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Abstract

This diploma thesis investigates a data-driven turbulence modeling method,
the Eddy Viscosity Adaptation (EVA), to achieve enhanced flowfield representa-
tion when solving the Reynolds-Averaged Navier-Stokes (RANS) equations com-
pared to conventional turbulence models, such as the Spalart-Allmaras (SA), and
subsequently be utilized for shape optimization (ShpO) purposes. Unlike tradi-
tional models, EVA does not require additional differential equations to calculate
the eddy viscosity (1) field. Instead, it directly updates the 1; value within each
cell in the computational mesh, by solving a field inversion problem, utilizing the
continuous adjoint method.

First, the mathematical formulation of the EVA method for both low-Reynolds
(wall-resolved) and high-Reynolds (wall-function) treatments is presented. The
EVA-process aims at minimizing two distinct loss functions: the discrepancy be-
tween the RANS-computed velocity field, and that obtained from a High-Fidelity
(Hi-F1i) solver—such as Direct Numerical Simulation (DNS) or Detached Eddy Sim-
ulation (DES)—as well as the difference in aerodynamic force coefficient predictions.
EVA is subsequently implemented within the open-source computational fluid dy-
namics software OpenFOAM.

The efficacy of the method in reproducing Hi-Fi results, while solving the RANS
equations, is demonstrated using different velocity-based loss functions for the flow
over periodic hills, a standard benchmark for turbulence modeling. Results show-
case up to a 95% reduction in the loss function value and the accurate capture of
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flow separation and reattachment points across five different geometry variations.
Furthermore, the aerodynamic coefficient targeting approach, is evaluated on a
NACA 0012 airfoil. While conventional turbulence models typically underpredict
the angle of attack at which stall occurs, EVA manages to successfully align with
the experimental drag and lift coefficients.

Finally, the EVA framework, utilizing a velocity-based loss function, is ex-
tended to 3D flows around various car models. In all test cases, EVA outperforms
conventional models in predicting the velocity field (reducing the loss function
by up to 46%), vortex topology, and drag force. Subsequently, Symbolic Regres-
sion (SR) is applied to reconstruct the corrected EVA-1; field as a closed-form
algebraic expression dependent on local flow and geometrical variables. The re-
sulting surrogate turbulence model is then deployed for ShpO to minimize the drag
coefficent of the car, once again employing a continuous adjoint method. Four dis-
tinct ShpO frameworks are compared: classical RANS/SA; a frozen turbulence
approach, where the v; field remains constant and equal to the EVA solution, even
during geometry modifications; and two frameworks utilizing the surrogate SR
model, with and without its differentiation within the adjoint equations. Results
demonstrate that incorporating the fully differentiated SR model yields a superior
reduction of the objective function compared to the baseline RANS/SA approach.

Keywords: Eddy Viscosity Adaptation, Field Inversion, Continuous Adjoint,
Aerodynamic Shape Optimization.
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ITepiAndm

H mapoloa dimhopotixr epyacio diepeuvd wia uébodo povrelomoinone topPng
Baotopévne oe dedopéva, v Ipooappoyh Tupfidoue Suvextixdtnrag (IITY), e
oTOY0 TNV oxpléoTtepn avamoEdoTUoT TV EOXOY TEdlwY XATd TNV eni\uon TV
eglomoewy péone potc tov peuoctdv (RANS), cuyxpitixd pe ovufotixd povtéla
wpPne (6mwe to Spalart-Allmaras (SA)) xofde xou v oflonolnon e 7y
epapuoyéc Petiotonolnong popgrc.  Xe avtibeorn pe Tol TUEABOCLOXE LOVTEND
ToePng, N II'TY dev anoutel Ty enihuon emmpdcletoy dlapopndy eELOMOCEWY Yo TOV
UTIONOYLOUO ToL TEBIOU TLEPWBOUE cuVEXTIXOTNTOC V. AvTifeTa avavedvel aneubeiog
™V T ¥ o xd0e xeN TOU UTONOYIGTIXO) TAEYUATOS, AUVOVTOC €val TPOBATua
avtiotpophc tediov (Field Inversion), ye xphon tne ouveyolc ouluyolc pebddou.

Apywd, mapouvoidletar 1 pabnuoatixy dtatdnworn e uedodouv HITE vy xerion
N Un cuVaPTACE®Y TolXou, xovTd oTa oteped tovywuata. H IITY ctoyelel otnv
exolotonoinon 600 BLUPORETIXWY CUVIRTACE®Y XOCTOUC: TNG AmOXAONG HETAED
Tou medlou TordTNToC Tou unoloyileton xotd Ty emidvorn Twv RANS xau exetvou
mou TmpoxinTeEL and wlo péhodo LPNAAC moTOTNTAG, OTWS M duEoy ETINUCT TWV
ellodoewv Navier-Stokes (Direct Numerical Simulation - DNS) % n npocopolnon
amoxouévey dvov (Detached Eddy Simulation - DES), xafde xou tng diapopdc
oTi¢ TEOPAEPELS TNE THAC AEPOBUVOLXGY CUVTENEGTAOV. O Bldpopeg ToUpoANaYES TIC
IITY, npoypappatiloviol GTO avolXTO AOYLOUIXO UTONOYLOTIXNG PEUC TOBUVOULIXHC
OpenFOAM.
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H anoteheopatindtnto tne pebddov otny avamoporywyr| AmoTENECUITWY LPNAHC
mototnrog and Tic RANS, xatodewxvieton Ue yxpron BlapopeTiXY GUVIPTHCEOY
%x60T0UC, BACIOUEVOV TNV AMOXNLOT TOV TESOY TaUTATOV, YLot TN PoN Tévew ond
TEELOBXOUE NOPOUC, ULl TROTUTY EQuppoYY| Yio TeoNAuata wovieNomoinong TopPne.
To anoteNéoparta delyvouy pelwon e TWAS T ouvdptnone xéotoug éwg xa 95%,
xaB¢ xon oxpLéotepn TeoOPNedN TV oNUElDY ATOXOANNONG XA ETAVATEOCKOANNONG
NG PONC YOt MEVTE DLUPORPETIXES YEWUETEWXES Topohayéc. Emniéov, n 1T vy
G TOXEVCT] AEQOBUVAULXWY CUVTEAEC TRV, a&loNoye(ton yia Ty acpotoury NACA 0012.
Eve) to oupfatind povténa topPng tetvouv va utoextody T ywvia tpocforfic otny
omolo eupavileton anmielo oTHEENS, 1 u€hodog emTuyydveL LxavoTol Ty cuUPLVia
UE TIC TELOUATIXES TWES TOV CUVIEAECTOV AVWONGS Xo OTULoBEAKOVCC.

Téxog, n IITY pe yerjon cuvdptnone x6ctoug Paciopévne oto medio taydTnTac,
EMEXTEIVETAL OF TELOOLAOTATEG POEC YUPW ATO OLAPOPU UOVTENN QUTOXWVATOV. DE
ONe¢ TIC mepunTwoelc mou e€etdlovTon, UTERTEPEl TV CULUPUTIXGY UOVTENWY ¢
meoc TV mEdPNedn e popphc tou mediou taxltnTac (emTuyydvovtac pelwon
e ouvdptnong x6ctous éwg xan 46%), e tomoloyla Twv oTpofilwv xa Tng
dUvoung omoBérxovoag. Xt ouvéyel, e@apuoleton XuuBolixy| Ilowvdpdunon
(X1, Symbolic Regretion) yio tnv avoxataoxeuy| tou dopbwpévou IITE-1, nediov,
untd TN uop®Y) anyePewrc oxéong mou yenowwonolel Tomxeég UETABANTES TNg
poric xan tng yewpetplag. To umoxatdotato yoviélo TOePnc mou mpoxinTEL,
yenowonoteitar oxoloVBng, oe epapuoyy| BerTicTOTOINONG OXAUATOS, UE GTOYO TNV
ENAYLO TOTOINOT) TOU GUVTEAECTH OTUGOEAXOLVTUS EVOC AUTOXIVATOU, AELOTIOLOVTAS EX
véou 1 ouveyn culuyn puébodo. Buyxplvovton téocepeg dlaopeTixég yebodooyieg
Bextotonoinong: n xhaowy RANS/SA- pio npocéyyion «noywuévne topPney,
omou To Tedlo 1y mopauével oTalepd xou (oo pe ) Noon tng IITXE axdun xou petd
NV YEWUETEWXY Uoppornonor: xafode xaw 800 mpooeyyioewe mou Pacilovtar cto
unoxatdototo poviéno tne X1, pe xou ywpic tn ouurnepindn Tov nopoydywy Tou
otic ouluyelc eClowoelg. To amoteNéopata avadexviouy OTL 1 ¥EHOT TOU TAHPEOS
olpoptouévou povténou XII, odnyel oe peyohltepn uelwon NG avTixelwevixhc
cLVAETNONS CcLYXELTXS Ue T cuuPotixy tpocéyyion RANS/SA.

Ag&eig-xhedid: Ilpooopuoyn Tupfddoug Yuvextxotnrac, Avtiotpogr Ilediov,
Yuveyre Xuluyrc Mébodog, Aepoduvauxt) Behtiotonoinon Mopgrc.
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Chapter 1

Introduction

Over the past four decades, remarkable progress in computational power, numer-
ical methods, and high-performance computing (HPC) has transformed computa-
tional fluid dynamics (CFD) into an essential tool for analyzing complex fluid-flow
phenomena. Today, CFD is applied across a broad spectrum of engineering fields,
including the automotive and aerospace industries, the energy sector (e.g., flows
through turbomachines and around wind turbines), biomedical engineering (such
as blood flow through arteries and heart valves), and environmental engineering
(e.g., pollutant dispersion in atmosphere, weather modeling) to name a few.

A key milestone in the development of CFD was the implementation of
Reynolds Averaged Navier-Stokes (RANS) flow solvers in the 1990s, which sig-
nificantly improved simulation accuracy by better capturing the underlying flow
physics compared to the widely used potential-flow methods of the era, presented
in Fig. . According to this approach, only the mean flow field is resolved,
while the effects of turbulence, characterized by chaotic velocity fluctuations
across a wide spectrum of spatial and temporal scales [L], enter the governing
equations through the Reynolds stress tensor, which requires closure [2|. The most
widespread assumption in RANS modeling is based on the Boussinesq hypothesis,
which relates the Reynolds stresses to the mean strain rate through a linear
relationship via the so-called turbulent eddy viscosity v;. This is not a property of
the fluid but rather a function of the local flow state; its value must be determined
through supplemental closure relationships [3]. Various modeling techniques have
been developed for this purpose, ranging from algebraic formulations such as the
Prandt] mixing-length model [4], which solves an algebraic equation for v;, to
more complex approaches such as the Spalart—Allmaras (SA) model [5], which
solves a transport equation, or even k—¢ [6] and k—w SST [7] models, both of solve
two extra partial differential equations (PDEs).

Today, RANS equations remain the most widely used approach for the design,
analysis, and optimization of fluid flows, primarily due to their low computational
cost compared to High-Fidelity (Hi-Fi) methods (Fig. [.1), such as Large Eddy
Simulation (LES) or Direct Numerical Simulation (DNS). However, as highlighted
in the "CFD Vision 2030 Study”, a large portion of the aerospace CFD commu-
nity believes that RANS turbulence modeling, although still essential for current
industrial applications, has reached a performance plateau [8]. Many of the turbu-
lence closure models widely used today were developed several decades ago, and
their underlying assumptions predate many of the advances in modern CFD and
HPC. Consequently, further improvements in predictive accuracy using traditional



2 1. Introduction

modeling approaches alone have become increasingly challenging [9].

(a) Historical evolution; from [10] (b) Present-day used models; from |11]

Figure 1.1: Hierarchy of fluid flow models in CFD

The main objective of this thesis is to overcome the limitations of conventional
RANS turbulence models, by developing data-driven approaches for turbulence
closure. Sec. [L.1] provides a review of the relevant literature on Field Inversion (FI),
as this is used for data-driven turbulence modeling. Sec. presents an overview
of adjoint-based optimization methods in CFD, as developed by the PCOpt/NTUA
group. Finally, Sec. [L.3 outlines the structure of the thesis.

1.1 Field Inversion

To overcome the limitations of conventional turbulence models in RANS simu-
lations, extensive research over the past decade has focused on the integration of
data within physics-based modeling, by extending the Field Inversion and Machine
Learning (FI/ML) approach introduced by Duraisamy et al. (2015) [12].

