (4.7).

Met� to pèrac twn antÐstoiqwn pr�xewn, diamorf¸netai h akìloujh exÐswsh:

n−1∑
i=1

∫
ξ

ΞnΞi
∂Ξn

∂ξ
ξxdξHiHn +

n−1∑
i=1

n−1∑
j=1

∫
ξ

ΞnΞi
∂Ξj

∂ξ
ξxdξHiHj+

+
n−1∑
i=1

∫
ξ

Ξ2
nΞiηxdξHi

∂Hn

∂η
+

n−1∑
i=1

n−1∑
j=1

∫
ξ

ΞnΞiΞjηxdξHi
∂Hj

∂η
+

+
n−1∑
i=1

∫
ξ

ΞnΞvi
∂Ξn

∂ξ
ξydξHviHn +

n−1∑
i=1

n−1∑
j=1

ΞnΞvi
∂Ξj

∂ξ
ξydξHviHj+

+
n−1∑
i=1

∫
ξ

Ξ2
nΞviηydξHvi

∂Hn

∂η
+

n−1∑
i=1

n−1∑
j=1

∫
ξ

ΞnΞviΞjηydηHvi
∂Hi

∂η
=

=
1

Re

{∫
ξ

Ξng
11∂

2Ξn

∂ξ2
dξHn +

n−1∑
i=1

∫
ξ

Ξng
11∂

2Ξi

∂ξ2
dξHi +

∫
ξ

Ξn
c1

J

∂Ξn

∂ξ
dξHn +

n−1∑
i=1

∫
ξ

Ξn
c1

J

∂Ξi

∂ξ
dξHi+

+

∫
ξ

Ξn2g12∂Ξn

∂ξ
dξ
∂Hn

∂η
+

n−1∑
i=1

∫
ξ

Ξn2g12∂Ξi

∂ξ
dξ
∂Hi

∂η
+

∫
ξ

Ξn
c2

J
Ξndξ

∂Hn

∂η
+

n−1∑
i=1

∫
ξ

Ξn
c2

J
Ξidξ

∂Hi

∂η
+

+

∫
ξ

Ξng
22Ξndξ

∂2Hn

∂η2
+

n−1∑
i=1

∫
ξ

Ξng
22Ξidξ

∂2Hi

∂η2

}
(4.12)
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Me omadopoÐhsh twn parap�nw ìrwn wc ex c:

an = −
n−1∑
i=1

∫
ξ

ΞnΞi
∂Ξn

∂ξ
ξxdξHi bn = −

n−1∑
i=1

∫
ξ

Ξ2
nΞiηxdξHi

cn = −
n−1∑
i=1

∫
ξ

ΞnΞvi
∂Ξn

∂ξ
ξydξHvi dn = −

n−1∑
i=1

∫
ξ

Ξ2
nΞviηydξHvi

en =
1

Re

∫
ξ

Ξng
11∂

2Ξn

∂ξ2
dξ fn =

1

Re

∫
ξ

Ξn
c1

J

∂Ξn

∂ξ
dξ

gn =
1

Re

∫
ξ

Ξn2g12∂Ξn

∂ξ
dξ hn =

1

Re

∫
ξ

Ξn
c2

J
Ξndξ

in =
1

Re

∫
ξ

Ξng
22Ξndξ

RHSn = −
n−1∑
i=1

n−1∑
j=1

∫
ξ

ΞnΞi
∂Ξj

∂ξ
ξxdξHiHj −

n−1∑
i=1

n−1∑
j=1

∫
ξ

ΞnΞiΞjηxdξHi
∂Hj

∂η
−

−
n−1∑
i=1

n−1∑
j=1

ΞnΞvi
∂Ξj

∂ξ
ξydξHviHj −

n−1∑
i=1

n−1∑
j=1

∫
ξ

ΞnΞviΞjηydηHvi
∂Hi

∂η
+

+
1

Re

{
n−1∑
i=1

∫
ξ

Ξng
11∂

2Ξi

∂ξ2
dξHi +

n−1∑
i=1

∫
ξ

Ξn
c1

J

∂Ξi

∂ξ
dξHi +

n−1∑
i=1

∫
ξ

Ξn2g12∂Ξi

∂ξ
dξ
∂Hi

∂η
+

+
n−1∑
i=1

Ξn
c2

J
Ξidξ

∂Hi

∂η
+

n−1∑
i=1

Ξng
22Ξidξ

∂2Hi

∂η2

}
(4.13)

ProkÔptei mia deÔterhc t�xhc SDE h opoÐa mporeÐ na epilujeÐ me ènan aplì tridiag¸nio epilÔth
met� thn kat�llhlh diakritopoÐhsh (bl. Enìthta 2.5).

(an + cn + en + fn)Hn + (bn + dn + gn + hn)
∂Hn

∂η
+ in

∂2Hn

∂η2
= RHSn (4.14)

4.2 Upologismìc tou PedÐou v

Efarmìzontac th mèjodo tou PGD sthn 2h (tou v) exÐswsh tou 2D sust matoc Burgers
(4.4), me antikat�stash twn megej¸n ìpwc aut� diaqwrÐzontai sthn ex. (4.5), prokÔptei h



52 4. EpÐlush twn 2D Exis¸sewn Burgers se Kampulìgrammo Plègma me PGD

PGD èkfrash thc deÔterhc exÐswshc tou sust matoc:(
n−1∑
i=1

ΞuiHui

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξx +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηx

]
+

+

(
n−1∑
i=1

ΞiHi

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξy +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηy

]
=

=
1

Re

[
g11

(
∂2Ξn

∂ξ2
Hn +

n−1∑
i=1

∂2Ξi

∂ξ2
Hi

)
+
c1

J

(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
+

+2g12

(
∂Ξn

∂ξ

∂Hn

∂η
+

n−1∑
i=1

∂Ξi

∂ξ

∂Hi

∂η

)
+
c2

J

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
+

+g22

(
Ξn
∂2Hn

∂η2
+

n−1∑
i=1

Ξi
∂2Hi

∂η2

)]

(4.15)

'Opwc kai prin, me th diafor� ìti oi sunist¸sec Ξun kai Hun eÐnai plèon gnwstèc, gÐnetai
qr sh thc probol c Galerkin gia ton upologismì twn dÔo sunart sewn-b�sewn tou pedÐou
v, dhlad  twn: Ξvn kai Hvn

� B ma 3o, eÔresh tou Ξnew
vn (ξ) apì Hold

vn (η), Hnew
un (η), Ξnew

un (ξ)
Me qr sh thc probol c Galerkin sthn exÐswsh (4.15), me sun�rthsh b�shc thn v∗ = Hold

vn kai
olokl rwsh kat� thn η dieÔjunsh, prokÔptei h èkfrash:∫

η

Hn

{(
n−1∑
i=1

ΞuiHui

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξx +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηx

]
+

+

(
n−1∑
i=1

ΞiHi

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξy +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηy

]}
dη =

=

∫
η

Hn

Re

[
g11

(
∂2Ξn

∂ξ2
Hn +

n−1∑
i=1

∂2Ξi

∂ξ2
Hi

)
+
c1

J

(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
+

+2g12

(
∂Ξn

∂ξ

∂Hn

∂η
+

n−1∑
i=1

∂Ξi

∂ξ

∂Hi

∂η

)
+
c2

J

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
+

+g22

(
Ξn
∂2Hn

∂η2
+

n−1∑
i=1

Ξi
∂2Hi

∂η2

)]
dη

(4.16)

me thn exÐswsh (4.7) na upologÐzei ta c1 kai c2. Met� to pèrac twn pr�xewn, h parap�nw
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exÐswsh paÐrnei th morf :

n−1∑
i=1

∫
η

HuiH
2
nξxdηΞui

∂Ξn

∂ξ
+

n−1∑
i=1

n−1∑
j=1

∫
η

HuiHnHjξxdηΞui
∂Ξj

∂ξ
+

+
n−1∑
i=1

∫
η

HuiHn
∂Hn

∂η
ηxdηΞuiΞn +

n−1∑
i=1

n−1∑
j=1

∫
η

HuiHn
∂Hj

∂η
ηxdηΞjΞui+

+
n−1∑
i=1

∫
η

H2
nHiξydηΞi

∂Ξn

∂ξ
+

n−1∑
i=1

n−1∑
j=1

∫
η

HnHiHjξydη
∂Ξi

∂ξ
Ξj+

+
n−1∑
i=1

∫
η

∂Hn

∂η
HiHnηydηΞiΞn +

n−1∑
i=1

n−1∑
j=1

∫
η

Hn
∂Hi

∂η
HiηydηΞiΞj =

=
1

Re

{∫
η

Hng
11Hndη

∂2Ξn

∂ξ2
+

n−1∑
i=1

∫
η

Hng
11Hidη

∂2Ξi

∂ξ2
+

∫
η

Hn
c1

J
Hndη

∂Ξn

∂ξ
+

n−1∑
i=1

∫
η

Hn
c1

J
Hidη

∂Ξi

∂ξ
+

+

∫
η

Hn2g12∂Hn

∂η
dη
∂Ξn

∂ξ
+

n−1∑
i=1

∫
η

Hn2g12∂Hi

∂η
dη
∂Ξi

∂ξ
+

∫
η

Hn
c2

J

∂Hn

∂η
dηΞn +

n−1∑
i=1

∫
η

Hn
c2

J

∂Hi

∂η
dηΞi+

+

∫
η

Hng
22∂

2Hn

∂η2
dηΞn +

n−1∑
i=1

∫
η

Hng
22∂

2Hi

∂η2
dηΞi

}
(4.17)

Omadopoi¸ntac touc parap�nw ìrouc wc ex c:

aξ =
n−1∑
i=1

∫
η

H2
nHiξydηΞi bξ =

n−1∑
i=1

∫
η

∂Hn

∂η
HiHnηydηΞi

cξ =
n−1∑
i=1

∫
η

HuiH
2
nξxdηΞui dξ =

n−1∑
i=1

∫
η

HuiHn
∂Hn

∂η
ηxdηΞui

eξ = − 1

Re

∫
η

Hng
11Hndη fξ = − 1

Re

∫
η

Hn
c1

J
Hndη

gξ = − 1

Re

∫
η

Hn2g12∂Hn

∂η
dη hξ = − 1

Re

∫
η

Hn
c2

J

∂Hn

∂η
dη

iξ = − 1

Re

∫
η

Hng
22∂

2Hn

∂η2
dη

`
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RHSξ = −
n−1∑
i=1

n−1∑
j=1

∫
η

HnHiHjξxdη
∂Ξi

∂ξ
Ξj −

n−1∑
i=1

n−1∑
j=1

∫
η

Hn
∂Hi

∂η
HiηxdηΞiΞj−

−
n−1∑
i=1

n−1∑
j=1

∫
η

HuiHnHjξydηΞui
∂Ξj

∂ξ
−

n−1∑
i=1

n−1∑
j=1

∫
η

HuiHn
∂Hj

∂η
ηydηΞjΞui+

+
1

Re

{
n−1∑
i=1

∫
η

Hng
11Hidη

∂2Ξi

∂ξ2
+

n−1∑
i=1

∫
η

Hn
c1

J
Hidη

∂Ξi

∂ξ
+

n−1∑
i=1

∫
η

Hn2g12∂Hi

∂η
dη
∂Ξi

∂ξ
+

+
n−1∑
i=1

∫
η

Hn
c2

J

∂Hi

∂η
dηΞi +

n−1∑
i=1

∫
η

Hng
22∂

2Hi

∂η2
dηΞi

}
'Opwc kai prin, emfanÐzetai mia SDE deÔterhc t�xhc, h opoÐa lÔnetai me k�poion apì touc
trìpouc pou proanafèrjhkan (l.q. tridiag¸nioc epilÔthc):

(bξ + dξ + hξ + iξ)Hn + (aξ + cξ + fξ + gξ)
∂Ξn

∂ξ
+ eξ

∂2Ξn

∂ξ2
= RHSξ (4.18)

� B ma 4o, EÔresh tou Hnew
vn (η) apì Ξnew

vn (ξ), Hnew
un (η), Ξnew

un (ξ)
OmoÐwc me prin, mèsw thc probol c Galerkin sthn exÐswsh (4.15), me sun�rthsh b�shc thn
v∗ = Ξnew

vn kai olokl rwsh kat� th ξ dieÔjunsh, prokÔptei h èkfrash:

∫
ξ

Ξn

{(
n−1∑
i=1

ΞuiHui

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξx +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηx

]
+

+

(
n−1∑
i=1

ΞiHi

)[(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
ξy +

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
ηy

]}
dξ =

=

∫
ξ

Ξn

Re

[
g11

(
∂2Ξn

∂ξ2
Hn +

n−1∑
i=1

∂2Ξi

∂ξ2
Hi

)
+
c1

J

(
∂Ξn

∂ξ
Hn +

n−1∑
i=1

∂Ξi

∂ξ
Hi

)
+

+2g12

(
∂Ξn

∂ξ

∂Hn

∂η
+

n−1∑
i=1

∂Ξi

∂ξ

∂Hi

∂η

)
+
c2

J

(
Ξn
∂Hn

∂η
+

n−1∑
i=1

Ξi
∂Hi

∂η

)
+

+g22

(
Ξn
∂2Hn

∂η2
+

n−1∑
i=1

Ξi
∂2Hi

∂η2

)]
dξ

(4.19)
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ìpou c1 kai c2 upologÐzontai apì thn (4.7). Met� tic kat�llhlec pr�xeic, prokÔptei:

n−1∑
i=1

∫
ξ

ΞnΞui
∂Ξn

∂ξ
ξxHuiHn +

n−1∑
i=1

n−1∑
j=1

∫
ξ

ΞnΞui
∂Ξj

∂ξ
ξxHuiHj+

+
n−1∑
i=1

∫
ξ

Ξ2
nΞuiηxdηHui

∂Hn

∂η
+

n−1∑
i=1

n−1∑
j=1

∫
ξ

ΞnΞuiΞjηxdηHui
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Omadopoi¸ntac touc parap�nw ìrouc wc ex c:
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KleÐnei h eswterik  epanalhptik  diadikasÐa me thn exÐswsh upologismoÔ thc teleutaÐac b�shc:

(an + cn + en + fn)Hn + (bn + dn + gn + hn)
∂Hn

∂η
+ in

∂2Hn

∂η2
= RHSn (4.22)



Kef�laio 5

Par�deigma EpÐlushc MDE me PGD
se Kampulìgrammo Plègma

Se autì to kef�laio ja parousiastoÔn apotelèsmata epÐlushc tou 2D sust matoc Burgers se
kampulìgramma plègmata basismèna sth mèjodo pou anaptÔqjhke sto Kef. 4 kai programma-
tÐsthke, ¸ste na epalhjeuteÐ h epituq c leitourgÐa thc kai h dunatìtht� thc epÐlushc MDE se
qwrÐa opoiasd pote morf c. Kai stic dÔo peript¸seic, to upologistikì qwrÐo ja diakritopoihjeÐ
se domhmèno plègma me Ðso an� di�stash arijmì kìmbwn, me th qr sh diaforetik¸n oriak¸n
sunjhk¸n kai sq matoc qwrÐwn. Oi sunart seic pou domoÔn to tm ma {eisìdou} sto qwrÐo
èqoun wc par�metro to mègejoc p, to opoÐo apoteleÐ to adi�stato m koc ep�nw stouc kìmbouc
thc pleur�c eisìdou, kai orÐzetai wc:

p =
i− 1

ny − 1

ìpou i o aÔxwn arijmìc tou k�je kìmbou, kai ny o sunolikìc arijmìc kìmbwn sthn pleur�
{eisìdou} tou pedÐou (se aut� ta paradeÐgmata, h eÐsodoc eÐnai p�nta h arister  pleur� tou
qwrÐou epÐlushc, dhlad  h pleur� tou plègmatoc ìpou x = 0). Me autìn ton trìpo gÐnetai
emfanèc ìti p ∈ (0, 1). Wc pl�gia tou qwrÐou ja anafèrontai h k�tw kai h p�nw pleur�, en¸ wc
{èxodoc} h dexi�. Se k�je perÐptwsh, sthn èxodo ja epib�lletai sunj kh mhdenik c Neumann,
en¸ sta pl�gia, an�loga thn perÐptwsh, eÐte mhdenik  Dirichlet, eÐte mhdenik  Neumann.

5.1 Plègma me Pukn¸seic

Sthn pr¸th perÐptwsh, to plègma pou ja exetasteÐ ja apoteleÐ th diakritopoÐhsh enìc
orjogwnikoÔ qwrÐou, me pukn¸seic sta pl�gia kai sthn dexi� pleur�, diathr¸ntac thn
orjogwnikìtht� tou, all� paÔontac na èqei isapèqontec kìmbouc. To plègma èqei th morf  tou
sq matoc (5.1), me 101 kìmbouc an� pleur�, kai pukn¸seic sthn p�nw, k�tw kai dexi� pleur�:
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Sq ma 5.1: Orjogwnikì plègma epÐlushc me pukn¸seic.
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5.1.1 Par�deigma 1o

Me th qr sh tou plègmatoc tou sq matoc 5.1, elègqetai h apodotikìthta tou k¸dika sthn
epÐlush tou probl matoc pou dièpetai apì th sun�rthsh eisìdou:

u = −10p2 + 10p+ 5 (5.1)

Me mhdenikèc sunj kec Dirichlet sta pl�gia (dhlad  sthn k�tw kai p�nw pleur�), mhdenikèc
sunj kec Neumann sthn dexi� pleur� (ac onomasteÐ gia tic an�gkec thc efarmog c èxodoc), to
pedÐo pou lamb�netai kai h antÐstoiqh sÔgklish sqetikoÔ sf�lmatoc kat� th stadiak  epÐlus 
tou eÐnai:

Sq ma 5.2: Par�deigma 1o: PedÐo u lumèno sto plègma 5.1 me qr sh PGD.

Sq ma 5.3: Par�deigma 1o: Sqetikì sf�lma sÔgklishc ìpwc orÐzetai apì thn exÐswsh (2.30).
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5.1.2 Par�deigma 2o

Se antÐjesh me prin, aut  th for� ja gÐnei qr sh sunjhk¸n mhdenik¸n Neumann sta pl�gia
tou pedÐou ro c (k�tw kai p�nw pleur�) kai sthn èxodo, diathr¸ntac thn Ðdia sun�rthsh eisìdou,
p�li me mhdenik  gwnÐa:

Sq ma 5.4: Par�deigma 2o: PedÐo u lumèno sto plègma 5.1 me qr sh PGD.

Sq ma 5.5: Par�deigma 2o: Sqetikì sf�lma sÔgklishc ìpwc orÐzetai apì thn exÐswsh (2.30).
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5.1.3 Par�deigma 3o

Se aut n thn perÐptwsh, elègqetai h leitourgÐa tou k¸dika gia to Ðdio plègma, all� aut  th
for� me arijmì Re = 10, kai sun�rthsh eisìdou me klÐsh φ = 45o, diegeÐrontac -se antÐjesh me
to prohgoÔmeno par�deigma- kai thn kat� y sunist¸sa, dhlad  to pedÐo v. Oi oriakèc sunj kec
paramènoun mhdenikèc Dirichlet sta pl�gia kai mhdenikèc Neumann sthn èxodo tou pedÐou. 'Etsi,
me sun�rthsh eisìdou thn (5.2), prokÔptoun ta akìlouja pedÐa:

u = 5(−p2 + p)cos(φ)

v = 5(−p2 + p)sin(φ)
(5.2)

(aþ) PedÐo u. (bþ) PedÐo v.

Sq ma 5.6: Par�deigma 3o: PedÐa u kai v lumèna sto plègma 5.1 me qr sh PGD.

Sq ma 5.7: Par�deigma 3o: Sqetikì sf�lma sÔgklishc ìpwc orÐzetai apì thn exÐswsh (2.30).
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5.2 Kampulìgrammo Plègma

Se autì to par�deigma, ja exetasteÐ h leitourgÐa tou k¸dika sthn perÐptwsh enìc pedÐou
morf c sugklÐnontoc-apoklÐnontoc akrofusÐou, to opoÐo -se antÐjesh me thn prohgoÔmenh
perÐptwsh- èqei ìlec tic metrikèc tou plègmatoc mh-mhdenikèc. Se k�je efarmog  tou k¸dika
sthn epÐlush sto plègma autì, ja gÐnei qr sh oriak¸n sunjhk¸n Dirichlet sthn eÐsodo (arister 
pleur�) me thn katanom  pou orÐzetai sto k�je par�deigma, mhdenik¸n sunjhk¸n Dirichlet
sta pl�gia (p�nw kai k�tw pleur�), kai mhdenik c Neumann sthn èxodo (dexi� pleur�). To
sugkekrimèno plègma eÐnai di�stashc 51× 51 kìmbwn, kai eÐnai to ex c (Sq ma 5.8):

Sq ma 5.8: Kampulìgrammo plègma Paradeigm�twn 4, 5, 6, morf c sugklÐnontoc-apoklÐnontoc

akrofusÐou, me 51 kìmbouc an� pleur�.
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5.2.1 Par�deigma 4o

Me katanom  eisìdou thn:
u = −10p2 + 10p (5.3)

kai mhdenik  gwnÐa probol c, me arijmì Re=1, prokÔptei:

Sq ma 5.9: Par�deigma 4o: PedÐo u lumèno sto plègma 5.8 me qr sh PGD.

Sq ma 5.10: Par�deigma 4o: Sqetikì sf�lma sÔgklishc ìpwc orÐzetai apì thn exÐswsh (2.30).
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5.2.2 Par�deigma 5o

Me Ðdia katanom  eisìdou me prin, all� aut  th for� {zugÐzontac} diaforetik� touc ìrouc
metafor�c kai di�qushc, dhlad  me Re=300, prokÔptei:

Sq ma 5.11: Par�deigma 5o: PedÐo u lumèno sto plègma 5.8 me qr sh PGD.

Sq ma 5.12: Par�deigma 5o: Sqetikì sf�lma sÔgklishc ìpwc orÐzetai apì thn exÐswsh (2.30).
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5.2.3 Par�deigma 6o

Tèloc, sto Ðdio plègma, all� me eÐsodo upì klÐsh, φ = 45o, me katanom  eisìdou:

u = 10(−p2 + p)cos(φ)

v = 10(−p2 + p)sin(φ)
(5.4)

me arijmì Re=1000 kai mhdenikèc oriakèc sunj kec ta pl�gia (Dirichlet), lamb�netai:

(aþ) PedÐo u. (bþ) PedÐo v.

Sq ma 5.13: Par�deigma 6o: PedÐa u kai v lumèna sto plègma 5.8 me qr sh PGD.

Sq ma 5.14: Par�deigma 6o: Sqetikì sf�lma sÔgklishc ìpwc orÐzetai apì thn exÐswsh (2.30).
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5.3 Apotelèsmata-SqoliasmoÐ

Sta parap�nw paradeÐgmata efarmìsthkan di�foroi sunduasmoÐ tÔpou plègmatoc, oriak¸n
sunjhk¸n. H el�ttwsh tou sqetikoÔ sf�lmatoc sÔgklishc epibebai¸nei thn epituq  leitourgÐa
thc mejìdou stic peript¸seic pou exet�sthkan. Stic peript¸seic ìpou o arijmìc Re eÐnai
meg�loc, eÐnai emfan c h mikrìterh di�qush pou emfanÐzetai sto pedÐo, all� tautìqrona kai
h ligìtero diaqwrÐsimh morf  tou pedÐou, h opoÐa apaiteÐ megalÔtero arijmì b�sewn gia thn
epituq  prosèggis  thc. EpalhjeÔetai loipìn, kai sto kampulìgrammo plègma, pwc h morf  tou
pedÐou (h opoÐa sta paradeÐgmata aut� kajorÐzetai apì ton arijmì Reynolds ), paÐzei shmantikì
rìlo sto pìso diaqwrÐsimo autì en tèlei eÐnai, kai �ra sto pìso gr gora kai apodotik� autì ja
proseggisjeÐ apì to PGD.

5.3.1 ApaitoÔmenh Mn mh

Genikìteroc skopìc tou PGD eÐnai h el�ttwsh thc apaitoÔmenhc gia thn epÐlush tou pedÐou
mn mhc. Se 2D pedÐa, ìpwc eÐnai aut� pou melet¸ntai sth diplwmatik  aut  ergasÐa, ìtan isqÔei
h anisìthta (3.2.1), dhlad :

Nb<
N

2

h epÐlush me qr sh tou PGD, apì thn �poyh thc mn mhc, eÐnai sumfèrousa.

O pÐnakac 5.1 deÐqnei tic apaitoÔmenec jèseic mn mhc/kìmbouc se kajemÐa apì tic èxi parap�nw
peript¸seic pou elègqjhkan, me th qr sh PGD, kai me th qr sh sumbatikoÔ epilÔth, all� kai
to kèrdoc se k�je perÐptwsh.

Required Memory

Example Grid Size
Number
of fields

Conventional
Solver

PGD
Solver

Percentage
(%)

1 101× 101 1 10201 2020 19.80

2 101× 101 1 10201 2424 23.76

3 101× 101 2 20402 4040 19.80

4 51× 51 1 2601 1020 39.21

5 51× 51 1 2601 1224 47.05

6 51× 51 2 5202 5916 113.72

PÐnakac 5.1: SÔgkrish thc apaitoÔmenhc mn mhc gia epÐlush mèsw PGD kai sumbatik c

epÐlushc.