Historically, physical modeling has always incorporated data-driven elements
to a degree; a theory or set of theories are formulated, and unknown model coeffi-
cients and functions are empirically determined by correlating the response of the
model with available data [L3]. In a similar manner, the FI procedure adopts an in-
verse modeling strategy in which the gap between Hi-Fi reference data (e.g., LES,
DNS, or experimental measurements) and comparatively Low-Fidelity (Low-Fi)
model predictions (e.g., RANS simulations) is systematically minimized through
the introduction of a spatially varying correction field. Following the inference of
such correction fields across a range of representative flow configurations, ML tech-
niques can optionally be employed to reconstruct the inferred function in terms of
variables that are available during predictive simulations with the Low-Fi model
[13].

Specifically for turbulence modeling, the objective of FI is to identify an ideal
set of corrections [ for terms apearing into the RANS turbulence model under
study [9] in order to make it better fit to selected Hi-Fi data (e.g., wall pressure,
skin-friction, or velocity measurements), while simultaneously preserving the back-
bone of the baseline model. In particular, excessive deviations from the baseline
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formulation (corresponding to § = 1) are undesirable, as they may compromise the
consistency of the model and lead to numerical instability or unphysical results.
Consider a flow configuration, discretized on a CFD mesh with N, cells. Given N,
Hi-Fi data points, each associated with the value G pi_m (j = 1,..., Ny), the in-
verse problem for computing the optimal correction field § = f(x,), n =1,..., Ny,
(where x,, denotes the geometric position of cell n, in a cell-centric finite volume
scheme, and N,, < N,) is formulated as:

min > [Graes — Gi(B) +A D [9(ea) — 11 (1.1)

Here, G;(/5) denotes the quantity predicted by the RANS solver under the modified
turbulence model [14], and A is a regularization parameter controlling the trade-off
between data fidelity and deviation from the baseline model [15].

A variety of correction parameterizations [ have been proposed in the liter-
ature, depending on the turbulence model being augmented. For instance, an
intermittency field v was introduced within the k—w SST model in the original
FI study [12]. Other approaches include modifications to the destruction term in
k-w based models [16], the introduction of FI multipliers in the destruction terms
of k-€ [17], and in the production term of the SA model [18, 19, 20]. Additional
approaches include direct corrections to the turbulent eddy viscosity field itself
[21, 22, 23], as well as the addition of a non-linear part of Reynolds stress (by
adding an extra stess tensor to improve the Boussinesq assumption) [24, 25|. Re-
cently unsteady FI has also been tried out by adding a Brinkman term with a
Gaussian impermeability field to the momentum equation (in unsteady-RANS) to
change the unsteady vortex evolution [26]|, demonstrating improved performance
compared to steady FI in airfoil stall prediction [27]. It should finally be noted,
that the FI framework can be applied to flow models beyond RANS. For example,
in a recent study [28|, the discrepancy between the vorticity fields of a 2D Leith
LES model (here serving as Low-Fi solver) and Hi-Fi DNS data was minimized.

In general, FI has been applied to a wide range of fluid dynamics problems in
which classical turbulence models fail to accurately predict the flow field. These
applications include flow around airfoils near stall [29, [18], massively separated
flows over bumps [B0, B1], turbomachinery cascades [19, B2| and spectral proper
orthogonal decomposition based problems [33, 23].

Regarding the field or (integral) quantity whose discrepancy is minimized, the
velocity field is most commonly employed (either in terms of the axial velocity
component or the velocity magnitude), evaluated over the entire computational
domain [22] or at selected mesh locations [L5]. Alternative formulations have also
been proposed based on other flow observables, including the wall Mach num-
ber [19], wall friction coefficient [34]|, wall shear stress [13], and correlations of
stochastic forcing terms [33], among others.

The resulting inverse problem is extremely high-dimensional, thus requiring an
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efficient adjoint-based optimization framework [12|. In this context, the discrete
adjoint formulation has been the most widely adopted approach, largely due to the
availability of automatic differentiation techniques [12, 21, 19, 16| and symbolic
algebra tools [17]. Alternatively, Alessi in his PhD thesis [35], developed a discrete
adjoint formulation fully integrated into the CFD solver, whereas Tsolakos [36]
adopted a continuous adjoint framework.

Finally, the inferred corrections from FI are subsequently generalized across a
range of flow configurations using ML algorithms and incorporated into modified
turbulence closure models. Several learning approaches have been explored in the
literature, including Artificial Neural Networks (ANNs) [18, 29, 19], Gaussian Pro-
cesses [12, 13|, and Symbolic Regression (SR) [20, 16, 25]. By embedding these
learned corrections within RANS formulation, the FI/ML framework enhances
predictive capability while preserving the computational efficiency required for
practical engineering applications. A key advantage of this approach is that the
ML training process is decoupled from the CFD solver, thereby improving overall
efficiency by several orders of magnitude [17]. A flowchart of the FI/ML method-
ology is provided in Fig. @

X Dataset 1 Dataset 2 Dataset n X
Ghi_s Ghi_s Ghi_g
: Inverse Inverse » Inverse :
: Problem 1 Problem 2 Problem n :
: (ﬁl)fl) (ﬁ25f2) (6n’fn) :

ML Training

Figure 1.2: Schematic of the FI1/ML framework for data-driven turbulence mod-
eling; n is the number of datasets, an—ﬁ is the Hi-Fi data for case i; B; is the
solution of the inverse problem ming ‘}Giifﬁ — G (B)||, the vector f; denotes
local flow-field quantities (e.g., velocity, strain rate, and vorticity), and 3(£f) rep-
resents the ML-based surrogate model.

However, a decade after the introduction of the FI/ML framework, several
critical challenges remain. In particular, overfitting and poor generalization to
unseen flow configurations are frequently observed [37]. ML models trained on
limited datasets often produce inaccurate predictions when applied to new cases,
sometimes performing worse than baseline RANS simulations. This issue is espe-
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cially pronounced for industrial 3D flows (e.g., around cars), as training datasets
are commonly derived from simplified benchmark configurations (e.g., periodic
hills, bumps, or airfoils), for which the generation of Hi-Fi data such as LES is
computationally feasible.

The present work continues the research of [36], advancing the continuous
adjoint method for FI through the implementation of the so-called Eddy Viscos-
ity Adaptation (EVA) approach; a methodology in which § is no more a correc-
tion field but stands for the eddy viscosity v, field itself, effectively bypassing the
requirement for a traditional RANS turbulence model. This study, specifically
extends the application of FI to 3D automotive flows, utilizing Detached-Eddy
Simulations (DES) [38] as Hi-Fi surrogates to overcome the inherent scarcity of
LES, DNS or experimental reference data. Furthermore, new loss functions for
quantifying the discrepancy between Low- and Hi-Fi data is investigated.

1.2 Adjoint Optimization in CFD

The adjoint method has emerged as a cornerstone of gradient-based optimization,
particularly for industrial applications with a large number of parameters, e.g.,
shape optimization (ShpO) problems.

Conventional optimization techniques typically become computationally pro-
hibitive as the number of design variables increases, since the required number of
flow evaluations scales linearly with the dimensionality of the design space. For
example, the finite difference method computes the gradient of an objective func-
tion J(b, f(b)), where b € R represents the vector of N design variables and
f represents the state variables, by perturbing each parameter individually. In
a standard forward-difference scheme, the derivative with respect to (w.r.t.) the
n-th design variable b, is approximated as:

0T Ty bat e iby) = Ty bay e by)
ob, €

L0 (12)

where € > 0 is a small perturbation. Because the state vector f implicitly depends
on the modified design variable, evaluating the numerator requires a new, fully
converged solution of the underlying state equations for each parameter. Conse-
quently, constructing the full gradient vector requires NV + 1 CFD evaluations. If
a more accurate central-difference scheme is utilized to eliminate first-order trun-
cation errors, the burden increases to 2N CFD evaluations:

0J o J(bl,...,bn+€,...,bN)—J(bl,...,bn—ﬁ,...,bN)

= > + O(e?) (1.3)

For modern industrial optimization problems where N > (O(10?), this approach
becomes computationally unfeasible. In contrast, the adjoint method reduces the
gradient computation to an O(1) task that is virtually independent of N [39].
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Specifically, the adjoint approach employs Lagrange multipliers to formulate
an augmented objective (Lagrangian) function L, defined as the sum of the ob-
jective function J and the field integrals of the flow equations multiplied by the
corresponding adjoint (or Lagrange multiplier) fields [40]. The adjoint fields are
introduced as additional degrees of freedom in order to eliminate the derivatives
of the flow variables w.r.t. the design variables b, from the sensitivity derivative
(SD) expressions, i.e., the gradients of the objective function w.r.t. the design vari-
ables 6L/0b,,. Essentially, L = J, 0L/b, = 0.J/0b,. This elimination is achieved
through the satisfaction of the field adjoint equations (FAE) and the corresponding
adjoint boundary conditions (ABC). Consequently, once the primal and adjoint
problems are solved, the SDs w.r.t. all design variables (§.//db,), can be evalu-
ated through the remaining terms of the augmented functional at a computational
cost that is practically independent of the number of design parameters [41]. It is
widely used today in CFD applications for ShpO, where the objective is to modify
the solid boundaries, most commonly, through the use of Non-Uniform Rational
B-Splines (NURBS) boxes for geometry parameterization [42, 43|, as well as for
topology optimization problems, in which the impermeability at each cell of the
computational domain is treated as a design variable, representing either fluid or
solid material [44].

In the PCOpt/NTUA Unit, adjoint methods, mostly continuous but occasion-
ally also discrete, have been developed and employed for more than two decades.
Notably, the continuous adjoint method has been integrated into the open-source
framework OpenFOAM through the adjointOptimisationFoam utility [45]. The
framework supports both shape and topology optimization problems, a variety of
objective functions (e.g., aerodynamic forces on bodies, pressure losses, flow unifor-
mity) [46], different SD computation methods [47, 48|, and several design-variable
update strategies. Particularly, the SA and k-w turbulence models have also been
differentiated within the adjoint formulation [49, 50], yielding significantly more
accurate results compared to the frozen-turbulence assumption [51]. In addition,
unsteady adjoint solvers for the unsteady-RANS and DES/SA turbulence model
have recently been developed [52].

1.3 Thesis Outline

This thesis aims to employ the continuous adjoint method to solve the FI problem
presented in Eq. , with 8 = 14, thereby effectively replacing the turbulence
model. Specifically, the EVA method, first introduced in the recent diploma thesis
[36], is further developed and investigated, with particular emphasis on 3D cases,
where the FI framework has been underexplored in the literature.

The main focus of this work is placed on the FI step. Hi-Fi data of varying qual-
ity (experimental, DNS, and DES) are employed as targets in the EVA procedure,
while standard (one or two equations) RANS turbulence models (k-e¢ and SA), are
used for intialization and comparison purposes with the EVA-based solution. The
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overall EVA optimization process yields a corrected, raw eddy viscosity field
(rEV).

Furthermore, a preliminary ML approach employing SR, based on the work
carried out in another diploma thesis running in parallel in the PCOpt/NTUA
[53], is applied to the EVA-corrected RANS fields in order to identify an analytical
expression for vy, referred to as the closed-form eddy viscosity (cfEV).

Finally, the derived surrogate turbulence models (rEV and cfEV) are applied to
ShpO in a 3D case, once again using the continuous adjoint method (in a different
role, though). This is done either under the frozen turbulence assumption or
by fully differentiating the newly obtained algebraic relation for v, during the
derivation the adjoint equations.

The EVA/SR approach enables the exploitation of Hi-Fi datasets in ShpO
routines, without requiring the solution of unsteady adjoint equations (e.g, for
DES), which typically present significant challenges related to the storage of time-
accurate flow fields during backward-in-time integration and numerical conver-
gence [29, 54]. A flowchart of the overall procedure is shown in Fig. [L.3.