ParathreÐtai pwc se kajemÐa apì tic parap�nw peript¸seic -ektìc thc teleutaÐac-, h
anisìthta aut  ikanopoieÐtai, deÐqnontac th sumfèrousa qr sh tou PGD kai stic peript¸seic
kampulìgrammwn plegm�twn se tuqaÐa qwrÐa. Ta sumper�smata pou mporoÔn na exaqjoÔn eÐnai
sqetik� ìmoia me aut� thc epÐlushc se kartesianì qwrÐo. Ta kèrdh se apl�, eukìlwc diaqwrÐsima
pedÐa (Par�deigma 1, 5.1.1) eÐnai shmantik�. 'Opwc anafèrjhke, o arijmìc Reynolds paÐzei meg�lo
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rìlo sto pìso diaqwrÐsimo ja eÐnai telik� èna pedÐo. 'Etsi, sta paradeÐgmata ìpou o arijmìc
Reynolds megal¸nei, oi apaitoÔmenec b�seic gia èna dosmèno sf�lma (se k�je perÐptwsh ε = −5)
aux�nontai. EpÐshc, deÐqjhke sta paradeÐgmata tou Kef. 3 pwc h di�stash tou plègmatoc
an� kateÔjunsh/di�stash den paÐzei shmantikì rìlo ston apaitoÔmeno arijmì b�sewn, kaj¸c
kai ìti mia aÔxhsh sth diakritopoÐhsh dÐnei megalÔtero kèrdoc mn mhc. 'Etsi, se èna sqetik�
mikrì plègma, ìpwc autì twn Paradeigm�twn 4 (5.2.1), 5 (5.2.2) kai 6 (5.2.3), kaj¸c apaiteÐtai
ènac stajerìc arijmìc b�sewn gia thn apotÔpwsh thc k�je lÔshc, h mikrìterh di�stash tou
plègmatoc ja mikrÔnei to ìfeloc pou ja èqei h epÐlush mèsw PGD . M�lista, sto Par�deigma
6 (5.2.3), lìgw thc èntonhc mh-diaqwrisimìthtac, all� kai tou mikroÔ megèjouc tou plègmatoc,
apì ton pÐnaka 5.1 gÐnetai emfanèc pwc den up�rqei kèrdoc sthn efarmog  thc mejìdou gia thn
epÐlus  tou.

Par� thn epituq  efarmog  thc mejìdou stic parap�nw peript¸seic, den paÔoun na emfanÐzontai
orismèna probl mata kat� th qr sh tou PGD wc epilÔth problhm�twn diatupwmènwn se
kampulìgramma plègmata. Arketèc forèc, se shmantik� meg�lec pukn¸seic tou plègmatoc,
endèqetai o k¸dikac na adunat sei na proseggÐsei swst� thn trèqousa b�sh, en tèlei odhg¸ntac
sthn apìklish thc lÔshc. O lìgoc gia ton opoÐon sumbaÐnei autì èqei proanaferjeÐ kai sthn
Enìthta 2.4.1, ìpou h asunèqeia pou emfanÐzetai to arqikì pedÐo twn oriak¸n sunjhk¸n, se
èna puknìtero plègma, odhgeÐ se meg�lec timèc thc parag¸gou, odhg¸ntac ètsi se arijmhtik 
ast�jeia. Tètoia probl mata prèpei na lamb�nontai upìyh ìtan to proc epÐlush prìblhma
zhteÐtai na lujeÐ me th qr sh tou PGD, dedomènou ìti k�poiec forèc den eÐnai dunat  h epÐlush
me th mèjodo. Profan¸c eÐnai èna tm ma thc mejìdou pou qr zei perissìterhc melèthc kai
an�ptuxhc se mellontikèc ergasÐec kai efarmogèc thc.



68 5. Par�deigma EpÐlushc MDE me PGD se Kampulìgrammo Plègma



Kef�laio 6

Programmatismìc thc SuzugoÔc
Mejìdou sth 2D ExÐswsh Burgers me
PGD

Se èna prìblhma beltistopoÐhshc pou basÐzetai sth suzug  mèjodo gia ton upologismì twn
parag¸gwn euaisjhsÐac miac sun�rthshc stìqou, apaiteÐtai h pl rhc apoj keush ìlou tou
pedÐou se ìlec tic sunist¸sec (sumperilambanomènou kai tou qrìnou), ¸ste na gÐnei dunatìc o
upologismìc touc. Se èna mh-mìnimo prìblhma, eÐnai anagkaÐa h qr sh arket¸n qronik¸n bhm�twn
gia thn epÐteuxh thc epijumht c akrÐbeiac thc lÔshc tou pedÐou, apait¸ntac èna shmantikì ìgko
mn mhc. Se k�je perÐptwsh dhlad , h apaitoÔmenh upologistik  isqÔc kai mn mh eÐnai idiaÐtera
auxhmènec.

'Amesa gÐnetai antilhpt  h an�gkh Ôparxhc enìc trìpou beltistopoÐhshc enìc pedÐou, me
elaqistopoÐhsh thc apaitoÔmenhc mn mhc. Mèsw thc qr shc tou PGD, epitugq�netai mia
shmantik  el�ttwsh thc apaitoÔmenhc apì to pedÐo mn mhc, me el�qisth ap¸leia plhroforÐac,
kajist¸ntac thn idanik  ektìc thc epÐlushc tou prwteÔontoc probl matoc, kai gia thn epÐlush
tou suzugoÔc probl matoc gia qr sh sth beltistopoÐhsh.

Sto trèqon kef�laio, gÐnetai mia epÐdeixh thc mejìdou me thn epÐlush tou prwteÔontoc pedÐou
(fusikoÔ probl matoc) all� kai tou suzugoÔc tou na gÐnetai me th qr sh tou PGD qwrÐc na
up�rqei anadìmhsh tou pedÐou se kanèna st�dio thc diadikasÐac, diathr¸ntac ton apaitoÔmeno
ìgko mn mhc sto el�qisto dunatì, me ìla ta pedÐa na perigr�fontai apì tic sunart seic-
b�seic touc. Arqik� to suzugèc prìblhma diatup¸netai sth sumbatik  morf , kai sth sunèqeia
efarmìzetai h mèjodoc PGD se autì gia thn epÐlush tou kai ton upologismì twn parag¸gwn
euaisjhsÐac.

Gia na ektimhjeÐ h orj  leitourgÐa thc mejìdou, to apotèlesma pou ja prokÔyei (oi par�gwgoi
euaisjhsÐac) ja sugkrijoÔn me sumbatikèc mejìdouc beltistopoÐhshc basizìmenec sthn apìtomh
k�jodo (peperasmènec diaforèc), kai sumbatikèc mejìdouc epÐlushc (epÐlush suzugoÔc pedÐou
me mèjodo Jacobi). H axÐa twn prosomoi¸sewn ègkeitai sto na diapistwjeÐ e�n h mèjodoc
dÔnatai na leitourg sei apotelesmatik�, diapist¸nontac to mègejoc twn sfalm�twn pou eis�gei
h qr sh proseggistik¸n pedÐwn, all� kai h genikìterh qr sh thc mejìdou PGD ston pl rh
kÔklo melèthc miac diadikasÐac pou apasqoleÐ thn URD (epÐlush-beltistopoÐhsh).
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6.1 DiatÔpwsh PrwteÔontoc Probl matoc

H beltistopoÐhsh pou ja pragmatopoihjeÐ ja èqei wc stìqo thn elaqistopoÐhsh tou sf�lmatoc
thc k�jethc taqÔthtac exìdou tou pedÐou se sqèsh me mia prokajorismènh sun�rthsh, gnwstì
kai wc prìblhma antÐstrofou sqediasmoÔ. JewroÔme pwc to proc beltistopoÐhsh prìblhma
brÐsketai se orjokanonikì qwrÐo Ω = (0, 1)× (0, 1) (Sq ma 6.1).

Sq ma 6.1: Orjokanonikì plègma pou ja qrhsimopoihjeÐ gia thn beltistopoÐhsh-antÐstrofo

sqediasmì thc efarmog c tou PGD sth suneq  suzug  mèjodo.

Ta 0 kai 1 eÐnai sumbolik� kai dhl¸noun ta ìria tou upologistikoÔ pedÐou sto opoÐo gÐnetai
h epÐlush tou suzugoÔc probl matoc. Wc par�metroc sqediasmoÔ ja eÐnai h katanom  thc
taqÔthtac sthn eÐsodo tou pedÐou, h opoÐa perigr�fetai apì èna �jroisma sunart sewn me ta
kat�llhla b�rh-paramètrouc:

u(0, y) =
k∑
i=1

bifi(y) (6.1)

ìpou fi eÐnai opoiad pote kat�llhlh oikogèneia sunart sewn b�seic. Sthn sugkekrimènh
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perÐptwsh, ja qrhsimopoihjoÔn pènte (5) ìroi, me tic sunart seic autèc na eÐnai mon¸numa i− 1
bajmoÔ, dhlad  to telikì polu¸numo pou ja prokÔyei ja eÐnai tet�rtou (4ou) bajmoÔ, �ra:

fi(x) = xi−1, i = 1, 2, 3, ...

kai:
u(0, y) = b1 + b2y + b3y

2 + b4y
3 + b5y

4 (6.2)

'Opwc kai tic prohgoÔmenec forèc, ètsi kai t¸ra, ja qrhsimopoihjeÐ oriak  sunj kh Dirichlet
sthn eÐsodo, dosmènh apì thn parap�nw sun�rthsh, sta pl�gia (ep�nw kai k�tw mèroc tou
qwrÐou upologismoÔ) ja gÐne qr sh mhdenik¸n Dirichlet, en¸ sthn èxodo (dexi� pleur� qwrÐou),
mhdenik  Neumann.

H antikeimenik  sun�rthsh pou kaleÐtai na elaqistopoihjeÐ eÐnai h:

F =
1

2

∫
y

(
u(1, y)− utar(y)

)2

dy (6.3)

ìpou utar(y) h epijumht  katanom  tou pedÐou u sthn èxodo, dhlad  eÐnai èna prìblhma
antistrìfou sqediasmoÔ (inverse design).

Oi exis¸seic pou dièpoun to proc epÐlush prwteÔon (fusikì) prìblhma thc beltistopoÐhshc
eÐnai oi dÔo exis¸seic Burgers, oi opoÐec me ìlouc touc ìrouc sugkentrwmènouc sto aristerì
mèloc, gr�fontai wc:

R1 = u
∂u

∂x
+ v

∂u

∂y
− 1

Re

(
∂2u

∂x2
+
∂2u

∂y2

)
= 0

R2 = u
∂v

∂x
+ v

∂v

∂y
− 1

Re

(
∂2v

∂x2
+
∂2v

∂y2

)
= 0

(6.4)

� Oriakèc Sunj kec PrwteÔontoc Probl matoc
To prìblhma pou kaleÐtai na beltistopoihjeÐ mèsw tou upologismoÔ twn parag¸gwn
euaisjhsÐac, apoteleÐtai apì dÔo peplegmèna pedÐa se qwrÐo tÔpou {swl na} (mhdenikèc
oriakèc sunj kec sta pl�gia), �ra oi oriakèc sunj kec ja eÐnai:

u(0, y) =
5∑
i=1

biy
i−1 v(0, y) = 0

u(x, 0) = 0 v(x, 0) = 0

u(x, 1) = 0 v(x, 1) = 0

∂u

∂x

∣∣∣
x=1

= 0
∂v

∂x

∣∣∣
x=1

= 0

Gia Ôparxh sunèqeiac thc lÔshc sta �kra tou pedÐou -kaj¸c sta stere� toiq¸mata tou qwrÐou
epÐlushc tÐjetai mhdenik  oriak  sunj kh-, prèpei kai h eÐsodoc na ikanopoieÐ th sugkekrimènh
sunj kh, dhlad :

u(0, 0) = 0

u(0, 1) = 0
(6.5)

H katanom  eisìdou eÐnai aneptugmènh se �jroisma, me metablhtèc sqediasmoÔ ta b�rh k�je
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sun�rthshc b�shc. Sth sugkekrimènh perÐptwsh kaj¸c ja gÐnei qr sh pènte (5) ìrwn, eÐnai:

u(0, y) =
k∑
i=1

bifi(y)
k=5−−→

u(0, y) = b1 + b2y + b3y
2 + b4y

3 + b5y
4

u(0, 0) = b1 = 0

b1 = 0

kai omoÐwc gia thn �llh pleur� tou qwrÐou:

u(0, y) =
k∑
i=1

bifi(y)
k=5−−→
b1=0

u(0, y) = b2y + b3y
2 + b4y

3 + b5y
4

u(0, 1) = b2 + b3 + b4 + b5 = 0

b2 = −b3 − b4 − b5

Sunep¸c, gia na orÐzontai orj� oi oriakèc sunj kec, mìno treic apì touc pènte suntelestèc
twn monwnÔmwn ja eÐnai pragmatik� eleÔjeroi, me touc �llouc na kajorÐzontai �mesa apì tic
parap�nw sqèseic (idiaÐterh prosoq  ja dojeÐ sto p¸c ja upologisjoÔn plèon oi par�gwgoi
euaisjhsÐac mèsw thc suneqoÔc suzugoÔc mejìdou). 'Etsi, h telik  sqèsh pou ja orÐzei thn
taqÔthta eisìdou ja eÐnai:

u(0, y) =
5∑
i=1

bifi(y)

u(0, y) = b1 + b2y + b3y
2 + b4y

3 + b5y
4 b1=0−−−−−−−−→
b2=−b3−b4−b5

u(0, y) = (−b3 − b4 − b5)y + b3y
2 + b4y

3 + b5y
4

u(0, y) = b3(y2 − y) + b4(y3 − y) + b5(y4 − y) (6.6)

H epauxhmènh antikeimenik , dedomènou ìti gia thn perigraf  tou probl matoc up�rqoun dÔo
exis¸seic (6.4), ja eÐnai:

Faug = F +

∫
x

∫
y

Ψ1R1 dy dx+

∫
x

∫
y

Ψ2R2 dy dx (6.7)

kai paragwgÐzontac th morf  twn parap�nw megej¸n wc proc tic paramètrouc sqediasmoÔ (bi)
(sumbolik� h par�gwgoc aut  ja anaparÐstatai me δ):

δFaug = δF +

∫
x

∫
y

δΨ1R1dydx+

∫
x

∫
y

Ψ1δR1dydx+

∫
x

∫
y

δΨ2R2dydx+

∫
x

∫
y

Ψ2δR2dydx (6.8)

Kaj¸c oi exis¸seic tou prwteÔontoc probl matoc epalhjeÔontai p�nta, dhlad  R1 = R2 = 0,
h parap�nw morf  aplopoieÐtai:

δFaug = δF +

∫
x

∫
y

Ψ1δR1dydx+

∫
x

∫
y

Ψ2δR2dydx (6.9)
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H parap�nw exÐswsh se aneptugmènh morf , gr�fetai wc ex c:

δFaug =

∫
y

[
u(1, y)− utarget(y)

]
δudy+

+

∫
x

∫
y

Ψ1δ

[
u
∂u

∂x
+ v

∂u

∂y
− 1

Re

(∂2u

∂x2
+
∂2u

∂y2

)]
dydx+

+

∫
x

∫
y

Ψ2δ

[
u
∂v

∂x
+ v

∂v

∂y
− 1

Re

(∂2v

∂x2
+
∂2v

∂y2

)]
dydx

(6.10)

Me an�ptuxh twn ìrwn lamb�netai:

δFaug =

∫
y

[
u(1, y)− utar(y)

]
δudy+

+

∫
x

∫
y

[
Ψ1δu

∂u

∂x
+ Ψ1u

∂(δu)

∂x︸ ︷︷ ︸
I1

+Ψ1δv
∂u

∂y
+ Ψ1v

∂(δu)

∂y︸ ︷︷ ︸
I2

− 1

Re
Ψ1
∂2(δu)

∂x2︸ ︷︷ ︸
I3

− 1

Re
Ψ1
∂2(δu)

∂y2︸ ︷︷ ︸
I4

]
dydx+

+

∫
x

∫
y

[
Ψ2δu

∂v

∂x
+ Ψ2u

∂(δv)

∂x︸ ︷︷ ︸
I5

+Ψ2δv
∂v

∂y
+ Ψ2v

∂(δv)

∂y︸ ︷︷ ︸
I6

− 1

Re
Ψ2
∂2(δv)

∂x2︸ ︷︷ ︸
I7

− 1

Re
Ψ2
∂2(δv)

∂y2︸ ︷︷ ︸
I8

]
dydx

(6.11)

Gia na epiteuqjeÐ h diatÔpwsh twn Pediak¸n Suzug¸n Exis¸sewn (Field Adjoint Equations-
FAE), apaiteÐtai ìloi oi ìroi pou perilamb�noun touc ìrouc δu kai δv na brÐskontai se morf 
mhdenik c parag¸gou, kai sunolik� na mhdenÐzontai. Stouc ìrouc thc epauxhmènhc antikeimenik c
ìpou emfanÐzontai se akat�llhlh morf , ja pragmatopoihjeÐ paragontik  olokl rwsh gia na
arjeÐ to prìblhma autì.
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I1 =

∫ 1

0

∫ 1

0

Ψ1u
∂(δu)

∂x
dydx =

[∫ 1

0

Ψ1uδudy

]x=1

x=0

−
∫ 1

0

∫ 1

0

∂(Ψ1u)

∂x
δudydx

I2 =

∫ 1

0

∫ 1

0

Ψ1v
∂(δu)

∂y
dydx =

[∫ 1

0

Ψ1vδudy

]y=1

y=0

−
∫ 1

0

∫ 1

0

∂(Ψ1v)

∂y
δudydx

I3 =

∫ 1

0

∫ 1

0

Ψ1
∂2(δu)

∂x2
dydx =

[∫ 1

0

Ψ1
∂(δu)

∂x
dy

]x=1

x=0

−
∫ 1

0

∫ 1

0

∂Ψ1

∂x

∂(δu)

∂x
dydx

=

[∫ 1

0

Ψ1
∂(δu)

∂x
dy

]x=1

x=0

−

[∫ 1

0

∂Ψ1

∂x
(δu)dy

]x=1

x=0

+

∫ 1

0

∫ 1

0

∂2Ψ1

∂x2
δudydx

I4 =

∫ 1

0

∫ 1

0

Ψ1
∂2(δu)

∂y2
dydx =

[∫ 1

0

Ψ1
∂(δu)

∂y
dx

]y=1

y=0

−
∫ 1

0

∫ 1

0

∂Ψ1

∂y

∂(δu)

∂y
dydx

=

[∫ 1

0

Ψ1
∂(δu)

∂y
dx

]y=1

y=0

−

[∫ 1

0

∂Ψ1

∂y
(δu)dx

]y=1

y=0

+

∫ 1

0

∫ 1

0

∂2Ψ1

∂y2
δudydx

I5 =

∫ 1

0

∫ 1

0

Ψ2u
∂(δv)

∂x
dydx =

[∫ 1

0

Ψ2uδvdy

]x=1

x=0

−
∫ 1

0

∫ 1

0

∂(Ψ2u)

∂x
δvdydx

I6 =

∫ 1

0

∫ 1

0

Ψ2v
∂(δv)

∂y
dydx =

[∫ 1

0

Ψ2vδvdx

]y=1

y=0

−
∫ 1

0

∫ 1

0

∂(Ψ2v)

∂y
δvdydx

I7 =

∫ 1

0

∫ 1

0

Ψ2
∂2(δv)

∂x2
dydx =

[∫ 1

0

Ψ2
∂(δv)

∂x
dy

]x=1

x=0

−
∫ 1

0

∫ 1

0

∂Ψ2

∂x

∂(δv)

∂x
dydx

=

[∫ 1

0

Ψ2
∂(δv)

∂x
dy

]x=1

x=0

−

[∫ 1

0

∂Ψ2

∂x
(δv)dy

]x=1

x=0

+

∫ 1

0

∫ 1

0

∂2Ψ2

∂x2
δvdydx

I8 =

∫ 1

0

∫ 1

0

Ψ2
∂2(δv)

∂y2
dydx =

[∫ 1

0

Ψ2
∂(δv)

∂y
dx

]y=1

y=0

−
∫ 1

0

∫ 1

0

∂Ψ2

∂y

∂(δv)

∂y
dydx

=

[∫ 1

0

Ψ2
∂(δv)

∂y
dx

]y=1

y=0

−

[∫ 1

0

∂Ψ2

∂y
(δv)dx

]y=1

y=0

+

∫ 1

0

∫ 1

0

∂2Ψ2

∂y2
δvdydx

Me antikat�stash kai anadi�taxh twn ìrwn sthn epauxhmènh antikeimenik  sun�rthsh,
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lamb�netai:

δFaug =

∫
y

[u(1, y)− utar] δudy+

+

∫
x

∫
y

Ψ1δu
∂u

∂x
dydx+

[∫ 1

0

Ψ1uδudy

]x=1

x=0

−
∫ 1

0

∫ 1

0

∂(Ψ1u)

∂x
δudydx︸ ︷︷ ︸

I1

+

+

∫
x

∫
y

Ψ1δv
∂u

∂y
dydx+

[∫ 1

0

Ψ1vδudx

]y=1

y=0

−
∫ 1

0

∫ 1

0

∂(Ψ1v)

∂y
δudydx︸ ︷︷ ︸

I2

−

− 1

Re

{[∫ 1

0

Ψ1
∂(δu)

∂x
dy

]x=1

x=0

−

[∫ 1

0

∂Ψ1

∂x
(δu)dy

]x=1

x=0

+

∫ 1

0

∫ 1

0

∂2Ψ1

∂x2
δudydx︸ ︷︷ ︸

I3

+

+

[∫ 1

0

Ψ1
∂(δu)

∂x
dx

]y=1

y=0

−

[∫ 1

0

∂Ψ1

∂y
(δu)dx

]y=1

y=0

+

∫ 1

0

∫ 1

0

∂2Ψ1

∂y2
δudydx︸ ︷︷ ︸

I4

}
+

+

∫
x

∫
y

Ψ2δu
∂v

∂x
dydx+

[∫ 1

0

Ψ2uδvdy

]x=1

x=0

−
∫ 1

0

∫ 1

0

∂(Ψ2u)

∂x
δvdydx︸ ︷︷ ︸

I5

+

+

∫ 1

0

∫ 1

0

Ψ2δv
∂v

∂y
dydx+

[∫ 1

0

Ψ2vδvdx

]y=1

y=0

−
∫ 1

0

∫ 1

0

∂(Ψ2v)

∂y
δvdydx︸ ︷︷ ︸

I6

−

− 1

Re

{[∫ 1

0

Ψ2
∂(δv)

∂x
dx

]x=1

x=0

−

[∫ 1

0

∂Ψ2

∂x
(δv)dy

]x=1

x=0

+

∫ 1

0

∫ 1

0

∂2Ψ2

∂x2
δvdydx︸ ︷︷ ︸

I7

+

+

[∫ 1

0

Ψ2
∂(δv)

∂y
dx

]y=1

y=0

−

[∫ 1

0

∂Ψ2

∂y
(δv)dx

]y=1

y=0

+

∫ 1

0

∫ 1

0

∂2Ψ2

∂y2
δvdydx︸ ︷︷ ︸

I8

}

(6.12)
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δFaug =

∫
y

[u(1, y)− utar(y)] δudy+

+

∫
x

∫
y

δu

[
Ψ1
∂u

∂x
− ∂(Ψ1u)

∂x
− ∂(Ψ1v)

∂y
− 1

Re

∂2Ψ1

∂y2
− 1

Re

∂2Ψ1

∂x2
+ Ψ2

∂v

∂x

]
dydx+

+

∫
x

∫
y

δv

[
Ψ2
∂v

∂y
− ∂(Ψ2u)

∂x
− ∂(Ψ2v)

∂y
− 1

Re

∂2Ψ2

∂y2
− 1

Re

∂2Ψ2

∂x2
+ Ψ1

∂u

∂y

]
dydx+

+

[∫ 1

0

Ψ1uδudy

]x=1

x=0

+

[∫ 1

0

Ψ1vδudx

]y=1

y=0

− 1

Re

{[∫ 1

0

Ψ1
∂(δu)

∂y
dy

]x=1

x=0

−

−

[∫ 1

0

∂Ψ1

∂y
(δu)dy

]x=1

x=0

+

[∫ 1

0

Ψ1
∂(δu)

∂y
dx

]y=1

y=0

−

[∫ 1

0

∂Ψ1

∂y
(δu)dx

]y=1

y=0

}
+

+

[∫ 1

0

Ψ2uδvdy

]x=1

x=0

+

[∫ 1

0

Ψ2vδvdx

]y=1

y=0

− 1

Re

{[∫ 1

0

Ψ2
∂(δv)

∂x
dy

]x=1

x=0

−

−

[∫ 1

0

∂Ψ2

∂x
(δv)dy

]x=1

x=0

+

[∫ 1

0

Ψ2
∂(δv)

∂y
dx

]y=1

y=0

−

[∫ 1

0

∂Ψ2

∂y
(δv)dx

]y=1

y=0

}

(6.13)

MhdenÐzontac touc ìrouc pou pollaplasi�zontai me to δu kai δv, prokÔptoun oi dÔo SuzugeÐc
Pediakèc Exis¸seic (F.A.E.) :

Ψ1
∂u

∂x
− ∂(Ψ1u)

∂x
− ∂(Ψ1v)

∂y
− 1

Re

∂2Ψ1

∂y2
− 1

Re

∂2Ψ1

∂x2
+ Ψ2

∂v

∂x
= 0⇒

1

Re

(
∂2Ψ1

∂x2
+
∂2Ψ1

∂y2

)
+
∂Ψ1

∂x
u+

∂Ψ1

∂y
v + Ψ1

∂v

∂y
= Ψ2

∂v

∂x
(F.A.E. 1 )

Ψ2
∂v

∂y
− ∂(Ψ2u)

∂x
− ∂(Ψ2v)

∂y
− 1

Re

∂2Ψ2

∂y2
− 1

Re

∂2Ψ2

∂x2
+ Ψ1

∂u

∂y
= 0⇒

1

Re

(
∂2Ψ2

∂x2
+
∂2Ψ2

∂y2

)
+
∂Ψ2

∂x
u+

∂Ψ2

∂y
v + Ψ2

∂u

∂x
= Ψ1

∂u

∂y
(F.A.E. 2 )

6.2 Oriakèc Sunj kec kai Par�gwgoi EuaisjhsÐac

Apì touc enapomeÐnantec ìrouc, dÔnantai na upologisjoÔn oi oriakèc sunj kec kai oi
zhtoÔmenec par�gwgoi euaisjhsÐac. 'Etsi, gia touc ìrouc pou antistoiqoÔn sto pr¸to suzugèc
pedÐo, Ψ1, prokÔptei:
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� 'Orio x = 0

−
∫ 1

0

Ψ1uδudy︸ ︷︷ ︸
S.D.

+
1

Re

∫ 1

0

Ψ1
∂δu

∂x
dy︸ ︷︷ ︸

=0

− 1

Re

∫ 1

0

∂Ψ1

∂x
δudy︸ ︷︷ ︸

S.D.