______________________

: RANS with TM Hi-Fi Data
(z,9,2) : with (DNS, DES, exp)
A - (k-€, k-w, SA)
p ' I
\ nit.

vt
1 (0v 4 Ov;
SU -2 (BZj + dz,)

o1 (ov _ Ov;
Q’U 2 (OZj (’)zz>

wall distance A

SR Model

closed form Eddy
Viscocity (cfEV)

""""" ? Evaluation of

loss function J
Augmented
RANS solver

Continous Adjoint | |
Solver !

dJ
dutl

Design variables grad.

v, update

raw Eddy
Viscocity (rEV)

Symbolic Regression SR

Eddy Viscocity Adaptation EVA

cfEV/RANS
frozen v; in adjoint

rEV/RANS SA/RANS
frozen vy in adjoint differ. v; in adjoint

Shape
Optimization

Figure 1.3: Schematic of the EVA/SR framework for data-driven turbulence
modeling used throughout this thesis, preparing the ground for using it in ShpO.

cfEV/RANS
differ. v; in adjoint




8 1. Introduction

This Thesis consists of 7 chapters, which are summarized below:
e Chapter 1 is the Introduction.

e Chapter 2 describes the mathematical formulation of the EVA method, start-
ing from the incompressible RANS equations and developing the continuous
adjoint method to derive the field adjoint equations, boundary conditions,
and the corresponding expressions for the SD. Specific emphasis is placed on
the differentiation of wall functions. Different loss functions are considered,
including the weighted discrepancy between the velocity fields obtained from
the RANS solver and Hi-Fi data, evaluated either over the entire domain or
in selected regions, as well as the predicted error in the body’s aerodynamic
force coefficients (e.g., drag Cp, lift Cp).

e Chapter 3 applies EVA for the 2D periodic hills benchmark [55], a standard
case for turbulence model verification. Five variations of steepness ratios are
examined using Hi-Fi reference data from DNS. The study evaluates several
velocity-based loss functions and compares the results against standard k-e
and SA turbulence models.

e Chapter 4 presents the results of EVA application on two coarse meshes, for
the flow around the NACA 0012 airfoil near stall. Here, the loss function is
defined in terms of aerodynamic performance metrics rather than velocity-
field discrepancies; EVA seeks to minimize the differences between the drag
and lift coefficients, C'p and Cp, predicted by the Low-Fi RANS solver and
the corresponding experimental values.

e Chapter 5 extends the application of the EVA method to 3D external aero-
dynamics cases involving ground vehicles, with DES serving as the Hi-Fi
solver. In particular, the Ahmed body [56], the SAE reference car [57], and
the DrivAer Fastback and Estateback variants [58] are investigated.

e Chapter 6 presents a 3D ShpO example; minimizing the Cp of an Ahmed
body with a 35° slant angle. The optimization utilizes either the rEV from

the EVA method or the ¢fEV obtained by SR for the corrected RANS field.
The results are compared against the classic RANS/SA model.

e Chapter 7 summarizes the conclusions of this work and outlines directions for
future research.

Part of this work has also been included in a conference paper [59].



Chapter 2

The Continuous Adjoint Method
for Eddy Viscosity Adaptation

In this chapter the mathmeatical formulation of the continuous adjoint method
for the EVA for incompressible flow problems is presented.

The starting point of the adjoint formulation is the introduction of the aug-
mented (Lagrangian) function L, defined as:

L:J+/uiR§’dQ+/qudQ (2.1)
Q Q

where J denotes the loss function to be minimized (i.e., the discrepancy between
the RANS solver prediction and the Hi-Fi data), RY the momentum equations, R?
the continuity equation, u; the adjoint velocity variables, ¢ the adjoint pressure,
and () the computational domain.

The augmented function is differentiated w.r.t. the correction field for the FI
problem; for EVA it coincides with the eddy viscosity field (8 = v;), yielding:

oL oJ o )
_ o /uiR;’quL—/qudQ
5th (Sth (Sth Q (Sl/tp Q
oJ ORY ORP
T VL 1o W Rl o (22)
(5th QO 5th Q (5th
N s N ~~ N ~~ 7
T Ts T3

where 1;, denotes the cell-centered eddy viscosity for cell p € [1,N]. In this
formulation, the total number of cells, N, equals the number of design variables.

2.1 Primal Equations

The flow equations are the steady-state RANS equations for incompressible fluids
without heat transfer, written as [60]:

ov;
p:——'] = 2
R o, 0 (2.3a)
Ro =y, 00 0T Op 0, i=1,2(,3) (2.3b)

i J
8ij 8[Ej
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where p is the static pressure divided by the constant density, v; are the velocity
A,

g;’é + 6m~> is the stress tensor; v and 1; the kinematic
7 1

(bulk) and turbulent (eddy) viscosity, respectively. Throughout this thesis, the
Einstein convention is used, according to which repeated indices imply summation,
unless otherwise stated.

components, 7;; = (v + 1) (

The boundary conditions associated with v = (v1,vq,v3), p for Eq. (@), are
summarized below for the following types of boundaries: inlet (S;), outlet (So),
solid walls (Sy/) and symmetry (Ss):

dp
S].V—Voo,%—o
So:g:—(),p—o
op (2.4)
SinZO,—:O
on
ov! )
(t) D
: = — = forl=1,11, — =
Ss v =0, 7 0, forl AL, o 0,

where v, denotes the inlet flow velocity. For the symmetry boundary conditions,
the formulation is expressed in the local orthogonal Frenet coordinate system de-
fined by the vectors n, t!, and t'/, as illustrated in Fig. R.1. Quantities v,y = v;n;
and Uét> = w;tl, with [ = I,II, denote the velocity components in the n and t'
directions, respectively.

Figure 2.1: Typical finite-volume cell adjacent to the wall. n denotes the outward
unit normal vector, t! is aligned with the velocity vector at the first cell center P,
and t'T = n x t!; taken from [49].

2.2 Useful Mathematical Relationships

The subsequent mathematical derivation is based on the total (material) deriva-
tive of an arbitrary quantity ® = ® (b, f(b)) w.r.t. a set of design variables
by, n € [1, N], denoted by d®/db,,, which accounts for the total change in ¢ due to
variations in b,,. This reads:

5d  9b 9D Suy

0% _ 0% 0% 0my 9.
5b. — Ob. | Dy b, (2.5)
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The first term on the right-hand-side (partial derivative) represents variations in @
caused by changes in the flow variables, excluding spatial deformations (continuous
sense) or grid displacements (discrete sense), which are accounted for, by the
second term [49]. In the EVA framework b, = 1;,; since the geometry does not
change, Eq. (2.5) simplifies to:

0d 09

Spatial and partial derivatives w.r.t. the design variables commute, according

to Schwarz’s theorem: 5 /o0 5 /o0
— (= === (2.7)

ob,, \ Ox; Oz, \ Oby,

This relation is used in the following sections to isolate the terms Jv;/db, and
Op/0b,,. By doing so, the direct calculation of these terms is avoided through the
derivation of the FAE, and their associated ABC.

Additionally, spatial and total derivatives w.r.t. b, are linked through [52]:

G (08Y_ 0 (00 08 0 (6n .
ob, \ Ox; N Oz, \ Oby, Oxy, Oxj \ 6b, ‘
Since 0z /0y, = 0, according to Eq. (R.7) the following simplified expression is
obtained: 5 90 9 /o0
p— 2-
0y, ((%’j) Ox; (aut) (2.9)

Finally, another relation that will be applied is the Green-Gauss theorem. Us-

ing Eq. (@)

o (0P 0P da 0P
fos (ai,) 0= [ogmas = [ a2 @w

2.3 Differentiation of the Loss Functions

In this section, the first term (7}) in Eq. (2.9) is developed according to the loss
function to be minimized.

2.3.1 Discrepancy between RANS & Hi-Fi Velocity Fields

The velocity field (vy.5) computed by the Hi-Fi flow model is the target to be re-
produced by the solution of the RANS equations. This is achieved by determining
a 14 field that minimizes the following loss function:

1

Jy = —/ wy (v — Ui,hi—ﬁ)2 d2p (2.11)
2 Ja,
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where () represents either the entire computational domain €2 or a part of it, w,
denotes the weighting factors (defined per cell p), and index ¢ implies summation
over the spatial components (z,y, 2).

The calculation of Eq. (R.4) requires the differentiation of the loss function
w.r.t. 14,; using the chain-rule:

= — 2.12
ovy,  Ov; Oy, Op Ovyy,  OTyj Oy, ( )

The last term in Eq. (2.12) is included to take possible dependencies of .J on differ-
ential expressions into consideration, since in the continuous regime, these cannot
be analyzed through 0.J /vy, or d.J/dp [46]. For the loss function in Eq. (2.11)),
substituting also Eq. (R.9), yields:

6oJ, 0J, ov; 0J, 0O 0J, Ov; 0j, O
- Sy pz/-i Um+/ o 9P g0 (2.13)
vy,  Ov; Ovy,  Op 0wy, ap OV Ovy, ap Op Ovy,
where j, = %wp (v; — /Ui’hj_ﬁ)2. Substituting it into Eq. :
0J, ov; dp
= i — Vi hi-fi —d 0 dS)
OVtp /QE wp (v = visan) Oty : +/Q vy : 2.14
_/w(v'—v')]l %dﬂ where I, = L, x el =
= o p \Us i,hi-fi ) 1Qg 81/,510 ) Qp — 0 X ¢ QE

2.3.2 Discrepancy between RANS & Hi-Fi Aerodynamic Force Coeffi-
cients

In external aerodynamic applications, the EVA can be formulated with the ob-
jective of matching the drag or lift coefficient obtained from Hi-Fi data (Cp i,
Crpis)- The corresponding loss function for Cp is defined as:

1
hzﬁmb—amQQ (2.15)
with the drag coefficient given as:
Fp
Cp=+"—"" (2.16)
5 [veolle

where Fp denotes the aerodynamic drag force, ||Vl is the freestream velocity
magnitude, and c is a reference length.

In a general coordinate system, the aerodynamic force component exerted on a
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solid body along a specified direction vector r is computed via the surface integral:
F, :/ (=75 + i) njridS (2.17)
Sw

with 6;; denoting the Kronecker delta, equal to 1 for ¢ = j and 0 otherwise.
Accordingly, the total drag force Fp acting on the body is isolated by aligning the
projection vector r = r(?) parallel to the freestream velocity vector.

The loss function is differentiated w.r.t. v, accordingly to Eq. (2.19), yielding:

5Jf . 8Jf a’Ui +8Jf 8]) +8Jf 87’ij
Oy Oy Ovy,  Op Ovy,  O7y Oy,

_ djr Ov; iS4+ djy Op iS4+ Jjy aTide (2.18)
Sw 02% al/tp S 6p 8th Sw 87’23 8th
I II III

. 1 —Tii + D (Sz i 2
where based on Eq. (2.17) and Eq. (2.16), j; = 5 (M n; T’Z(D) - C’Dhi_ﬁ> .

5 [IVeelle

Calculation of term I in Eq. (.1§)

djr dCp  Cp—Cpug 9 (D)
avi - (CD ODhi—ﬁ) 8vi - %HVOOHZC s 81)1‘ |:< Tij ""p&ﬂ) n;r; } das
0 ov;  0v;
(D) i J
- _ 7! d
H/SW n;r; a0, [(V + 1) <8:Cj + 8@)} S
_ ' (D) i 8% (9 8vj .
= /ﬂ}/SW nir; (v + 1) L?xj (3%) + oz, (6’% dS =0 (2.19)

Calculation of term II in Eq. (.18§)

2j oC 9
a—; = (Cp = Cpuis) a—pD = R/SW o [(_Tij +pdij) ny TZ(D)] ds
= KR 5@‘ n; T’Z(D)ds (220)
Sw

Calculation of term III in Eq. (2.1§)

9j aC 0
2L — (Cp - Cowi) 52 = fi/ [(_Tz‘j +pdi) ny m(D)] ds
S

6’7',']’ 87'7;]' W anj

= —/{/ anZ(D)dS (2.21)
Sw
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Substituting the results from Eqs. (2.19), (2.20), and (2.21)) into Eq. (2.18):

O _ / 5.m;r PP g _ / n; 2 27 g (2.22)
Sw Sw

al/t’p thp al/tp

2.4 Complete Differentiation of the Augmented Function

To compute the SD, the second and third term in Eq. (@) must also be evaluated,
by differentiating the continuity and momentum RANS equations w.r.t. the design
variables.

Calculation of term T, in Eq. (2.2)

ORY ) ov ) 0 dv;  0v;
) O = v Q 0 R i j dQ
s [y () 2 [ v s (000 (G 52))|

N J/ N J/
g '

I 11

) dp
- 0 2.23
+/QUZ(51/tp (8:62) d ( )

S/

1
with each term requiring further analysis.