'Ara:

Ψ1(0, y) = 0 (6.14)

δFaug
δbn

= −
∫ 1

0

Ψ1uδudy

∣∣∣∣∣
x=0

− 1

Re

∫ 1

0

∂Ψ1

∂x
δudy

∣∣∣∣∣
x=0

(6.15)

� 'Orio x = 1∫ 1

0

Ψ1uδudy −
1

Re

∫ 1

0

Ψ1δ
∂u

∂x
dy︸ ︷︷ ︸

=0, Neumann at primal

+
1

Re

∫ 1

0

∂Ψ1

∂y
δudy +

∫ 1

0

(
u(1, y)− utar(y)

)
δudy = 0⇒

Ψ1u+
1

Re

∂Ψ1

∂y
+ u(1, y)− utar(y) = 0 (6.16)

Me thn oriak  sunj kh gia x=1 na eÐnai mia diaforik  exÐswsh apì mình thc (mia mh-mhdenik 
Neumann). O trìpoc epibol c thc sto PGD ja analujeÐ parak�tw (6.31).

� 'Orio y = 0

−
∫ 1

0

Ψ1uδudy +
1

Re

∫ 1

0

Ψ1
∂δu

∂y
dy − 1

Re

∫ 1

0

∂Ψ1

∂y
δudy︸ ︷︷ ︸

=0 ,u=0

⇒

Ψ1(x, 0) = 0 (6.17)

� 'Orio y = 1 ∫ 1

0

Ψ1uδudy −
1

Re

∫ 1

0

Ψ1
∂δu

∂y
dy +

1

Re

∫ 1

0

∂Ψ1

∂y
δudy︸ ︷︷ ︸

=0 ,u=0

Ψ1(x, 1) = 0 (6.18)

Me antÐstoiqh qr sh twn upoleipìmenwn ìrwn, lamb�nontai oi par�gwgoi euaisjhsÐac, kai oi
sunoriakèc sunj kec tou deÔterou suzugoÔc pedÐou Ψ2:

� 'Orio x = 0

−
∫ 1

0

Ψ2uδudy︸ ︷︷ ︸
S.D.

+
1

Re

∫ 1

0

Ψ2
∂δv

∂x
dy︸ ︷︷ ︸

=0

− 1

Re

∫ 1

0

∂Ψ2

∂y
δvdy︸ ︷︷ ︸

S.D.

'Ara:

Ψ2(0, y) = 0 (6.19)

δFaug
δbn

= −
∫ 1

0

Ψ2uδudy

∣∣∣∣∣
x=0

− 1

Re

∫ 1

0

∂Ψ2

∂y
δvdy

∣∣∣∣∣
x=0

(6.20)
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� 'Orio x = 1 ∫ 1

0

Ψ2uδudy −
1

Re

∫ 1

0

Ψ2δ
∂u

∂x
dy︸ ︷︷ ︸

=0, Neumann at primal

+
1

Re

∫ 1

0

∂Ψ2

∂y
δvdy+

∫ 1

0

(
u(1, y)− utar(y)

)
δudy = 0⇒

Ψ2u+
1

Re

∂Ψ2

∂y
= 0 (6.21)

Me thn oriak  sunj kh gia x= 1 èqei th morf  oriak c sunj khc tÔpou Robin. O trìpoc
epibol c thc sto PGD analÔetai sthn antÐstoiqh Enìthta (6.35).

� 'Orio y = 0

−
∫ 1

0

Ψ2uδudy +
1

Re

∫ 1

0

Ψ2
∂δu

∂y
dy − 1

Re

∫ 1

0

∂Ψ2

∂y
δudy︸ ︷︷ ︸

=0 ,u=0

⇒

Ψ2(x, 0) = 0 (6.22)

� 'Orio y = 1 ∫ 1

0

Ψ2uδudy −
1

Re

∫ 1

0

Ψ2
∂δu

∂y
dy +

1

Re

∫ 1

0

∂Ψ2

∂y
δudy︸ ︷︷ ︸

=0 ,u=0

Ψ2(x, 1) = 0 (6.23)

Me pl rwc gnwstèc tic exis¸seic kai tic sunoriakèc sunj kec pou perigr�foun to suzugèc
prìblhma, epìmeno st�dio apoteleÐ h epÐlus  tou me to PGD .

6.3 EpÐlush SuzugoÔc Probl matoc me PGD

'Opwc kai sto prwteÔon prìblhma, h lÔsh apoteleÐtai apì dÔo pedÐa, ta suzug  pedÐa Ψ1,Ψ2,
pou perigr�fontai apì dÔo exis¸seic (F.A.E. 1 ) kai (F.A.E. 2 ). H kat� PGD morf  twn
parap�nw pedÐwn, grammènwn se n b�seic, eÐnai:

Ψ1(x, y) =
n∑
i=1

XΨ1i(x)YΨ1i(y)

Ψ2(x, y) =
n∑
i=1

XΨ2i(x)YΨ2i(y)

Antikajist¸ntac tec stic dÔo SuzugeÐc Pediakèc Exis¸seic prokÔptoun oi dÔo pediakèc
exis¸seic se morf  PGD . Kaj¸c stic pediakèc exis¸seic perilamb�nontai kai ìroi tou
prwteÔontoc probl matoc (u, v), ja diatupwjoÔn kai autoÐ se diaqwrismènh morf , ìpwc èqei
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analujeÐ se prohgoÔmena kef�laia, wc èna �jroisma m b�sewn:

(∂Xn

∂x
Yn +

n−1∑
i=1

∂Xi

∂x
Yi

)( m∑
i=1

XuiYui

)
+
(
Xn

∂Yn
∂y

+
n−1∑
i=1

Xi
∂Yi
∂y

)( m∑
i=1

XviYvi

)
+

+
1

Re

(∂2Xn

∂x2
Yn +

n−1∑
i=1

∂2Xi

∂x2

)
+

1

Re

(
Xn

∂2Yn
∂y2

+
n−1∑
i=1

Xi
∂2Yi
∂y2

)
+

+
(
XnYn +

n−1∑
i=1

XiYi

)( m∑
i=1

Xvi
∂Yvi
∂y

)
=
( n−1∑
i=1

XΨ2iYΨ2i

)( m∑
i=1

∂Xvi

∂x
Yvi

)
(FAE 1, PGD )

(∂Xn

∂x
Yn +

n−1∑
i=1

∂Xi

∂x
Yi

)( m∑
i=1

XuiYui

)
+
(
Xn

∂Yn
∂y

+
n−1∑
i=1

Xi
∂Yi
∂y

)( m∑
i=1

XviYvi

)
+

1

Re

( n−1∑
i=1

∂2Xi

∂x2
Yi +

∂2Xn

∂x2
Yn

)
+

1

Re

( n−1∑
i=1

Xi
∂2Yi
∂y2

+Xn
∂2Yn
∂y2

)
+

( n−1∑
i=1

XiYi +XnYn

)( m∑
i=1

∂Xui

∂x
Yui

)
=
( n−1∑
i=1

XΨ2,iYΨ2,i

)( m∑
i=1

Xui
∂Yui
∂y

)
(FAE 2, PGD )

Epìmeno b ma eÐnai o upologismìc twn sunistws¸n pou domoÔn to k�je pedÐo, to opoÐo gÐnetai
me efarmog  thc probol c Galerkin. Se k�je b ma oi metablhtèc pou den èqoun deÐkth pou
na orÐzei to pedÐo touc, ja anafèrontai p�nta sto pedÐo sto opoÐo an kei h sunist¸sa pou
upologÐzetai (Oi ìroi twn zhtoÔmenwn megej¸n se k�je SDE anagr�fontai me èntona gr�mmata
gia eukolìterh an�gnwsh).

� Upologismìc tou XΨ1n

Me efarmog  thc probol c Galerkin, dhlad  me pollaplasiasmì thc exÐswshc (F.A.E. 1) me
ton ìro YΨ1n kai olokl rwsh kat� thn y dieÔjunsh, lamb�netai h proc epÐlush exÐswsh:

1

Re

∫
y

Y 2
n dy

∂2Xn

∂x2
+

1

Re

∫
y

∂2Yn
∂y2

YndyXn+

m∑
i=1

∫
y

Y 2
n YuidyXui

∂Xn

∂x
+

m∑
i=1

∫
y

∂Yn
∂y

YviYndyXviXn +
m∑
i=1

∫
y

Y 2
n

∂Yvi
∂y

dyXviXn =

− 1

Re

n−1∑
i=1

∫
y

YiYndy
∂2Xi

∂x2
− 1

Re

n−1∑
i=1

∫
y

∂2Yi
∂y2

YndyXi −
n−1∑
i=1

m∑
j=1

∫
y

YiYujYndy
∂Xi

∂x
Xuj

−
n−1∑
i=1

m∑
j=1

∫
y

∂Yi
∂y

YvjYndyXvjXi −
n−1∑
i=1

m∑
j=1

∫
y

Yi
∂Yvj
∂y

YndyXiXvj +
n−1∑
i=1

m∑
j=1

∫
y

YΨ2iYvjYndyXΨ2i
∂Xvj

∂x

(6.24)

� Upologismìc tou YΨ1n

OmoÐwc me prin, pollaplasi�zontac thn (F.A.E. 1) me ton ìro XΨ1n kai oloklhr¸nontac kat�
th x dieÔjunsh, prokÔptei h kat� PGD morf  thc (F.A.E. 1) pou upologÐzei to mègejoc YΨ1n:
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1

Re

∫
x

∂2Xn

∂x2
XndxYn +

1

Re

∫
x

X2
ndx

∂2Yn

∂y2
+

m∑
i=1

∫
x

∂Xn

∂x
XnXuidxYuiYn +

m∑
i=1

∫
x

X2
nXvidxYvi

∂Yn

∂y
+

m∑
i=1

∫
x

XviX
2
ndx

∂Yvi
∂y

Yn =

− 1

Re

n−1∑
i=1

∫
x

∂2Xi

∂x2
XndxYi −

1

Re

n−1∑
i=1

∫
x

XiXndx
∂2Yi
∂y2
−

n−1∑
i=1

m∑
j=1

∫
x

∂Xi

∂x
XujXndxYujYi

−
n−1∑
i=1

m∑
j=1

∫
x

XiXvjXndx
∂Yi
∂y

Yvj −
n−1∑
i=1

m∑
j=1

∫
x

XiXvjXndxYi
∂Yvj
∂y

+
n−1∑
i=1

m∑
j=1

∫
x

XΨ2i
∂Xvj

∂x
XndxYΨ2iYvj

(6.25)

� Upologismìc tou XΨ2n

'Omoia kai summetrik� ìpwc parap�nw, pollaplasi�zontac thn (F.A.E. 1) me ton ìro YΨ2n kai
oloklhr¸nontac kat� thn y dieÔjunsh, lamb�netai h proc epÐlush exÐswsh:

m∑
i=1

∫
y

Y 2
n YuidyXui

∂Xn

∂x
+

m∑
i=1

∫
y

YnYvi
∂Yn
∂y

dyXviXn+

m∑
i=1

∫
y

Y 2
n Yuidy

∂Xui

∂x
Xn +

1

Re

∫
y

Y 2
n dy

∂2Xn

∂x2
+

1

Re

∫
y

Yn
∂Y 2

n

∂y2
Xn =

−
n−1∑
i=1

m∑
j=1

∫
y

YnYiYujdy
∂Xi

∂x
Xuj −

n−1∑
i=1

m∑
j=1

∫
y

Yn
∂Yi
∂y

YvjdyXiXvj −
n−1∑
i=1

m∑
j=1

∫
y

YnYiYuidyXi
∂Xui

∂x

− 1

Re

n−1∑
i=1

∫
y

YnYidy
∂2Xi

∂x2
− 1

Re

n−1∑
i=1

∫
y

Yn
∂2Yi
∂y2

Xi +
n−1∑
i=1

m∑
j=1

∫
y

YΨ1iYn
∂Yuj
∂y

dyXΨ1iXuj

(6.26)

� Upologismìc tou YΨ2n

Kat� antistoiqÐa gia ton upologismì tou ìrou YΨ2n, efarmìzontac thn probol  Galerkin,
me pollaplasiasmì thc exÐswshc (F.A.E. 1) me ton ìro XΨ1n kai olokl rwsh kat� thn x
dieÔjunsh, diamorf¸netai h proc epÐlush exÐswsh:

m∑
i=1

∫
x

XnXui
∂Xn

∂x
dxYuiYn +

m∑
i=1

∫
x

X2
nXvidxYvi

∂Yn

∂y
+

m∑
i=1

∫
x

X2
n

∂Xui

∂x
Yn +

1

Re

∫
x

Xn
∂2Xn

∂x2
Yn +

1

Re

∫
x

X2
ndx

∂2Yn

∂y2
=

−
n−1∑
i=1

m∑
j=1

∫
x

Xn
∂Xi

∂x
XujdxYiYuj −

n−1∑
i=1

m∑
j=1

∫
x

XnXiXvjdx
∂Yi
∂y

Yvj −
n−1∑
i=1

m∑
j=1

∫
x

XnXi
∂Xuj

∂x
dxYiYuj

− 1

Re

n−1∑
i=1

∫
x

Xn
∂2Xi

∂x2
dxYi −

1

Re

n−1∑
i=1

∫
x

XnXidx
∂2Yi
∂y2
−

n−1∑
i=1

m∑
j=1

∫
x

XnXΨ1iXujdxYΨ1i
∂Yuj
∂y

(6.27)