Calculation of term I in Eq. (2.23)

ov; Ov; o ([ 0v 81} ov; o ([ ov
I= ; L ; - 0= L —dQ V= =) d
/Qul ((5th Oz T 0V, <8xj>) d 8141, Oz, i /Qu Vi Oz, (5’th>
ov; \ Ov, ov; Uv; c%
_ ; i 0 7 d 7 j e
/Q<“ axj> o, T / (wivn;) 7, S = / axj i, "
Ov;\ Ov; ov; Uv; 81}
_ i 10 i 4 ivy) Ovi 9.24
/ ( axz> o, +/(“ vini) 5,45 - / o, v, (2.24)

Calculation of term II in Eq. (2.23)

- o[ 0 dui  Ov,
== /Q“%j [6 <<”+”t) (ax] am

— 87—23 8uz 31}1 81)]
_ /S wnygtds+ [ o [ o ((V—i—yt)( ax)ﬂ a0 (2.25)

J/

(l2
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with the last term ay further analyzed as:

Ou; (v + ) (v, c%j ou; o (0ov; 0Ov
— 0 : j
4 o Ox; O, ((%J 0x; Al o 0%; (v + ”t)aut,, 0z + o0x; a2

ou; Ovy (8% av])dQ

o Oz 0vyy, \Ox; O

o 0 [ Ouv ou; 0 [ Ov,
7 ? dQ * J Q
+/Q(U+Vt>8xj Ox; <3th> +/Q(U+Vt)axj Oz <3th) !

ou; Ovy (avZ av])dQ

o 0z, 00, \ Oz, Ox;
+[/S(V+Vt>§zjaai; n;dS — /%(V—i-ut gz;) gjjde}
[ [ ) o

e (Fer 3
-+ [/S(V—l—ut)gzj aa::p n,dS — / 8% ( V—i-l/t)gz;) a@;i;dQ}

; [ / v g gv; nydS — / - ( Zﬁ) g:; dg]

[ (e ) ave [ (G 5) omds

—/Qa%j ((u+ V) <ng + g;)) g:;dQ (2.26)

Calculation of term III in Eq. (2.23)
117 = /Q uia% ( aay]:p) 40 = / uini—L- 8% P s - / gz: a(i]:p (2.27)

Calcuation of term T3 in Eq. (2.2)

e o (B[ o5 ()e
Vip Vip \ O o Oz; \ Oy,

01}] n;dS + / dq Ov,

8th 8% Ovy,
ov; dq (%,

id .
37/tpn S+ / ox; thp (2.28)



16 2. The Continuous Adjoint Method for Eddy Viscosity Adaptation

Final Formulation of Eq. (2.2)

Consider a loss function defined as:
J =Widy, + Walds (2.29)

where J, represents the velocity difference objective, Eq. (), J¢ denotes the
aerodynamic coefficient objective, Eq. ()7 and Wy, W5 are the respective weight-
ing factors.

Substituting the expressions for the sensitivities §.J,/0v4,, Eq. (2.14) and
8J¢/614y, Eq. (2.22) into the first term (77) of the differentiated augmented La-
grangian functional JL/évy,, Eq. (@), together with the corresponding updates

for its second term (73), Eq. (2.24)—(.27) and third term (73), Eq. (2.29), yields

the following expression:

5L dq ov;  O0(uv;)
ytp _/Q [Wlwp (Uz Uz,hl—ﬁ) ]IQE + or; U ox; 827]‘

0 8ul 8u]~ avi
“ar; (0 (55 52n)) e
Ou; | Op
+ /Q |:_ 8IZ:| thde

aui% (av,- N 81)]-) 10

Q afj 5th (%vj 8@

[ Ou;  Ou; ov;
—qn; + wvn; + (v + 1) (&: + azj) nj] 812 s
j i P

r 0
+/ nginirgD)]Igw + u,nz] —pdS
S L

8th

- a ”
+/ —Wg%njri(D)]Igw — umj] T gs (2.30)
S L

8I/tp

2.5 Field Adjoint Equations

To avoid computing derivatives w.r.t. the flow variables in Eq. (2.30) (which is
the fundamental purpose of the adjoint approach), the corresponding multipliers
in the volume integrals are set to zero. This leads to the FAE, which can be
expressed in the following form:

8ui

R = —
633'1'

=0 (2.31a)

0 ov;  O(uw;
R =Wiwy, (v; — vinis) Loy + % + u; g ()

8:1:1- aZEj
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6 8uz 8Uj .
o {(y + 1) (a% + a:ciﬂ =0 (2.31b)

where the first term in the adjoint momentum equation arises from the differen-
tiation of the velocity-difference loss function and is only active in the cells where
this contribution is defined (i.e., within Q).

2.6 Adjoint Boundary Conditions

The remaining terms in the SD calculation (Eq. (2.30)), after neglecting the FAE
terms, are:

oL _ ou; oy (avi +6vj> 40
oy, o 001y, \Ox;  Ox;
T
[ 8ul 8Uj (%i
—qn; Iy A ds
+/S _ qni +uving + (v + 1) (833]- + 8;152-) n]] o,
Ty
[ (D) dp
+ Wokn;r; s, + umz] —dS
o L oy
Ty
+/ -—ngﬁner(D)]ISw — uinj] %dS (2.32)
S - aytp
Ty

Similarly to the volume integrals, in order to avoid computing the surface
contributions involving dp/0vy,, Ov;/Ovy,, and 07, /0y, appropriate ABC must
be derived.

Inlet Boundaries (.S)

At the inlet patches (S;), as presented in Eq. (2.4) , Dirichlet conditions are
imposed on the velocity components and a Neumann zero-gradient condition on the
pressure. Since the inlet velocity does not depend on v, it follows that dv;/0v,, =
0; consequently, term T in Eq. (2.32) vanishes identically.

For the elimination of terms 73 and 7, in the same equation, the analysis
is performed in the local orthogonal Frenet coordinate (illustrated in Fig. R.1)).
Within this framework, the adjoint velocity vector is decomposed into one normal
and two tangential components as follows:

u=ugn+ ufwt]— + u{ét” (2.33)

where quantities up,y = wn; and ugy, = ugt!, | = I,II are the adjoint velocity
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components in the n and t', [ = I, I directions, respectively.

Because the inlet is not part of the wall boundary (S;NSy = 0), the third term
(T3) in Eq. vanishes since u;y = w;n; = 0. Similarly, the fourth term (7})
vanishes due to the condition u;n; = 0, which implies that the tangential velocity
components satisfy ul<t> = u;t! = 0 for [ = I, II. according to the decomposition in
Eq. (2.33), this results in u = 0 on the inlet boundary.

Finally, since no boundary condition for ¢ results from the elimination of any

of the boundary integrals in Eq. (), a zero Neumann condition is employed:
9q

—n,; = 0.
(9.13jn]

Outlet Boundaries (Sp)

At the outlet patches (Sp), a zero-gradient condition is imposed on the velocity
components and a Dirichlet condition is prescribed for the pressure p. Conse-
quently, dp/dvy, = 0, causing the third term (73) in Eq. (2.32) to vanish.
Furthermore, given the large distance between the outlet boundary and the
control region, the velocity profile along Sp can be assumed to be uniform [49)].
This yields:
ov;
8xj

_ 9y

So 8:61

=0 = Tij = O, (234)
So

which implies that 07;;/0v, = 0, thereby eliminating the fourth term (7)) in
Eq. (2.39).

Finally, to eliminate the first surface integral term (73) in Eq. (2.32), the re-
maining integrand expression is set to zero:
8ui 8uj

(990]- + 8:102

—qn; + wvgn; + (v + 1) ( ) n;=0, i=1,23. (2.35)

In 3D flows, Eq. () comprises four unknowns: the three components of the
adjoint velocity field and the adjoint pressure. To close this system, one of these
variables must be extrapolated from the interior of the computational domain;
in this framework, the normal adjoint velocity component u,) is extrapolated.
Multiplying Eq. () by the outward unit normal vector n; yields the boundary
condition for the adjoint pressure:

Oy,

Similarly, projecting Eq. (2.35) onto the local unit tangent vectors t; (where
[ = I,1I) isolates the tangential components of the adjoint velocity:

8ult ou n
v<n>ul<t> + (v + 1) ((‘3_7<1> + ﬁ =0 (2.37)
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which are implemented as Robin-type boundary conditions.

Solid Walls (Sw)

Along Sy, the primal boundary conditions are of the same type to those imposed
at the inlet boundaries. Consequently, v = 0 yields dv;/0v;, = 0 and, therefore,

term 75 in Eq. (2.39) vanishes.
For the solid walls over which the aerodynamic coefficient C'p is evaluated, the
following conditions are imposed in order to eliminate term T in Eq. (2.39):
ngniri(D) +umn; =0 (2.38)
yielding the adjoint boundary condition ) = —nginﬂ“i(D).
The last term in Eq. (2.32) (term 7)) can be written, using the local Frenet
system, as:

oT; oT, oT,
T, = —Wskn;r ( Y dS — / Uiy NiM 5 9T dsS — / I tin Tij dS
4 /SW|: 2R105 :|atp SW<> Ja - ()z jatp
_/ IItH Jaﬂy s
Sw 8 tp

:/ [ Warkn,r, P ] Oy ds — / <—W2/<miri(D)> nin ](973] ds
Sw

(9th thp
_/ t{ JaTZJ ds — / HtH 367-2] dsS
SW a tp 8 t
075 075
= _/S wyling : s — /S uiptin; i d dS (2.39)
w p w

To avoid computing 07;;/0v4,, the adjoint boundary conditions u{w = uftg =0 are

applied.

It should be noted that for solid walls that do not contribute to the evaluation of
Cp (e.g., the floor of a wind tunnel in a 3D vehicle simulation), the above relations
reduce to homogeneous conditions u = 0 (since u(,, = 0). Finally, independently
of the preceding eliminations, a Neumann boundary condition is imposed on the
adjoint pressure q.

Symmetry Planes (Ss)

Over the symmetry planes, if present, as defined in Eq. (R.4), the normal velocity
component and the normal gradients of the tangential velocity components equal
to zero, while a zero-gradient condition is imposed on p. Since J is never defined
on the symmetry planes of the domain, all quantities depending on it are omitted
from the integrals in Eq. (2.39) (namely the underlined terms).

T of Eq. () is eliminated by applying a zero normal adjoint velocity u,y =0.
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The integrand of T} in Eq. (2.39):

o i ( 1 ) 8v,~ +8vj
ity ai/tp v Vi (%vj 8%

)|

vanishes also automatically since 82}@/ On = 0 is directly imposed as a boundary

condition and dvy,,/0t" is zero since v,y = 0 for the entire plane.
Finally, term 75 in Eq. reduces to:

8ui
833j

—qn; + vy + (v + 1) (

i an N Bvi
ox; )’ vy,

= | —qni + (v + 1) A
= qn; v+ oz, T on, n;

aui

_ Ou;  Ju; l@véw
= (v+ 1) (89@ + 8:6@-) n;t; o,

_ Qugy . Ouly | Ovgy
_(I/—l—l/t)< ol + o v,

= (V"‘Vt)—— =0

ov )

l
l
ti
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(2.41)

To eliminate this term, the normal derivative of the tangential adjoint velocity

components should be set 0uft>/ on =

0, thereby completing the adjoint velocity

boundary conditions, which are consistent with those of the primal problem.

Similar to S; and Sy, no boundary condition for ¢ arises from the elimination
of any of the boundary integrals in Eq. (), therefore, a zero Neumann condition

is imposed.
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2.7 Sensitivity Derivatives Expression

By applying the ABC in Eq. (), all surface integrals vanish and only term T}
remains. The final expression for the SD takes the form:

(5_L 0J :/ ou; Oy, (avi +8vj) 10 (2.42)

oy, B (571527 o 0x; 0vy, \Ox;  Ox;

In a discrete setting, the sensitivity of the turbulent viscosity field v, evaluated at
a position x, w.r.t. the control variable 14, (defined at x,) is expressed via:
th(XT) 1 if p=r,

8th

= 0pr, Wwhere 0, =
0 otherwise.

Thus, the sensitivity is nonzero only when the evaluation point coincides with the
control point.

2.8 Adjoint Wall Functions

The previous sections referred to the solution of the continuous adjoint EVA prob-
lem for the case in which the primal RANS equations are solved without the use of
wall functions, commonly referred to as the low-Reynolds-number (low-Re) model.
Such an approach requires a highly refined mesh near solid boundaries in order to
accurately resolve the viscous sublayer of a turbulent boundary layer. However,
for complex 3D cases (e.g., flow around a car), this requirement becomes compu-
tationally prohibitive. Consequently, wall functions must be employed and their
effect on the ABC in Sy should be assessed.