Oi tèsseric autèc exis¸seic apoteloÔn tic tèsseric SDE pou ja epilujoÔn gia na upologisjo-
Ôn ta dÔo suzug  pedÐa Ψ1 kai Ψ2. 'Opwc kai sthn epÐlush tou prwteÔontoc probl matoc, ètsi
kai ed¸, h epÐlush gÐnetai se kÔklouc, ìpou se k�je kÔklo prostÐjetai mia om�da b�sewn,
proseggÐzontac to telikì pedÐo ìlo kai perissìtero. Se k�je tètoio kÔklo, apaiteÐtai na
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upologisjoÔn tèsseric sunart seic b�seic, dÔo gia k�je pedÐo. Dedomènou tou ìti -ìpwc kai
sto prwteÔon prìblhma- ta dÔo pedÐa èqoun apempleqjeÐ an� kÔklo, o upologismìc touc gÐnetai
xeqwrist�. 'Etsi, upologÐzontai oi dÔo sunart seicXΨ1n kai YΨ1n me qr sh twn exis¸sewn (6.24)
kai (6.25) pou eÐnai peplegmènec, epanalhptik�, kai afoÔ sugklÐnoun metaxÔ touc, upologÐzontai
kai oiXΨ2n, YΨ2n mèsw twn exis¸sewn (6.26) kai (6.27) me ton Ðdio trìpo. 'Opwc kai sto prwteÔon
prìblhma, parathreÐtai pwc oi exis¸seic an� dÔo eÐnai summetrikèc, dhlad  oi exis¸seic (6.24) kai
(6.27), pou upologÐzoun ta megèjh XΨ1n kai YΨ2n, kai oi exis¸seic (6.25) kai (6.26) twn megej¸n
YΨ1n kai XΨ2n, pou qrhsimopoioÔntai gia ton upologismì twn kai XΨ2n eÐnai summetrikèc, dhlad 
se programmatistikì epÐpedo mporeÐ na qrhsimopoihjeÐ to Ðdio tm ma k¸dika (Ðdia routÐna) me
antÐstrofa orÐsmata eisìdou.

6.3.1 Oriakèc Sunj kec sto PGD

Prokeimènou na epilujoÔn oi parap�nw exis¸seic, apaiteÐtai na efarmostoÔn sthn kat�llhlh
gia to PGD morf  oi oriakèc sunj kec pou upologÐsthkan se parap�nw st�dio.

PedÐo Ψ1

� Ψ1(x, 0)
Ψ1(x, 0)⇒ Yi(0) = 0, i = 1, n

� Ψ1(x, 1)
Ψ1(x, 1)⇒ Yi(1) = 0, i = 1, n

� Ψ1(0, y)
Ψ1(0, y) = 0⇒ Xi(0) = 0, i = 1, n

� Ψ1(1, y)

Ψ1u+
1

Re

∂Ψ1

∂x
+ u(1, y)− utar(y) = 0 (6.28)

'H se morf  kat� PGD:{(
n−1∑
i=1

XiYi+YnXn

)(
m∑
i=1

XuiYui

)
+

1

Re

(
n−1∑
i=1

∂Xi

∂x
Yi+

∂Xn

∂x
Yn

)
+

(
m∑
i=1

YuiXui

)
−utar

}∣∣∣∣∣
x=1

= 0

{(
n−1∑
i=1

XiYi

)(
m∑
i=1

XuiYui

)
+ YnXn

(
m∑
i=1

XuiYui

)
+

+
1

Re

n−1∑
i=1

∂Xi

∂x
Yi +

1

Re

∂Xn

∂x
Yn +

(
m∑
i=1

XuiYui

)
− utar

}∣∣∣∣∣
x=1

= 0

(6.29)

Sto st�dio autì prèpei na upologisteÐ h sqèsh pou ja sundèei ta megèjh thc diaqwrismènhc
plèon sun�rthshc Xn ètsi ¸ste na ikanopoioÔntai oi sunj kec pou epib�llontai sthn
pragmatik  sun�rthsh Ψ1. K�ti tètoio epitugq�netai me th qr sh thc probol c Galerkin,
dhlad  anazhtoÔntai oi timèc Xn(1), Xn(1−∆x) (sth sugkekrimènh perÐptwsh mia sqèsh pou
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na tic sundèei), h opoÐa na elaqistopoieÐ to sf�lma thc sun�rthshc thc oriak c sunj khc.
'Etsi, kat� th gnwst  plèon diadikasÐa, pollaplasi�zontac me th gnwst  sun�rthsh Yn kai
oloklhr¸nontac kat� to y, prokÔptei h akìloujh sqèsh (ìlec oi sunart seic b�seic qwrÐc
deÐkth anafèrontai sto pedÐo Ψ1):

Xn(1)
m∑
i=1

∫
y

Y 2
n YuidyXui(1) +

n−1∑
i=1

m∑
j=1

∫
y

YiYnYujdyXuj(1)Xj(1)+

+
1

Re

∂Xn(1)

∂x

∫
y

Y 2
n dy +

1

Re

n−1∑
i=1

∫
y

YnYidy
∂Xi(1)

∂x
+

+
n−1∑
i=1

∫
y

YuiYndyXui(1)−
∫
y

utarYndy = 0

(6.30)

Jètontac wc:

A =
m∑
i=1

∫
y

Y 2
n YuidyXui(1)

B =
1

Re

∫
y

Y 2
n dy

1

Re

C = −
n−1∑
i=1

m∑
j=1

∫
y

YiYnYujdyXuj(1)Xj(1)− 1

Re

n−1∑
i=1

∫
y

YnYidy
∂Xi(1)

∂x
−

−
n−1∑
i=1

∫
y

YuiYndyXui(1) +

∫
y

utarYndy

lamb�netai h telik  morf  thc exÐswshc:

AXn(1) +B
∂Xn

∂x

∣∣∣∣∣
x=1

= C ⇒

h opoÐa plèon diakritopoihmènh, eÐnai:

Xn(1−∆x)

[
− B

∆x

]
+Xn(1)

[
A+

B

∆x

]
= C (6.31)

PedÐo Ψ2

� Ψ2(x, 0)
Ψ2(x, 0)⇒ Yi(0) = 0, i = 1, n

� Ψ2(x, 1)
Ψ2(x, 1)⇒ Yi(1) = 0, i = 1, n

� Ψ2(0, y)
Ψ2(0, y) = 0⇒ Xi(0) = 0, i = 1, n
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� Ψ2(1, y)

Ψ2(1, y)u+
1

Re

∂Ψ2

∂x
= 0 (6.32)

'H se morf  kat� PGD:

( n−1∑
i=1

XiYi + YnXn

)(
m∑
i=1

XuiYui

)
+

1

Re

(
n−1∑
i=1

∂Xi

∂x
Yi +

∂Xn

∂x
Yn

)∣∣∣∣∣
x=1

= 0 (6.33)

OmoÐwc me prin, gÐnetai qr sh thc probol c Galerkin gia na upologisteÐ h kat�llhlh tim  thc
oriak c sunj khc pou ja ikanopoieÐ thn oriak  sunj kh tÔpou Robin (ìlec oi sunart seic
b�seic qwrÐc deÐkth anafèrontai sto pedÐo Ψ2).

Xn(1)
m∑
i=1

∫
y

Y 2
n YuidyXui(1) +

1

Re

∂Xn(1)

∂x

∫
y

Y 2
n dy =

−
n−1∑
i=1

m∑
j=1

∫
y

YiYnYujdyXuj(1)Xj(1)− 1

Re

n−1∑
i=1

∫
y

YnYidy
∂Xi(1)

∂x

(6.34)

Jètontac ta parak�tw megèjh wc:

A =
m∑
i=1

∫
y

Y 2
n YuidyXui(1)

B =
1

Re

∫
y

Y 2
n dy

C = −
n−1∑
i=1

m∑
j=1

∫
y

YiYnYujdyXuj(1)Xj(1)− 1

Re

n−1∑
i=1

∫
y

YnYidy
∂Xi(1)

∂x

Kai h telik , diakritopoihmènh morf  thc exÐswshc ja eÐnai:

AXn(1) +B
∂Xn

∂x

∣∣∣∣∣
x=1

= C ⇒

Xn(1−∆x)

[
− B

∆x

]
+Xn(1)

[
A+

B

∆x

]
= C

(6.35)
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Me plèon pl rwc gnwst� ta pedÐa Ψ1 kai Ψ2 apomènei o upologismìc twn parag¸gwn
euaisjhsÐac ìpwc èqoun prokÔyei apì thn parap�nw an�lush. Autèc upologÐzontai apì th
sqèsh (6.20):

Kaj¸c sumbolÐsthkan:

δFaug ≡
δFaug
δbn

δu ≡ δu

δbn

(6.36)

ètsi:

δFaug
δbn

= −
∫ 1

0

Ψ1u
δu

δbn
dy

∣∣∣∣∣
x=0

− 1

Re

∫ 1

0

∂Ψ1

∂x

δu

δbn
dy

∣∣∣∣∣
x=0

(6.37)

h opoÐa, me antikat�stash tou megèjouc δu, ìpwc orÐzetai me parag¸gish thc (6.6), lamb�nei th
morf :

δFaug
δbn

= −
∫ 1

0

Ψ1u(fn − f1)dy

∣∣∣∣∣
x=0

− 1

Re

∫ 1

0

∂Ψ1

∂x
(fn − f1)dy

∣∣∣∣∣
x=0

(6.38)

  se morf  kat� PGD :

δFaug
δbn

= −
n∑
i=1

m∑
j=1

∫
y

YΨ1,iYu,j(fn − f1)dy XΨ1,iXu,j

∣∣∣∣∣
x=0

−

− 1

Re

n∑
i=1

∫
y

YΨ1,i(fn − f1)dy
∂XΨ1,i

∂x

∣∣∣∣∣
x=0

(6.39)

me n = 3, 4, 5. Me gnwstèc plèon tic parag¸gouc euaisjhsÐac, dÔnatai na upologisjoÔn oi nèec
timèc twn paramètrwn sqediasmoÔ mèsw thc mejìdou thc apìtomhc kajìdou, dhlad :

bnewi = boldi − n
δFaug
δbi

(6.40)

ìpou n eÐnai to b ma thc kajìdou.

6.4 Efarmog -Apotelèsmata

O èlegqoc leitourgÐac thc mejìdou ja pragmatopoihjeÐ se orjokanonikì plègma, Ðdio me autì
sto opoÐo gÐnetai epÐlush sto Kef�laio 3. Dedomènou ìti oi katanomèc eisìdou èqoun mhdenik 
tim  sta �kra, ja epiblhjoÔn mhdenik c sunj kec Dirichlet sta pl�gia tou pedÐou (ep�nw kai
k�tw pleur�), mhdenik  Neumann sthn èxodo (dexi� pleur�), kai sthn eÐsodo ja kajorÐzetai h
katanom  tou pedÐou u apì thn exÐswsh (6.6), en¸ h katanom -stìqoc sthn èxodo tou pedÐou
èqei thn ex c morf :
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Sq ma 6.2: Efarmog : Stìqoc thc katanom c tou pedÐou u sthn {èxodo} (x = 1) tou qwrÐou.

h opoÐa èqei prokÔyei me eÐsodo to polu¸numo me suntelestèc ta megèjh:

b5 = −8.5, b4 = 20, b3 = −16

Me touc upìloipouc suntelestèc twn ìrwn tou poluwnÔmou na prokÔptoun apì tic mhdenikèc
oriakèc sunj kec sthn eÐsodo.

Wc arqikì pedÐo pou ja beltistopoihjeÐ, dhlad  pou ja zhthjeÐ na proseggÐsei thn parap�nw
katanom , ja eÐnai autì pou prokÔptei me thn akìloujh katanom  sthn èxodo:

Sq ma 6.3: Efarmog : Arqik  katanom  tou pedÐou u sthn {èxodo} (x = 1) tou qwrÐou.
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h opoÐa èqei prokÔyei kai aut  me poluwnumik  katanom  tou pedÐou u sthn eÐsodo, me suntelestèc
touc:

b5 = −7, b4 = 14, b3 = −16.75

Oi par�gwgoi euaisjhsÐac pou èqoun upologisjeÐ mèsw thc suzugoÔc mejìdou pou èqei epilujeÐ
me PGD, epalhjeÔontai me dÔo �llec mejìdouc:

� EÔresh Parag¸gou EuaisjhsÐac me Peperasmènec Diaforèc

∂F

∂bi
=
F (bi = x0 + ε)− F (bi = x0 − ε)

2ε
(6.41)

� EpÐlush twn suzug¸n pedÐwn mèsw sumbatik c mejìdou (ìqi PGD, l.q.
Jacobi)

'Etsi, ston pr¸to kÔklo beltistopoÐhshc, oi par�gwgoi euaisjhsÐac pou prokÔptoun apì tic
treic autèc mejìdouc eÐnai:

Sq ma 6.4: Efarmog : Par�gwgoi euaisjhsÐac tou suzugoÔc pedÐou me epÐlush tou prwteÔontoc

probl matoc kai tou suzugoÔc me PGD (Adjoint PGD), se sÔgkrish me tic parag ģouc me thn

epÐlush tou prwteÔontoc probl matoc me PGD kai tou suzugoÔc me Jacobi (Adjoint Jacobi), kai me
thn mèjodo twn peperasmènwn diafor¸n (Finite Differences).