Wall functions in RANS

Within the OpenFOAM framework used for the implementation of the method, a
unified wall-function formulation is available, capable of modeling both the viscous
sublayer and the logarithmic region of the turbulent boundary layer. The employed
relation is the Spalding wall-function [3]:

(rv*)? (ko)

fwr =yt —vT —e "B et 1 gt — 5 T 6 =0, (2.43)

where k = 0.41 is the von Karmén constant and B = 5.5. The dimensionless wall

distance and velocity at the first cell center adjacent to the wall, denoted by P,

APy vF
are defined as y} = Lovp = Al where A? is the normal distance between
v

the first near-wall cell center P and the corresponding boundary wall face f (see

Fig. .9,



22 2. The Continuous Adjoint Method for Eddy Viscosity Adaptation

P —t—
(AP Vp

Figure 2.2: First near wall cell.

The friction velocity v, is computed from the wall shear stress according to:

dv;  ov\17
v2 = — {(y + 1) (8;) + 3?)] nit! (2.44)
j i

where n; is the unit vector normal to the wall and ¢/ is the unit vector tangent to
the wall and aligned with the velocity at P, which is assumed to be locally parallel
to the wall surface.

The viscous flux at the wall boundary face f is calculated by

N w+mn) 3vz‘+31}j ! o~ (y+y)%f .
! an 8.772 an t@xj nj

f P

== (v+ud) NG (2.45)

where v/ = 0 due to the no-slip boundary condition and v/ = 0 since the turbu-
lent viscosity vanishes over the wall boundary, owing to the damping of turbulent
fluctuations in the viscous sublayer near solid walls [61]. However, such a formula-
tion should not be considered reliable on coarse meshes, since differentiation in the
wall-normal direction must be avoided. To overcome this inherent inconsistency in
the gradient evaluation, in OpenFOAM an artificial value of 1 # 0 is introduced [62].
This auxiliary eddy viscosity is determined such that the wall shear stress obtained
from Eq. (2.43) (i.e., the wall-function relationship) matches that computed from
Eq. (2.45).

Consequently, the procedure consists of solving the nonlinear wall-function
equation Eq. (.43) fwr(v,,|vF],AF) = 0, for the friction velocity v, using a
Newton-Raphson iterative method. Once v, has been determined, Eq. (R.45)

adjusts th accordingly:

f P v? P Vs
~-AN"—T—— —v=A - — 2.46
v (v — P! Y wPil Y (2.46)

5 J—
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Differentiation of the wall functions

The use of wall functions must also be taken into consideration in the formulation
of the adjoint equations. From this point onward, the notation A = AP v = |v7|
will be adopted. Since fiyr = 0, its variation also vanishes, i.e., d fiyr = 0, or
equivalently:

_ AUT + —kB kot + (KU+>2 (Ii1}+)3
5pr—(5{V —vT —e (e —1—rv" — 5 " g

- A 1
= UT5A 4+ —dv, — vt — "B (/fem’+51fr — kovT — 2T o — §m3v+26v+)
v

v
A 1
= U—(SA + Zov, — ovT — ke "B (em’+ —1 —kvt — —I<L2U+2> vt
v v 2
A
Uy A n
= —0A+ —0v, — (1 + A)dv" =0 (2.47)
v v
The variation of v* is also calculated as:
P SuP P
St =4 (”—) =~ T, (2.48)
vy Uy v2

Substituting Eq. (2.48) into Eq. () yields:

- A K P P
Sfwr = 0A + =8v, — (1+ A) "= + (1 + A)—bv,
v v - v2
A P P
= UT5A 4 {—+(1+A)“—2} sun— (14 42 — 0 (2.49)
v v v2 Uy
and by rearranging the expression to solve for Jv,:
1+ A Uy
v, = Ur o — SA
A v? A v¥
—+(1+A)— —+(1+A)—
V+(+)v2 u+(+)v3
1 2
- LECSI W v SA
yt 4+ (1 4+ Aot vyt +(14+ At
,(C‘l‘}/F C%F
= —CVFsu? — CYFoA (2.50)

Influence of wall functions in T, of Eq. (2.32)

For the EVA problem, since v2 = 7;;n;t!, the impact of the wall function in the
adjoint formulation relates to the last term Ty in Eq. (2.39). As stated in Sec. 2.6,
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for Sy, in order to eliminate term Ty of Eq. (2.39), the boundary condition Ufny =
—Wg,‘mirz@) is imposed, leading to the remaining terms of T, as presented in

Eq. (.39):

87’1-‘ 87’1
7= | uytinggr s~ [ uffeling

Sw v Ovep Sy " ovp
duy O
(l/ + Vt> <8t11 + an

The second term on the right hand side is negleted by imposing v{é = 0, thus
leaving only the first one:

as

ds  (2.51)

T, = / uly v s — 20,1}, % 4s (2.52)
Sw

thP Sw thP

Furthermore, since A does not vary w.r.t. v, differentiating Eq. (R.50) results
in:
dv, 0
U _wrZE (2.53)

v p ! Utp

where vp can be further developed as:

ov? 20 ovr vl ovl
UP: ?}-PU-P:> — i i

K3
) - P
ovp o /vaf 8th vf Oy p

After inserting Eq. (2.53) into Eq. (2.53) and substituting the expression into
Eq. (2.59), term T} in Eq. becomes:

(2.54)

1 81}
T, = —20.u CWF ds 2.55

Su)f

and s, is introduced as a source term in the adjoint momentum equations
(Eq. (@)) during the discretization of the first cell layer adjacent to the wall.

Influence of wall functions in 75 of Eq. (2.39)

Using the wall functions formulation, T, of Eq. (.39) cannot be neglected a priori,
as, in contrast to Sec. @ the wall velocity is nonzero and tangential to the wall
boundary: v = v, >tI = v; = v t , leading to:

T: —/ —qn; + uvey + (v + 1) (‘3ui+8uj n; tIU(It) ds
2 — S an; iV(n) t al’j 8:1:'2 J ial/tp
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I (D) 41 Qu; | O, I U<It>
= — qniti + U, <—W2:‘<JTLZ'7’Z~ > ti + (I/ + Vt) + njti ds
S

3xj 8952 81/tp
u2
(2.56)
Since n;t! =0 (i.e., n-t' = 0) the remaining term reads:
20
T, = / u:—"dS 2.57
2 S thp ( )

and for this to be eliminated u, = 0 should be imposed.

2.9 Simulations in OpenFOAM

The simulations presented in the following chapters are performed using OpenFOAM
(Open Field Operation and Manipulation), an open-source software framework
written entirely in C++, widely used in CFD. Among its main advantages are its
parallel computing capabilities and its integrated mesh-generation utilities, such as
blockMesh and snappyHexMesh, both of which are employed in the present work.
The governing flow equations are discretized using the Finite Volume Method,
where the solution variables are stored at the centroids of the computational
cells. Steady-state RANS simulations are solved using the SIMPLE algorithm [63],
whereas the DES (which will be used for H-Fi data generation in the 3D cases) are
performed using the PIMPLE algorithm, a hybrid SIMPLE-PISO method [64].

For the EVA simulations, equations (.3) and (2.31]) are discretized and solved
on unstructured, collocated, cell-centered finite-volume meshes. Convective terms
are approximated using second-order upwind schemes, while diffusive fluxes are
discretized using central differencing with non-orthogonality corrections. Spatial
gradients are evaluated using the Gauss divergence theorem together with linear
interpolation of field quantities from cell centers to cell faces.

For the purposes of this thesis, the in-house EVA Library, originally developed
by [36], has been further extended. In particular, the loss functions defined in
Eqs. (.11)) and (R.15) were incorporated, together with their corresponding con-
tributions to the FAE and ABC. Furthermore, the wall treatment of the adjoint
equations was refined to account consistently for both low-Reynolds and wall-
function-based RANS formulations. Finally, additional surrogate algebraic turbu-
lence models (the outputs of SR routines, provided by [53]), were implemented
along with their differentiation within the adjoint equations for ShpO.

All simulations were performed on the Velos CPU cluster of the PCOpt Unit
at NTUA, using 48-64 Intel Xeon E5-2630 v4 processors operating at 2.2 GHz.


https://www.openfoam.com
http://velos0.ltt.mech.ntua.gr/research/velos.html
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Chapter 3

Velocity-based EVA for 2D
Periodic Hills

The first case presented in this thesis concerns the flow over 2D periodic hills [55],
a classical benchmark problem for turbulence model verification [65], used here
to assess the effectiveness of the proposed EVA methodology. In the following
sections, the problem formulation is presented and different velocity-related EVA
loss functions are investigated in order to identify the most suitable formulation for
accurately capturing the Hi-Fi data through the solution of the RANS equations
without the use of a turbulence model.

3.1 Case Definition

The 2D periodic hills case is essentially a channel flow between two flat plates of
streamwise length L,, where polynomial-shaped obstacles of height H are mounted
on the bottom one, as shown in Fig. @ The resulting flow configuration generates
a large recirculation region in the wake of the hills, which is particularly challenging
to predict accurately.

Figure 3.1: Computational domain for the baseline periodic hills geometry
(steepness factor a =1.0).

The geometry of a hill, is represented using piecewise third-order polynomial

27
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functions [66]:

(min(1;1 +2.42 - 107432 — 7.588 - 107°43), # € 10,0.3214]
0.8955 + 3.484 - 10724 — 3.629 - 107322 + 6.749 - 107523, # € (0.3214,0.5]
. }0.9213+2.931- 10722 — 3.234 - 107222 + 5.809 - 107723, # € (0.5,0.7143]
Y7\ 1445 — 4.927- 10723 4 6.95 - 10432 — 7.394 - 107623, # € (0.7143,1.071]
0.6401 + 3.123 - 10724 — 1.988 - 107342 + 2.242 - 107523, # € (1.071,1.429]
( max(0;2.0139 — 7.18 - 10722 + 5.875 - 107422 + 9.553 - 10~72%), 2 € (1.429,1.929]

where # = x/H and y = y/H are normalized horizontal and vertical coordinates,
respectively, and x € [0, 1.929H].

The channel height is defined as L, = 3.035H, while the horizontal length
can be parameterized as L, = (3.858a + 5.142)H. In this way, by increasing a
while keeping H constant, L, increases, whereas the horizontal part of the lower
wall (5.142H) remains unchanged, resulting consequently in a decrease in the hill
steepness.

The reference case which is presented in Fig. @ corresponds to a = 1, resulting
in a crest-to-crest distance of L, = 9H. Periodic boundary conditions are applied
in the streamwise direction, and non-slip boundary conditions are applied at the
walls, while the flow is driven by a constant body force implemented as a uni-
form forcing term in the x-momentum equation to ensure constant bulk Reynolds
number and bulk velocity at the crest [67, 68|, defined as:

v H 1 3.035H
Re = > Uy = 5 035H /H vm(y)|z:0 dy (3.1)

In the following sections, simulations are performed for Re = 5600, with H = 1
and v = 5 -107% m?/s, resulting in a bulk velocity of v, = 0.028 m/s (which is
maintained constant through the application of the appropriate body force). Fur-
thermore, five different geometries are generated by varying the so-called steepness-
ratio parameter a, as shown in Fig. @

R ES—— ——— I—----l----= p pp——— Co---d----=  —— Cr---d----F---=- N
' —a=05 I I I |
1 —a=0..8 1 1 1 1
' -1.0 | : : :
27: @ ’ 1 1 1 T
, —a=12 | | | |
= a-ts | | | |
;b 1 1 1 1 1
1
0H T T T
0 1 2 3 4 5 6 7 8 9 10 11
x/H

Figure 3.2: Parametrized periodic hills for varying channel widths.
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In this work, the reference flow fields (Hi-Fi data for the EVA process) have
been obtained from a 3D DNS database reported in [66] and interpolated onto
coarser 2D meshes, comprising approximately 14.7k cells (the a = 1.0 configu-
ration is illustrated in Fig. El]) All meshes are characterized by a maximum
dimensionless wall distance of y* < 0.9 at both the upper and lower walls, thereby
obviating the need for wall functions.

3.2 EVA for the Baseline Geometry Using Different Loss
Functions

The first step in the application of the EVA framework, as illustrated in Fig. ,
is to obtain a baseline flowfield solution (v, p, ;) by solving the RANS equations
with a conventional turbulence model (e.g., k—¢, SA). This baseline solution sub-
sequently serves as the initialization for the EVA process. Proper initialization
is critical; without a physically realistic distribution of the eddy viscosity 14, the
primal problem fails to converge, because during a RANS /rTEV run, v, within each
cell remains constant and is updated only after the adjoint problem is solved.

In this study, the k— and SA turbulence models are employed for initializa-
tion purposes, their boundary conditions are detailed in Tab. @ The corre-
sponding converged streamwise velocity contours, together with the associated
flow streamlines, are presented in Fig. @ The reference Hi-Fi time-averaged
DNS solution exhibits a prominent reverse-flow region downstream of the hill, as
shown in Fig. B.3d. In contrast, the RANS/k—¢ simulation underpredicts the size
of the separation bubble (Fig. B.3H), while the RANS/SA one clearly overpredicts
it (Fig. B.3d). Contours of the magnitude of the velocity difference between the
Low- and Hi-Fi solutions are presented in Fig. B.4.

Table 3.1: Boundary conditions for the periodic hills simulations.

Variable Inlet Outlet Walls

v periodic periodic no-slip

P periodic periodic zero Neumann
v periodic periodic zero Dirichlet
v (for SA) periodic periodic zero Dirichlet
k (for k—e) periodic periodic zero Dirichlet
€ (for k—e) periodic periodic zero Dirichlet
u periodic periodic (0,0)

q periodic periodic zero Neumann
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-7.0e-03 0.0 5.0e-3 1.0e-2 1.5e2 2.0e2 2.5e2 3.2e-02
|

|

——

(a) DNS (Hi-Fi)

(b) RANS/k-¢

(d) RANS/rEV, Jy from (B.2) (init. SA)

(f) RANS/rEV, Jy from (B.3) (init. SA)

(h) RANS/rEV, Jy from B.) (init. k-¢)

(§) RANS/rEV, Js from (B.6) (init. k-e)

(c) RANS/SA

(e) RANS/rEV, Jy from (B.3) (init. k-¢)

(g) RANS/rEV, Js from (B.4) (init. SA)

(i) RANS/rEV, Jy from (B.5) (init. SA)

(k) RANS/rEV, Js from (B.6) (init. SA)

Figure 3.3: Periodic hills a = 1.0. Streamwise velocity contours and streamlines
for different turbulence models and loss functions J.
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mag(V-V_hiFi) (m/s)

0.0e+00 2.0e-3 4,0e-3 6.0e-3 9.1e-03
T S |
(a) RANS/k-¢ and DNS (b) RANS/SA and DNS

Figure 3.4: Periodic hills a = 1.0. Contours of ‘vi — vl-’hi_ﬁ} for different RANS
turbulence models.

The EVA process is carried out utilizing the following velocity-based loss func-
tions, analogous to Eq. (2.11)):

1

Residual

. One restricted to specific regions of the computational domain:
1 2
Jl = = (Ui — ULhi_ﬁ) dQ (32)
2 Jo,

where (2, comprises 60 selected mesh cells; half of them are those with the
largest v; discrepancy between the RANS/SA and DNS results, as shown in
Fig. B.4H, while the remaining cells are selected randomly from the whole
domain. The complete set of cells defining €2 is illustrated in Fig. .
Using the converged RANS/SA solution for initialization, the residual histo-
ries of the primal and adjoint problems during the first EVA cycle are shown
in Fig. @ In total, 200 EVA cycles were performed, with the design vari-
ables updated via the Method of Moving Asymptotes (MMA) [69, [70]. The
resulting streamwise velocity field over the entire computational domain is
presented in Fig. . Compared to the baseline RANS/SA prediction, the
EVA RANS/rEV solution is noticeably closer to the DNS reference, partic-
ularly in the separated-flow region downstream of the hill. In this case, the
loss function J; is reduced by 66.4%.

Residual

0 200 400 600 800 1000 1200 1400 0 20000 40000 60000 80000
Tteration Iteration

Figure 3.5: Periodic hills a = 1.0. Convergence history for the primal (left)
and adjoint (right) EVA problem for the first optimization cycle; loss function is
given by Eq. (B.9).
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2. Another loss function considered is defined as:

:]2 = —/ (Ui — Ui’hi_ﬁ)Q dQ2 (33)
2 Jo

and in contrast to Eq. (B.9), the functional is evaluated over the entire com-
putational domain €, rather than in selected cells (basically w, = 1 over the
whole domain).

Using either the RANS/k—¢ or the RANS/SA solution as a starting point for
a total of 200 EVA cycles (the corresponding convergence histories are illus-
trated in Fig. B.6), the results are the following: the RANS k¢ initialization
yiels a 95.0% reduction in the loss function Jy, while the RANS/SA achieves
a 94.5% one. It should be noted, however, that the RANS/k—e model ex-
hibits a larger initial deviation from the DNS reference solution, as shown
in Fig. @ The resulting EVA fields, depicted in Fig. and Fig. ,
are extremely close to the Hi-Fi data for both the velocity contours and the
streamlines within the recirculation region. This demonstrates that EVA can
deliver exceptional results independently of the initialization used.

—Tnit. RANS/SA|]
iy - - Init. RANS/k ]

06F ]

Non-dim. J value

0.1F .

0 20 40 60 80 100 120 140 160 180 200
EVA cycle

Figure 3.6: Periodic hills a = 1.0. Convergence of the EVA method for different
initializations; loss function is given by Eq. (B.3).

Particularly noteworthy are the contours of the correction field g = v, pre-
sented in Fig. B.§. The initial v, fields, obtained from the classical turbulence
models (Figs. and ) differ substantially, as expected, since they em-
ploy different transport equations for the computation of v,. However, the
corresponding EVA-derived fields (Figs. B.8d and M) exhibit remarkably
similar patterns, particularly in the near-wall regions where turbulence pro-
duction is more intense. Although differences remain visible in the channel
core, away from the walls, their impact on the overall flowfield is negligible,
as this region was already accurately captured by the baseline RANS models.

3. A key limitation of the loss function defined in Eq. (B.3) is that the squared
velocity difference between the Low- and Hi-Fi solvers is typically very small
in the near-wall region, as illustrated in Fig. @ However, accurately resolv-
ing the flow within the boundary layer is of critical importance, particularly
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in situations where one solver predicts a positive near-wall velocity gradient,
Ov, /Oy, while the other predicts a negative one. In such cases, the loss func-
tion may fail to adequately penalize physically significant discrepancies due
to their potentially small absolute magnitude. To address this and properly
weight the near-wall discrepancies, the following alternative loss function is

proposed:
1
J3 = = Ap . (Ui — Ui,hi_ﬁ)2 dQ (34)
2 Ja~~
Wp
where A, represents the distance of cell p from the nearest wall boundary.
The resulting spatial distribution of the weighting field is shown in Fig. .

As in the preceding cases, EVA is carried out for 200 cycles using the MMA
update method (RANS/SA solution is used as initial condition) leading to
a reduction of the .J; value by 81.7%. As shown in Fig. B.3d, the resulting
velocity field exhibits substantially improved agreement with the DNS solu-
tion compared with the baseline RANS/SA prediction. Nevertheless, when
compared with the solution obtained using the .Js loss function (Fig. B.3{),
a slightly larger recirculation region is predicted, indicating a somewhat re-
duced accuracy in capturing the extent of flow separation. This behavior is
consistent with the definition of J;, which places limited weighting on cells
away from the wall, even in regions where velocity differences associated with
recirculation can be significant.

4. A loss function, which is examined next, is:

1 1
Jo= 1 / (0 = vg)? O (3.5)
2 Jo (Vinis)

Similar to Eq. (@), Jy assigns higher weights near the wall, where |v; pig is
naturally small. Furthermore, by normalizing the squared velocity difference
by (Ui7}li_ﬁ)2, J, effectively measures the local squared relative error between
the Low- and Hi-Fi velocity fields. The corresponding w, field is shown in
Fig. . The EVA process yields a 97.1% reduction in the loss function value
for the RANS/k—e¢ initialization, and a 96.7% reduction for the RANS/SA
one. The respective velocity contours are shown in Fig. and Fig. B.3i,
accurately capturing the extent of the recirculation region.

5. Finally, a combination of Eqs. (B.4) and (B.5) is proposed:

1 A
J5 = —/ P 3 '(U,' — Ui,hi_ﬁ)Q dQ (36)
2 Q (Ui,hi-ﬁ)
——

accounting both the distance from wall boundaries and the velocity magni-
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tude of the Hi-Fi solution in each cell, resulting in the weighting field w, in
Fig. B.7d. In this case, EVA reduces the .J; value by 95.0% for the RANS /k—e
initialization and by 93.3% for the RANS/SA. The resulting RANS/rEV ve-
locity fields are observed in Figs. and , and, as in the previous cases,
they satisfactorily capture the extent of the recirculation region. The v, fields
corresponding to the converged EVA solutions are presented in Figs. and

, respectively.

I w‘p— 15e01 05 1 2 5 1OW;O 50 100200 1.5e+03
0 1 w
(a) pe O (Eq. BI) (b) A, (Eq. (B.4)
wp wp

0.0e+00 2000 4000 6000 8000 1.0e+04 1.3e+03 100000 1le+6 le+7 le+8 1.5e+09

e e a——— | —

2
(€) (1/vipp)® (Eq. (B.5) (d) Ap/v3,4 (Bq. (B))

Figure 3.7: Periodic hills a = 1.0. Contours of different weighting factors w,,.

In addition to accurately restructuring the velocity field (Fig. @), a success-
ful EVA process must also provide reliable predictions of wall-bounded quantities.
This is particularly important for ShpO applications, where the objective is of-
ten directly related to surface integral quantities (e.g., drag force reduction, lift
enhancement). Consequently, the skin-friction coefficient, C', should also be accu-
rately predicted as this is a quantity directly related to the local velocity gradients
at the wall:

8vi 8vj
W) | 5=+ 5= | tiny
a J

Tw r;  O0x; 2u (Ov;  Ov;
Cr=135= T3 = — ( + —j) tin; (3.7)
2% 2Y% vy \Ox; Oz wall

where v, denotes the reference velocity, which in the present case corresponds to
the bulk velocity at the hill crest, defined in Eq. (B.1)).

The C} distributions, for all cases considered in this section, where RAN-
S/SA solution serves as the EVA initialization, are presented in Fig. @ It is
evident that the initial RANS/SA prediction differs significantly from the DNS
reference, particularly regarding the reattachment point, identified by the position
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0.0000 0.0002 0.0004 O.gg:]émzjg}ﬂoo& 0.0010 0.0012 0.0013
_— ’ ’ —
(a) RANS /k-e (b) RANS/SA
(c) RANS/rEV, J from (B.3) (init. k-¢) (d) RANS/rEV, Jy from (B.3) (init. SA)
(e) RANS/rEV, Js from (B.6) (init. k-¢) (f) RANS/rEV, Js from (B.6) (init. SA)

Figure 3.8: Periodic hills a = 1.0. Eddy viscosity contours for different turbu-
lence models.

at which C} becomes positive, downstream of the recirculation region. Specifi-
cally, the RANS/SA solution substantially overpredicts the reattachment point,
yielding x/H = 7.75 compared to x/H = 5.04 for DNS. Furthermore, although the
RANS/SA model correctly predicts the location of the max C; value as the flow
accelerates over the downstream hill, it underpredicts its magnitude.

In comparison, the EVA solution obtained using J; shifts the reattachment
point closer to the DNS prediction, yielding x/H = 6.20. It also improves the
prediction of the Cy distribution downstream of reattachment. However, the
agreement within the recirculation region (C; < 0) deteriorates. This behavior
is expected, since, as shown in Fig. , no near-wall cells are included in the
evaluation of the loss function. Furthermore, the loss functions J, and J;, for
which the weights are either uniform (w, = 1) or dependent on v; g, respec-
tively, provide an excellent prediction of the reattachment location, at x/H = 5.21
and x/H = 5.02. Nevertheless, both cases significantly overpredict the maximum
value of Uy and underpredict its negative values within the recirculation region.
In contrast, J3, whose weighting depends solely on the wall distance, captures the
overall DNS C distribution more accurately, but predicts the reattachment point
at x/H = 5.76, indicating an overestimation of the recirculation region. Lastly,
compared to the other formulations, J5 yields the most comprehensive agreement
with the reference data. It provides a highly satisfactory prediction of the reat-
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tachment point (xr/H = 4.75), only slightly less accurate than Jy and J;, while
also reproducing the Hi-Fi C} distribution with good agreement. This improved
performance can be attributed to the combined effect of velocity normalization
and wall-distance weighting in its definition.