EÐnai emfanèc pwc oi timèc eÐnai polÔ kont�, gegonìc pou epalhjeÔei th leitourgÐa tou PGD
ìqi mìno wc epituq  epilÔth tou prwteÔontoc probl matoc, all� kai tou suzugoÔc tou.

Mia beltistopoÐhsh èqei wc skopì thn elaqistopoÐhsh thc antikeimenik c sun�rthshc, h
metabol  thc opoÐac exart�tai apì tic parag¸gouc euaisjhsÐac pou upologÐzontai kai to b ma
thc kajìdou. 'Etsi, sthn efarmog  aut , me b ma n = 0.01, h antikeimenik  sun�rthsh sta pr¸ta
dekapènte (15) b mata thc beltistopoÐhshc, me qr sh tou PGD gia thn epÐlush tou prwteÔontoc
probl matoc kai tou suzugoÔc pedÐou, eÐnai h ex c:
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Sq ma 6.5: Efarmog : Tim  thc antikeimenik c sun�rthshc (6.3) sta pr¸ta 15 b mata thc

diadikasÐac beltistopoÐhshc-antistrìfou sqediasmoÔ

Me thn el�ttwsh thc antikeimenik c sun�rthshc, elatt¸netai kai to suzugèc pedÐo, kaj¸c,
ìpwc faÐnetai apì tic exis¸seic (F.A.E. 1 ), (F.A.E. 2 ), (6.16), (6.21), h mình diègersh twn
suzug¸n pedÐwn eÐnai h diafor� thc sun�rthshc stìqou kai thc trèqousac taqÔthtac sthn èxodo,
pou eis�getai mèsw twn oriak¸n sunjhk¸n. K�ti tètoio epibebai¸netai kai apì th morf  tou
Ðdiou tou suzugoÔc pedÐou se di�fora b mata thc beltistopoÐhshc, ìpwc faÐnetai sto sq ma 6.6.
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Sq ma 6.6: Efarmog : Suzugèc PedÐo se orismèna b mata kat� ta 15 pr¸ta b mata thc

beltistopoÐhshc. Prosoq  sthn el�ttwsh thc t�xhc megèjouc tou pedÐou ìso h antikeimenik 

sun�rthsh elatt¸netai, dhlad  ìso h trèqousa katanom  thc taqÔthtac proseggÐzei thn katanom 

tou stìqou.

EÐnai emfan c h orj  leitourgÐa thc mejìdou sthn eÔresh twn parag¸gwn euaisjhsÐac,
dedomènou ìti eÐnai praktik� Ðdiec me autèc twn �llwn mejìdwn, kai odhgoÔn se epituq 
elaqistopoÐhsh thc antikeimenik c sun�rthshc. EpÐshc, an�loga th morf  tou probl matoc
kai thn diajèsimh upologistik  isqÔ, dÔnatai o upologismìc tou suzugoÔc pedÐou, �ra kai twn
parag¸gwn euaisjhsÐac, na gÐnei me ligìterec b�seic, jusi�zontac k�poio posostì akrÐbeiac,
all� tautìqrona kerdÐzontac shmantikì qrìno ektèleshc kai q¸ro apoj keushc.

EÐnai emfanèc pwc met� apì èna shmeÐo oi b�seic, se antistoiqÐa me to prwteÔon prìblhma,
paÐzoun ìlo kai mikrìtero rìlo sthn telik  lÔsh. K�ti tètoio mporeÐ na axiopoihjeÐ proc ìfeloc
tou kìstouc ektèleshc, kai thc upologistik c mn mhc. Dedomènou ìti to suzugèc prìblhma
apaiteÐ èna pedÐo Ðdiac di�stashc me to prwteÔon gia na epilujeÐ, h prosèggish twn parag¸gwn
euaisjhsÐac me qr sh ligìterwn ìrwn sto PGD mporeÐ na faneÐ idiaÐtera qr simh.

To suzugèc pedÐo èqei monadikì nìhma thn eÔresh twn parag¸gwn euaisjhsÐac tou probl matoc
beltistopoÐhshc. Se antÐjesh me to prwteÔon prìblhma, h anektikìthta se sf�lma twn
parag¸gwn euaisjhsÐac eÐnai megalÔterh (Prosoq !: Na mhn sugqèetai me thn idiaÐtera meg�lh
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akrÐbeia thc lÔshc tou prwteÔontoc probl matoc pou apaiteÐtai gia na domhjeÐ ex arq c to
suzugèc pedÐo), kaj¸c eÐte {aporrof�tai} apì thn oÔtwc   �llwc hmi-aujaÐreth tim  tou b matoc
thc apìtomhc kajìdou, eÐte apì thn Ôparxh enìc arijmoÔ epanal yewn, oi opoÐec ja diorj¸soun
to endeqìmeno sf�lma pou ja eisag�gei o fthnìc, me lÐgec b�seic, upologismìc tou suzugoÔc
pedÐou, �ra kai twn parag¸gwn euaisjhsÐac.
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Kef�laio 7

SÔnoyh-Sumper�smata-Prot�seic gia
Peraitèrw Melèth

SunoyÐzontac, sthn ergasÐa aut  parousi�sthke h mèjodoc tou Idio-Genikeumènou DiaqwrismoÔ
(PGD) wc epilÔthc MDE kai, sugkekrimèna, tou 2D sust matoc exis¸sewn Burgers. Sugke-
krimèna:

� ProgrammatÐsthke se gl¸ssa Fortran 77 to PGD wc epilÔthc tou 2D sust matoc Burgers,
gia kartesian� plègmata, all� kai gia domhmèna plègmata se tuqaÐac morf c qwrÐa. H melèth
epikentr¸jhke sth montelopoÐhsh twn ìrwn metafor�c kai di�qushc all� kai sto sq ma
diakritopoÐhshc gia thn kateÔjunsh thc plhroforÐac thc {ro c} twn pedÐwn (an ta pedÐa
u kai v jewrhjoÔn pedÐa ro c) kat� th stadiak  dìmhsh-epÐlus  touc.

� Diatup¸jhkan kai anaptÔqjhkan mèjodoi epibol c twn oriak¸n sunjhk¸n se èna prìblhma
to opoÐo perigr�fetai apì exis¸seic se morf  PGD. EpÐshc, anaptÔqjhkan trìpoi aÔxhshc
thc eust�jeiac tou epilÔth.

� Efarmìsthkan oi parap�nw k¸dikec sthn pr�xh, se melèth peplegmènwn pedÐwn pou peri-
gr�fontai apì to 2D sÔsthma Burgers, se diaforetik� pedÐa (tropopoÐhsh twn exis¸sewn me
qr sh �llou arijmoÔ Reynolds) kai plègmata (101 wc 201 kìmboi an� pleur�) kai elègqjhke
h apodotikìthta tou k¸dika ìson afor� th sÔgklish, thn apaitoÔmenh mn mh, kai tic sunj kec
upì tic opoÐec sumfèrei h qr sh tou PGD ènanti enìc sumbatikoÔ epilÔth.

� ProgrammatÐsthke h suneq c suzug c mèjodoc me skopì th qr sh thc sth beltistopoÐhsh, tou
2D sust matoc Burgers se kartesianì plègma, diathr¸ntac kajìlh th di�rkeia tou kÔklou
beltistopoÐhshc (epÐlush prwteÔontoc probl matoc, epÐlush suzugoÔc, beltistopoÐhsh) ìla
ta pedÐa se diaqwrismènh morf . SugkrÐjhkan oi par�gwgoi euaisjhsÐac pou proèkuyan me
�llec sumbatikèc mejìdouc, ìpwc h mèjodoc twn Peperasmènwn Diafor¸n (Finite Differences)
kai h epÐlush tou suzugoÔc pedÐou me k�poia sumbatik  mèjodo.

Ta kÔria sumper�smata pou mporoÔn na exaqjoÔn apì th melèth eÐnai ta akìlouja:

� H mèjodoc tou (PGD) mporeÐ me epituqÐa na epilÔsei pedÐa pou perigr�fontai apì to sÔsthma
twn 2D exis¸sewn Burgers me meg�lh akrÐbeia, elatt¸nontac shmantik� thn apaitoÔmenh
posìthta mn mhc. Meg�lh shmasÐa sthn apaitoÔmenh mn mh paÐzei h morf  tou pedÐou (kat�
pìso apì th fÔsh tou eÐnai eÔkola   ìqi diaqwrÐsimo), to sf�lma sÔgklishc pou apaiteÐ o
qr sthc, all� kai o diajèsimoc/mègistoc arijmìc b�sewn gia thn prosèggish tou pedÐou. Sta
paradeÐgmata pou parousi�sthkan, ègine emfanèc pwc o arijmìc Reynolds ìso aux�nei, k�nei
to pedÐo ligìtero diaqwrÐsimo, �ra apaiteÐtai megalÔteroc arijmìc b�sewn sto PGD gia na
epiteuqjeÐ h prosèggish.

� Sqedìn se k�je perÐptwsh efarmog c thc mejìdou, ta kèrdh se mn mh  san polÔ enjarruntik�.
Se merikèc peript¸seic m�lista, h qrhsimopoioÔmenh apì to PGD mn mh, èftase sqedìn to
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1/10 thc mn mhc pou ja apaitoÔntan apì ènan sumbatikì epilÔth. 'Egine emfanèc pwc h mèjodoc
PGD èqei polÔ megalÔtera kèrdh se mn mh ìso pio meg�lo (me perissìterouc kìmbouc an�
kateÔjunsh) eÐnai to plègma sto opoÐo eÐnai diakritopoihmèno to pedÐo epÐlushc, kaj¸c -ìpwc
deÐqjhke- o apaitoÔmenoc arijmìc b�sewn eÐnai anex�rthtoc apì to mègejoc tou plègmatoc
sto opoÐo pragmatopoieÐtai h epÐlush, kai eÐnai sun�rthsh mìno thc poluplokìthtac (mh-
diaqwrisimìthtac) tou pedÐou. DeÐqjhke epÐshc, pwc ta kèrdh se mn mh aux�nontai me to
pl joc twn diast�sewn tou proc epÐlush probl matoc.

� H mèjodoc mporeÐ na epilÔsei pedÐa pou perièqoun ìrouc di�qushc kai metafor�c me epituqÐa,
anoÐgontac ton drìmo gia thn an�ptuxh algorÐjmwn epÐlushc problhm�twn URD me th qr sh
tou PGD. Epiplèon, anaptÔqjhkan kai diatup¸jhkan oi mèjodoi gia thn epibol  diafìrwn
eid¸n oriak¸n sunjhk¸n thc URD se ènan epilÔth PGD, dieukolÔnontac mellontikèc melètec.

� AnadeÐqjhke to PGD wc mèjodoc ikan  gia thn paragwg  enìc pedÐou ikanopoihtik�
akriboÔc ¸ste na mporeÐ na qrhsimopoihjeÐ se mia diadikasÐa beltistopoÐhshc mèsw thc
suzugoÔc mejìdou (idiaÐtera euaÐsjhth se mikrèc allagèc tou pedÐou). Epiplèon, anadeÐqjhke
wc ikan  mèjodoc na epilÔsei kai to suzugèc pedÐo tou probl matoc kai na upologÐsei
me ikanopoihtik  akrÐbeia tic parag¸gouc euaisjhsÐac me skopì thn qr sh touc se mia
diadikasÐa beltistopoÐhshc. Sto par�deigma pou parousi�sthke diathr jhkan ìloi oi ìroi se
ìlouc touc kÔklouc thc diadikasÐac (epÐlush prwteÔontoc-epÐlush suzugoÔc-beltistopoÐhsh-
epÐlush prwteÔontoc klp) se pl rwc diaqwrismènh morf  (qwrÐc dhlad  na gÐnetai poujen�
anadìmhsh), elaqistopoi¸ntac thn apaitoÔmenh mn mh.

Me b�sh ta parap�nw sumper�smata, tÐjentai jèmata ta opoÐa proteÐnontai gia endeqìmenh
mellontik  melèth kai an�ptuxh. K�poia apì aut� parousi�zontai parak�tw:

� H ergasÐa aut  estÐase sthn 2D exÐswsh Burgers, me kÔrio skopì thn orj  montelopoÐhsh
twn ìrwn sunagwg c kai di�qushc, oi opoÐoi eÐnai kÔriac shmasÐac se èna prìblhma reusto-
mhqanik c. Ta probl mata pou diatup¸jhkan perigr�fontai apì dÔo exis¸seic, peplegmènec.
Meg�lo endiafèron èqei h an�ptuxh mejìdou me th qr sh tou PGD gia thn epÐlush MDE
thc URD me perissìterec exis¸seic (l.q. Euler, Navier-Stokes), miac kai h kÔrioc skopìc
thc ergasÐac aut c eÐnai h topojèthsh twn swst¸n b�sewn, teqnik¸n kai jewrhtik¸n gia thn
epituq  leitourgÐa tou PGD sta probl mata aut�.