0.07 T
—-=-DNS

0.061 - ~RANS/SA i
—RANS/1EV (SA) J;

0.05 —RANS/rEV (SA) J, |

: —RANS/rEV (SA) Js

—RANS/rEV (SA) J,

0.04 - —RANS/rEV (SA) J5 || T
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)
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0

-0.01

-0.02

x/H

Figure 3.9: Periodic hills a = 1.0. Comparison of skin friction coefficient C'y
across the lower wall for different EVA loss functions with RANS/SA used for
initialization. The DNS data are provided by [71].

Finally, for the k—e initialization, the C distributions of the EVA simulations
are shown in Fig. . The baseline RANS /k—e solution differs significantly from
the DNS reference, underpredicting the reattachment location (z/H = 3.20 com-
pared to x/H = 5.04 for the Hi-Fi data), overpredicting the initial separation point
(x/H = 0.48 instead of 0.17), and generally overestimating the magnitude of C
throughout the domain. The EVA results show a substantial improvement, with
Js once again providing the best overall shape of the distribution, while J; yielding
the most accurate prediction of the reattachment point position (z/H = 5.07).

All examined cases are summarized in Tab. @ For each case, the loss function
Jy (Eq. (B.3)), representing the squared velocity deviation between the Low and
Hi-Fi fields, is also evaluated to measure the global correction achieved across the
solution field. The largest reductions in J; occur when the optimization is driven
by Js or J; (exceeding 90%), followed by J5 (approximately 80%), whereas J; and
J1 yield the smallest improvements. This trend is also reflected in the accuracy of
the reattachment point predictions. In contrast, for the separation point, J3 and
Js show the closest agreement with the reference data.

In summary, the choice between Jy (or Jy) and J; depends on the specific
application: the former delivers superior velocity contour predictions, while the
latter ensures better fidelity in surface-field quantities. Finally, Fig. presents
the v, and v, velocity profiles at selected vertical positions within the domain. The
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Figure 3.10: Periodic hills a = 1.0. Comparison of skin friction coefficient C'y
across the lower wall for different EVA loss functions with RANS/k—€ used for

—--DNS
— —RANS/k-¢

—RANS/1EV (k-€) J.
—RANS/tEV (k—€) J,
—RANS/1EV (k-€) J;

—€) Ja

—€) Js

initialization. The DNS data are provided by [71].

Table 3.2: Periodic hills a = 1.0. EVA results using different loss functions J.

Initialization Ji Jo Separat. / Reattach.
Loss . . . L.
function J- turbulence reduction reduction point in bottom wall
! model (%) (%) (z/H)
DNS 0.17 / 5.04
RANS k€ 0.48 / 3.20
RANS/SA 0.25 / 7.75
Ji, Eq. (B.9) SA 66.4% 32.0% 0.33 / 6.20
Jo, Eq. (B.3) ke 95.0% 95.0% 0.26 / 5.07
Jo, Eq. (B.9) SA 94.5% 94.5% 0.26 / 5.21
Js, Eq. (B.A) SA 81.7% 58.1% 0.20 / 5.76
Ji, Eq. (B.9) ke 97.1% 95.1% 0.30 / 4.34
Ji, Eq. (B.9) SA 96.7% 92.6% 0.26 / 5.02
Js, Eq. (B.6) ke 95.0% 83.6% 0.27 /4.54
Js, Eq. (B.6) SA 93.3% 72.7% 0.21 / 4.75
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EVA simulations, with J, being used as the objective, showcase excellent results
that closely capture the DNS data. Notably, the method successfully corrects the
velocity gradients within the bottom-wall boundary layer compared to classical
turbulence models. For example, at ©/H = 5, it reverses the negative velocity
trend predicted by the SA model, while at x/H = 4, it corrects the positive v,
observed in the k— model.

—--DNS - - RANS/SA - - RANS/k—e
—RANS/1EV (SA) J, —RANS/1EV (k—€) J
I

4 5 6
z/H; x/H+Tv, /v

Figure 3.11: Periodic hills a = 1.0. Mean velocity profiles in the streamwise
(top) and vertical (bottom) directions for different flowfield solvers.

3.3 Cumulative EVA Results for All Geometries

Using J» (Eq. (B.3)) as the loss function, EVA is applied to all alternative ge-
ometries, generated by varying the hill steepness ratio a (see Fig. @) The EVA
results, using RANS /k—¢ solution as initialization, are summarized in Tab. @ and
compared with the Low- and Hi-Fi solutions.

For all cases, the RANS/rEV approach provides improved predictions of
the separation and reattachment points along the bottom wall compared to the
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Table 3.3: EVA results (using Jo) for different steepest ratio a values.

Separat. / Reattach.

Loss function point in bottom wall

Case Simulation Type reduction (%)

(z/H)
DNS 0.04 / 6.57
a=05 RANS/k¢ 0.21 / 3.18
RANS/rEV (init. k—e) 71.6% 0.16 / 4.28
DNS 0.15 / 5.21
a=08 RANS/k-e 0.36 / 3.15
RANS/rEV (init. k—e) 75.0% 0.25 / 4.30
DNS 0.17 / 5.04
a=1.0 RANS/k-e 0.48 / 3.20
RANS/rEV (init. k—e) 95.0% 0.26 / 5.07
DNS 0.31 / 4.50
a=12 RANS/k-e 0.61 / 3.29
RANS/rEV (init. k—e) 93.8% 0.39 / 4.35
DNS 0.48 / 4.10
a=15 RANS/k-e 0.85 / 3.45
RANS/rEV (init. k—e) 78.9% 0.42 / 4.21

RANS/k—e model, leading to a more accurate estimation of the recirculation
bubble size. Furthermore, the J; loss function decreases by more than 70% after
200 EVA cycles in all cases, with the most pronounced reduction observed for
intermediate steepness values (a = 1.0 and a = 1.2). These trends are also evident
in the v, contours (Figs. B.12, B.15, B.18, B.21)) and in the v, and v, velocity profiles
(Figs. B.13, B.16, B.19, B.29) for a = 0.5, 0.8, 1.2, and 1.5, respectively. In all cases,
the RANS/k—e model underpredicts the extent of the recirculation zone, while
RANS/SA overpredicts it, except for a = 0.5, where it is in close agreement with
the DNS results. The EVA solution consistently approaches the DNS reference,
while also yielding corrected v, contour structures. Finally, Figs. B.14, B.17, B.20,
and show the correction fields § = 1; obtained from the procedure. In all
cases, it is noticeable that 14 is enhanced in the vicinity of the recirculation zone.
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Results for a=0.5

Vx (m/s)
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(a) DNS (Hi-Fi) (b) RANS/k-¢

(c) RANS/SA (d) RANS/rEV, Jy from (B.3) (init. k-¢)

Figure 3.12: Periodic hills a = 0.5. Streamwise velocity contours and stream-
lines for different flowfield solvers.
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z/H; z/H+2v,/v, x/H; x/H+Tv,/v,
Figure 3.13: Periodic hills a = 0.5. Mean velocity profiles in the streamwise
(left) and vertical (right) directions for different flowfield solvers.
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Figure 3.14: Periodic hills a = 0.5. FEddy viscosity contours for different tur-
bulence models.
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Results for a=0.8
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(c) RANS/SA (d) RANS/rEV, Jy from (B.3) (init. k-¢)

Figure 3.15: Periodic hills a = 0.8. Streamwise velocity contours and stream-

lines for different flowfield solvers.
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Figure 3.16: Periodic hills a = 0.8. Mean velocity profiles in the streamwise

(left) and vertical (right) directions for different flowfield solvers.
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Figure 3.17: Periodic hills a = 0.8. FEddy viscosity contours for different tur-

bulence models.
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Results for a=1.2

Vx (m/s)
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(c) RANS/SA (d) RANS/rEV, Jo from (B.3) (init. k-¢)

Figure 3.18: Periodic hills a = 1.2. Streamwise velocity contours and stream-
lines for different flowfield solvers.
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Figure 3.19: Periodic hills a = 1.2. Mean velocity profiles in the streamwise
(left) and vertical (right) directions for different flowfield solvers.
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Figure 3.20: Periodic hills a = 1.2. FEddy viscosity contours for different tur-

bulence models.
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Results for a=1.5
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(c) RANS/SA (d) RANS/rEV, Jy from (B.3) (init. k-¢)

Figure 3.21: Periodic hills a = 1.5. Streamwise velocity contours and stream-
lines for different flowfield solvers.
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Figure 3.22: Periodic hills a = 1.5. Mean wvelocity profiles in the streamwise
(left) and vertical (right) directions for different flowfield solvers.
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Figure 3.23: Periodic hills a = 1.5. FEddy viscosity contours for different tur-
bulence models.
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Chapter 4

Aerodynamic coefficient-based
EVA for the NACA 0012 Airfoil

The second case considered, is the flow around the NACA 0012 airfoil near the
maximum lift coefficient, C}***. Conventional turbulence models struggle in this
regime due to strong separation and highly unsteady flow features. In this study,
the EVA methodology is applied to reduce the discrepancy between the lift and
drag coefficients (C, and Cp) predicted by the baseline SA turbulence model and
the corresponding experimental measurements. The loss function is formulated
using either the individual aerodynamic coefficients or a weighted combination
thereof. Unlike the previous chapter, no velocity-field-based EVA formulation is
applied for this case.

4.1 CFD simulations for different mesh resolutions

The simulations are performed on 2D C-type structured grids ((to be handled as
unstructured, though in OpenF0AM) provided in the Turbulence Modeling Resource
database 72|, using different mesh resolutions, and will be compared with the
experimental data of [73] for a flow at Re = 6 x 10° (practically incompressible,
M =0.15).

Specifically, two coarse meshes with 113 x 33 &~ 4k cells and 225 x 65 ~ 15k
cells, as well as a fine mesh of 897 x 257 ~ 230k cells, will be tested. All three
meshes are shown in Fig. @ The maximum wall-normal spacing near the airfoil
corresponds to yt < 2.7, y* < 0.8, and y™ < 0.2, respectively; therefore all cases
are treated as low-Reynolds-number simulations. The chord length is set to ¢ = 1,
and the kinematic viscosity is v = 107°m? /s, leading to a freestream velocity of
Ve = 60m/s for the targeted Re number. In the provided meshes, the farfield
boundary is located approximately 500 chord lengths away from the airfoil.

For each mesh, 2D incompressible CFD simulations were performed using the
SA turbulence model across a range of angles of attack (AoA), namely AoA =
—4°,—2°,0°,2°,4°,6°,8°,10°,13°,14°,15°,16°,17°,18°. For the higher AoA cases
approaching stall, the converged solution from the immediately preceding lower
angle was employed as the initial condition, which significantly improved robust-
ness and convergence time.

Figure presents the resulting aerodynamic coefficients C';, and Cp for the
different mesh resolutions, while selected representative values are reported in
Tab. .1, In the approximately linear regime (AoA < 10°), all three meshes show

45
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(a) 113 x 33 cells

(b) 225 x 65 cells

(c) 897 x 257 cells

Figure 4.1: Comparison of mesh resolutions around the airfoil (left) and detailed
view of the leading-edge boundary-layer region (right).

very good agreement with experimental lift data. The finest grid provides the clos-
est match across both lift and drag, while the coarser discretizations still capture
the linear trend in Cp but exhibit a systematically higher drag prediction. For
instance, as observed in Tab. @ at 4°, the drag overprediction is on the order of
80% for the 4k-cell mesh and about 18% for the 15k-cell mesh, compared to only
~7% deviation for the finest grid.

Beyond 10°, mesh sensitivity becomes more pronounced as flow separation ef-
fects intensify. The coarsest mesh fails to sustain accurate predictions in this
regime, yielding an earlier loss of lift and predicting a maximum lift coefficient
of OP*™ = 1.089 at 13°. The intermediate mesh extends the predictive capa-
bility slightly further, with stall onset delayed to approximately 15°, reaching a
C}'™ = 1.477. In contrast, the finest mesh maintains good agreement up to ap-
proximately 17°, closely following the experimental lift curve and capturing the
peak lift behavior. However, in contrast to the experimental data, which exhibits
a sharp stall-related lift reduction beyond this point, the numerical solution main-
tains comparatively elevated lift at 18°.
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Figure 4.2: Aerodynamic coefficients for different mesh resolutions: Cy, vs AoA
(top left), Cp vs AoA (top right), and Cp vs Cr, polar (bottom).