� Dedomènou ìti to PGD an� kÔklo prosj khc om�dac b�sewn prosjètei èna pedÐo sto  dh
up�rqon, q�netai kat� thn epÐlush tou pedÐou autoÔ h fusik  ènnoia thc ro c pou ja
up rqe se ènan sumbatikì epilÔth. Sthn paroÔsa ergasÐa èginan b mata gia thn an�ptuxh
enìc swstoÔ sq matoc diakritopoÐhshc. Autì dÐnei tic b�seic gia thn qr sh twn mejìdwn
stic exis¸seic Euler kai Navier-Stokes, oi opoÐec ìntac bèbaia pio polÔplokec, endèqetai
na apaitoÔn peraitèrw an�ptuxh. H epiplèon an�ptuxh ja mporoÔse na esti�sei sta an�nti
sq mata diakritopoÐhshc kai sthn peraitèrw melèth tou trìpou epibol c thc orj c metafor�c
thc plhroforÐac thc ro c. K�ti tètoio bèbaia sthn efarmog  tou PGD diaforopoieÐtai
shmantik�. L.q. se èna plègma tÔpou C ìpou to prìshmo thc ro c all�zei kat� to m koc tou
pedÐou, h qr sh enìc an�nti sq matoc ja  tan lanjasmènh, kai ja apaiteÐto k�poia mèjodoc
h opoÐa ja mporeÐ na antilhfjeÐ th dieÔjunsh thc ro c apì megèjh tou diaqwrismènou pedÐou,
me ton Ðdio trìpo ìpwc ja ginìtan se ènan sumbatikì epilÔth.

� Tèloc, meg�lo endiafèron ja parousi�sei o programmatismìc thc suzugoÔc mejìdou gia èna
mh-mìnimo prìblhma reustomhqanik c, axiopoi¸ntac ètsi sto mègisto bajmì th diaqwrisimìth-
ta tou pedÐou gia thn el�ttwsh thc apaitoÔmenhc mn mhc (kurÐwc sto pedÐo tou qrìnou),
elatt¸nontac me autìn ton trìpo th mn mh pou apaiteÐtai gia ìlh th diadikasÐa beltistopoÐhshc
enìc mh-mìnimou probl matoc upologistik c reustodunamik c.



Parart mata

Aþ Par�rthma: Probol  Galerkin

H probol  Galerkin (Galerkin Projection) eÐnai h diadikasÐa pou qrhsimopoieÐtai kat� kìron
sth diatÔpwsh tou PGD, eÐte kat� th sumpÐesh enìc diajèsimou pedÐou, eÐte kat� thn epÐlush
tou. Se autì to shmeÐo, ja parousiasteÐ me ènan aplì, praktikì trìpo, ètsi ¸ste na gÐnei
katanoht  h ekten c efarmog  thc sth diplwmatik  ergasÐa. Gia thn epex ghsh thc idèac, ac
jewrhjeÐ mia exÐswsh, h R(u) = 0, u = u(x, y), to pedÐo u thc opoÐac apoteleÐ lÔsh thc, zhteÐtai
na proseggisjeÐ se morf  kat� PGD me èna zeÔgoc b�sewn, dhlad :

u(x, y) = X(x)Y (y)

Dhlad  mporeÐ plèon na grafeÐ R = R(u) = R(X, Y ). Gia na brejeÐ to pedÐo u pou ja
proseggÐzei bèltista th lÔsh thc exÐswshc, apaiteÐtai na elaqistopoihjeÐ to sf�lma:

E =
1

2

∫
x

∫
y

R2dy dx

wc proc kai tic dÔo sunart seic-b�seic tou PGD .

'Otan apaithjeÐ h elaqistopoÐhsh wc proc th sun�rthsh X(x), aut  ja ikanopoihjeÐ apì mia
exÐswsh thc morf c: ∫

y

Y R(X, Y )dy = 0

me th sun�rthsh Y sthn parap�nw exÐswsh na kaleÐtai sun�rthsh b�shc, kai na sumbolÐzetai
wc u∗ = Y . Sthn parap�nw exÐswsh, dedomènou ìti ìla ta megèjh brÐskontai se diaqwrismènh
morf , eÐnai sun�rthsh (mia SDE) thc sun�rthshc X(x).

Summetrik�, ìtan apaithjeÐ elaqistopoÐhsh wc proc th Y (y), ja prokÔyei h exÐswsh:∫
x

XR(X, Y )dx = 0

dhlad  me sun�rthsh b�shc th u∗ = X. Lìgw thc diaqwrismènhc morf c ìlwn twn megej¸n,
eÐnai mia SDE thc Y (y).

Me autìn ton trìpo leitourgeÐ h probol  Galerkin, ìtan zhteÐtai na brejeÐ to {bèltisto}
pedÐo pou ja domeÐtai apì tic dÔo b�seic X, Y (sthn ergasÐa sumbolÐzontai wc Xn(x) kai Yn(y)).
Kaj¸c oi dÔo parap�nw exis¸seic upologÐzoun th mia sun�rthsh sunart sei thc �llhc, eÐnai
peplegmènec, opìte apaiteÐtai h qr sh epanalhptik c diadikasÐac gia thn epÐteuxh sÔgklishc.
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Bþ Par�rthma: Ek twn Ustèrwn SumpÐesh PedÐwn

me PGD

H mèjodoc PGD dÔnatai na qrhsimopoihjeÐ gia thn kataskeu  miac proseggistik c lÔshc enìc
 dh gnwstoÔ pedÐou, pou èqei prokÔyei apì th lÔsh miac MDE se èna (èstw 2D) domhmèno
plègma. Anafèretai wc diaqwrismìc pedÐou, kaj¸c to pedÐo anadomeÐtai   diaqwrÐzetai se pollèc
1D sunart seic, kajemÐa apì tic opoÐec eÐnai sun�rthsh miac kai mìno di�stashc.

Kaj¸c èqei proanaferjeÐ ekten¸c h parap�nw diadikasÐa sth diplwmatik  ergasÐa [5], ja gÐnei
ed¸ mia sÔntomh anafor� sth mèjodo.

'Estw èna pedÐo u to opoÐo eÐnai pl rwc gnwstì, kai h lÔsh tou brÐsketai se ènan q¸ro q
diast�sewn. Skopìc eÐnai na xanagrafeÐ sth morf  enìc ajroÐsmatoc M ìrwn, twn ginomènwn
q anex�rthtwn 1D sunart sewn, dhlad :

u(x1, x2, ..., xq) ≈
M∑
i=1

X1
i (x1)X2

i (x2)...Xq
i (xq)

ìpou o p�nw deÐkthc sumbolÐzei th sun�rthsh b�shc kai o k�tw deÐkthc thn om�da b�sewn sthn
opoÐa an kei h k�je sun�rthsh. 'Estw ìti eÐnai  dh gnwst  h prosèggish thc lÔshc enìc pedÐou
u diatupwmèno se dÔo diast�seic, pou apoteleÐtai apì n − 1 b�seic kai anazhteÐtai o epìmenoc,
(n-ostìc) ìroc. Sunep¸c, eÐnai  dh gnwst  h prosèggish tou pedÐou wc:

un−1(x, y) =
n−1∑
i=1

Xi(x)Yi(y) (7.1)

Epìmeno b ma eÐnai na prostejeÐ ènac epiplèon ìroc (o n-ostìc), ¸ste to �jroisma pou ja
prokÔyei na proseggÐsei ìso akribèstera gÐnetai to  dh gnwstì pedÐo u, dhlad :

un(x, y) = un−1(x, y) +Xn(x)Yn(y) =
n−1∑
i=1

Xi(x)Yi(y) +Xn(x)Yn(y) (7.2)

Sto trèqon b ma, �gnwstec eÐnai oi dÔo 1D sunart seic Xn(x) kai Yn(y). Skopìc thc mejìdou
eÐnai na proseggisjeÐ to  dh gnwstì pedÐo me tic el�qistec dunatèc b�seic. Sunep¸c, se k�je
b ma eÐnai aparaÐthto na elaqistopoieÐtai h diafor� metaxÔ tou domhmènou diaqwrismènou pedÐou
kai tou pragmatikoÔ, to opoÐo gÐnetai brÐskontac tic kat�llhlec sunart seic Xn(x) kai Yn(y)
pou elaqistopoioÔn th diafor� aut . LÔsh sto parap�nw prìblhma ja d¸sei mia epanalhptik 
diadikasÐa. Se k�je eswterikì b ma thc diadikasÐac aut c, o ìroc Xp

n(x) (me p sumbolÐzetai o
metrht c twn eswterik¸n epanal yewn) upologÐzetai me b�sh ton  dh gnwstì ìro Y p−1

n (y), kai
antÐstrofa, èwc ìtou epiteuqjeÐ sÔgklish, me thn kat�llhlh anoq  sf�lmatoc (2.30).

Bþ.1 Strathgik  Enallassìmenwn KateujÔnsewn

K�je eswterik  epan�lhyh emperièqei q b mata, e�n to prìblhma eÐnai diatupwmèno se q
diast�seic, dhlad  èna b ma an� 1D sun�rthsh b�shc. Gia eukolìterh katanìhsh, ja jewrhjeÐ
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qwrÐc bl�bh thc genikìthtac, pwc oi anex�rthtec metablhtèc eÐnai dÔo. EpÐshc, gia suntomÐa, oi
sunart seic Xp

n(x) kai Y p
n (y) ja sumbolÐzontai me Xp

n kai Y p
n antÐstoiqa. Sunep¸c, ja up�rqoun

dÔo b mata:

� B ma 1: Upologismìc tou Xp
n apì to Y p−1

n

Sto st�dio autì thc diadikasÐac emploutismoÔ, to mèqri t¸ra pedÐo eÐnai:

u(x, y) ≈ un(x, y) =
n−1∑
i=1

XiYi +Xp−1
n Y p−1

n (7.3)

kai anazhteÐtai h sun�rthsh Xp
n, h opoÐa ja upertejeÐ sta prohgoÔmena, dhlad :

u(x, y) ≈ un(x, y) =
n−1∑
i=1

XiYi +Xp
nY

p−1
n (7.4)

elaqistopoi¸ntac to sf�lma.

O upologismìc basÐzetai sthn probol  Galerkin tou sf�lmatoc metaxÔ pragmatikoÔ kai
proseggistikoÔ pedÐou.

SÔmfwna me aut , ìloi oi ìroi thc exÐswshc metafèrontai sto pr¸to mèloc, pollaplasi�zontai
me mia sun�rthsh b�shc u∗ = Y p−1

n kai, sth sunèqeia, oloklhr¸nontai kat� thn y dieÔjunsh,
dhlad :

∫
y

Y p−1
n

[
u(x, y)−

n−1∑
i=1

XiYi +Xp
nY

p−1
n

]
dy = 0 (7.5)

AnaptÔssontac touc ìrouc, prokÔptei:∫
y

[
Y p−1
n u(x, y)− Y p−1

n

n−1∑
i=1

XiYi +Xp
n(Y p−1

n )2

]
dy = 0

∫
y

Y p−1
n u(x, y)dy −

n−1∑
i=1

Xi

∫
y

Y p−1
n Yidy +Xp

n

∫
y

(Y p−1
n )2dy = 0

Xp
n =

∑n−1
i=1 Xi

∫
y
Y p−1
n Yidy −

∫
y
Y p−1
n u(x, y)dy∫

y
(Y p−1

n )2dy
(7.6)

H parap�nw exÐswsh prosdiorÐzei th sun�rthsh Xp
n thc trèqousac b�shc mèsw pl rwc

orismènwn megej¸n. Me gnwst  th sun�rthsh Xp
n, epìmeno b ma thc epanalhptik c

diadikasÐac eÐnai o upologismìc tou Y p
n .

� B ma 2: Upologismìc tou Y p
n apì to Xp

n

Me antÐstoiqh an�lush ìpwc sto 1o b ma, dedomènou oti plèon anazhteÐtai h nèa morf  tou
pedÐou:

u(x, y) ≈ un(x, y) =
n−1∑
i=1

XiYi +Xp
nY

p
n (7.7)
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prokÔptei h antÐstoiqh sqèsh pou prosdiorÐzei th sun�rthsh Y p
n :

Y p
n =

∑n−1
i=1 Yi

∫
x
Xp
nXidx−

∫
x
Xp
nu(x, y)dx∫

x
(Xp−1

n )2dx
(7.8)

Dedomènou ìti oi sunart seic Xp
n kai Y p

n eÐnai peplegmènec, h parap�nw diadikasÐa gÐnetai
epanalhptik�, èwc ìtou up�rxei sÔgklish metaxÔ touc. To krit rio sÔgklishc eÐnai to Ðdio me
autì thc sÔgklishc kat� thn epÐlush enìc pedÐou me th qr sh touPGD , ìpwc autì anafèretai
sthn antÐstoiqh Enìthta (2.30).

H parap�nw diadikasÐa mporeÐ na genikeuteÐ kai gia pedÐa opoiasd pote di�stashc q. H
diadikasÐa eÔreshc twn sunart sewn se k�je om�da b�sewn ja gÐnei profan¸c q forèc, dhlad 
mia b�sh an� di�stash tou pedÐou.
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