The discrepancies in the aerodynamic forces are further elucidated in Fig. ,
which presents the C} distribution along the suction (upper) surface of the air-
foil at AoAs 10°, and 15°. At AoA = 10°, the coarse mesh solution exhibits an
onset of localized flow reversal near the trailing edge, indicating premature flow
separation relative to the finer configurations. By AoA = 15°, the flow over the
coarse grid is fully separated, with the separation point positioned far upstream
at approximately x/c = 0.099. At this higher incidence, the medium-resolution
mesh also begins to deviate noticeably from the fine mesh as the flow field ap-
proaches stall conditions; it predicts a separation location of x/c ~ 0.804, whereas
the fine mesh yields /¢ ~ 0.913, maintaining much closer agreement with the
experimental reference data.

4.2 EVA for the aerodynamic force coefficients near stall

The findings of the previous section demonstrate that the results obtained with the
coarse and medium mesh resolutions are unreliable at AoAs approaching stall, de-
spite achieving full numerical convergence. For this reason, EVA will be employed
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Table 4.1: Aecrodynamic coefficients and corresponding relative errors w.r.t.
to experimental data for different AoA (the experimental reference values are
computed by averaging the three closest AoA measurements for each case).

. Rel. error Rel. error
AoA Mesh size Cr, in C1, (%) Cp in Cp (%)
Exp. [73] 0.436 — 0.00839 —
40 230k cells 0.443 -1.6 0.00895 6.7
15k cells 0.441 -1.3 0.00986 17.5
4k cells 0.429 1.6 0.0154 83.5
Exp. [[73] 1.076 — 0.0118 —
10° 230k cells 1.082 0.6 0.0123 4.2
15k cells 1.074 0.2 0.0126 6.8
4k cells 1.030 4.3 0.0154 30.5
Exp. [73] 1.361 — 0.0148 —
130 230k cells 1.373 0.9 0.0163 10.1
15k cells 1.345 1.2 0.0173 16.9
4k cells 1.089 -20.0 0.0427 188.5
Exp. [73] 1.519 — 0.0185 —
150 230k cells 1.537 1.2 0.0203 9.7
15k cells 1.477 -2.8 0.0249 34.6
4k cells 0.798 -47.5 0.119 543.2
Exp. [[73] 1.623 — 0.0253 —
17° 230k cells 1.610 -0.8 0.0515 103.6
15k cells 1.367 -15.8 0.0610 141.1
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Figure 4.3: Suction-side skin-friction coefficient (Cy) for different mesh reso-
lutions; the separation point is marked for AoA = 15°.
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for both cases, in order to improve the prediction of the aerodynamic coefficients
and, consequently the accuracy of the computed flow field around the airfoil.

4.2.1 Coarse mesh (4k cells) at 10° AoA

At AoA = 10°, the coarse mesh results deviate from the experimental data and
fine-mesh solution (Fig. @) As illustrated in Fig. [1.3d, the coarse mesh predicts
negative Cy values starting at x/c ~ 0.93, signaling an exaggerated recirculation
zone for this relatively low AoA. Comparing the trailing edge streamlines confirms
this discrepancy; the coarse mesh yields a distinct separation region (Fig. [.5H),
whereas the fine mesh resolves a fully attached flow (Fig. }.54).

The EVA method is consequently applied, utilizing the available experimental
data through the following loss functions:

e The minimization of the discrepancy between the computed and experimental
drag coefficients:

J— % (C = Cpo)? = F(C) (4.1)

presented in Sec. R.3.4, where C D.exp = 0.0118 corresponds to the experimental
value reported in Tab. [4.1].

e A combined loss function defined as:

J=0.5 5 (CD — CDpo)Q +0.5 % (CL — CL,cxp>2 =05 f(CD> +0.5 f(CL) (42)
where Cp ey, = 0.0118 and Cf e, = 1.076 are the experimental values listed
in Tab. . This formulation is introduced to prevent convergence toward
nonphysical solutions by simultaneously constraining both aerodynamic coef-
ficients through a weighted combination of drag and lift contributions. The
lift-related term in the EVA method is implemented analogously to the drag
formulation described in Sec. R.3.9, with the force direction aligned with the
lift direction, i.e., perpendicular to the drag direction.

The flow-field solution (v,p,r;) obtained from the RANS/SA simulation is
utilized to initialize the EVA. Both the primal and adjoint problems are discretized
using second-order schemes; their convergence history for the first EVA cycle is
illustrated in Fig. @ At the end of each cycle, the steepest descent method is
employed to update v, within each mesh cell. The results for the two EVA problems
(with the rEV field incorporated into the RANS equations) are summarized in
Tab. .. The loss function J = f(Cp) converges exactly to the target Cp exp
within 7 cycles using a steepest descent step size of n = 5 - 1078, while for the
second formulation, J = 0.5 f(Cp) +0.5 f(CL), it is reduced by ~99.8% relative to
its initial value after only 20 cycles.

Tab. @ indicates that both EVA formulations provide excellent predictions of
the aerodynamic coefficients C';, and Cp, in close agreement with the experimen-
tal data (relative error < 1%), even surpassing the accuracy of the finest mesh
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Figure 4.4: EVA for the coarse mesh, 10° AoA. Convergence history for the
primal (left) and adjoint (right) problem for the first cycle forJ = f(Cp).

Table 4.2: EVA for the coarse mesh, 10° AoA. Aerodynamic coefficients and
corresponding relative errors w.r.t. experimental data.

Rel. Rel. Separat.
Simulation type CL error in Cp error in point
CrL (%) Cp (%)  (x/c)
Exp. [73] 1.076 0.0118 — no data
RANS/SA (230k cells) 1.082 0.6 0.0123 4.2 0.994
RANS/SA (4k cells) 1.030 4.3 0.0154 30.5 0.930
RANS/rEV (4k cells)
1.082 0.6 0.0118 0.0 0.975
J = f(Cb)
RANS/rEV (4k cells)
1.078 0.2 0.0119 0.8 0.973
J=0.5f(Cp)+0.5f(CL)

simulation. Moreover, both formulations shift the separation point further down-

stream on the suction side, thereby eliminating the unphysical recirculation zones
observed in the RANS/SA solution.

This behavior is clearly illustrated in the velocity contours in Fig. @, where
both EVA-based solutions produce a flowfield similar to that of the fine-mesh
case (230k cells). Furthermore, in the C} distribution in Fig. @, the corrected
RANS/rEV curves approach the RANS/SA results on the finer mesh; in particular,
the excessive leading-edge force predicted by RANS/SA on the coarse mesh is
significantly reduced, and the separation point is more accurately captured.
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(a) RANS/SA (230k cells)

(b) RANS/SA (4k cells)

(¢) RANS/rEV (}k cells), J = f(Cp)

(d) RANS/rEV (}k cells), J = 0.5 f(Cp) + 0,5 f(CL)

Figure 4.5: EVA for the coarse mesh, 10° AoA. Streamwise velocity contours
(left) and streamlines near the trailing edge (right) for different turbulence models.
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Figure 4.6: EVA for the coarse mesh, 10° AoA. Suction-side skin-friction coef-
ficient (Cy) for different turbulence models.

4.2.2 Coarse & intermediate mesh (4k , 13k cells) at 15° AoA

In this case, the same loss functions employed for the EVA problem in Sec.
are considered, targeting the experimental data at AoA = 15° (Cpeyp =
0.0185, Cpeyp = 1.361). As reported in Tab. @, the fine mesh solution re-
mains in relatively good agreement with the experimental measurements. In
contrast, the intermediate mesh (15k cells) underpredicts lift while overpredicting
drag, indicating an earlier onset of stall. Meanwhile, the coarse mesh (4k cells)
exhibits significantly poorer performance, having developed extensive recircula-
tion regions, as illustrated in the velocity contours provided in Fig. . Both
deficient cases will be subsequently corrected through the application of the two
alternative EVA formulations. All simulation results are summarized in Tab. [1.3.

EVA for the intermediate mesh

For the intermediate mesh (13k cells), the SD of the design variables are updated
(throughout the 50 EVA cycles) using the steepest descent method with a step
size of n = 5-107°. As shown in Tab. @, the RANS/rEV approach employing
the EVA-v; field and targeting solely the drag coefficient matches the experimental
value Cp ey, exactly. However, this comes at a cost for C, as it is overpredicted
to a greater extent than in the baseline RANS/SA solution. Conversely, when the
EVA process is performed using a weighted loss function that accounts for both C,
and Cp, substantial improvements are achieved for both quantities relative to the
initial solution. In this case, the cost function decreases by 86.5% after 50 cycles,
though the final C, still deviates from the experimental reference by approximately
16.7%. Notably, both RANS/rEV variants successfully shift the separation point
of the intermediate mesh closer to the fine-mesh (230k cells) reference.

Further insight can be obtained from the velocity contours shown in Fig. 1.7,
where the RANS/SA simulations on the fine and intermediate meshes are com-
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Table 4.3: EVA for the coarse & intermediate mesh, 15° AoA. Aerodynamic
coefficients and corresponding relative errors w.r.t. experimental data.

Rel. Rel. Separat.
Simulation type Cr, error in Cp error in point
Cr (%) Cp (%) (z/c)
Exp. 73] 1.519 — 0.0185 — no data
RANS/SA (230k cells) 1.537 1.2 0.0203 9.7 0.913
RANS/SA (15k cells) 1.477 2.8 0.0249 34.6 0.804
RANS/rEV (15k cells)
1.594 4.9 0.0185 0.0 0.932
J = f(Cp)
RANS/rEV (15k cells)
1.527 0.5 0.0216 16.7 0.865
J=0.5f(Cp)+0.5f(CL)
RANS/SA (dk cells) 0.798 475 0.119 543.2 0.099
RANS/TEV (4k cells) 1.717 13.0 0.00848 54.2 0.361
J = f(Cb)
RANS/TEV (4k cells) 1.586 4.4 0.0348 88.1 0.309

J=05f(Cp)+ 0.5 f(Cy)

pared with the RANS/rEV results obtained using EVA. The application of EVA
significantly reduces the overpredicted recirculation region observed in the base-
line intermediate-mesh simulation. In particular, the J = f(Cp) case repro-
duces the streamlines of the fine-mesh solution remarkably well, while the J =
0.5, f(Cp) + 0.5, f(Cp) case predicts a slightly larger recirculation zone, although
still substantially smaller than that of the baseline RANS/SA intermediate-mesh
solution.

The effectiveness of the method is further demonstrated by the C} distribu-
tions shown in Fig. f.3H. Both RANS/rEV solutions closely follow the fine-mesh
reference curve, especially in the region x/c¢ > 0.2, providing a noticeably improved
agreement compared with the baseline RANS/SA result. Near the leading edge,
however, both cases still exhibit a slight overprediction of the skin-friction coef-
ficient. Consequently, the J = f(Cp) EVA process, shifts the separation point
marginally downstream relative to the fine-mesh RANS/SA solution in order to
match the experimental value.



54 4. Aerodynamic coefficient-based EVA for the NACA 0012 Airfoil

Vx (m/'s)
-65.3 0.0 50.0 100.0 1458

— ! | o

(a) RANS/SA (230k cells)

(b) RANS/SA (15k cells)

(c) RANS/rEV (13k cells), J = f(Cp)

(d) RANS/rEV (18k cells), J = 0.5 f(Cp) + 0,5 f(Cy)

Figure 4.7: EVA for the intermediate mesh, 15° AoA. Streamuwise velocity con-
tours (left) and streamlines near the trailing edge (right) for different turbulence
models.
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Figure 4.8: EVA for the intermediate mesh, 15° AoA. Suction-side skin-friction
coefficient (Cy) for different turbulence models.

EVA for the coarse mesh

The coarse-mesh simulation at 15° AoA predicts a fully detached stalled flow when
using the baseline RANS/SA model, whereas experimental observations indicate
that the flow remains largely attached to the airfoil. Consequently, this case repre-
sents the most challenging test scenario considered in the present study. After 50
optimization cycles, using steepest-descent update with a step size of n = 5 x 1078,
both EVA formulations produce noticeable improvements, as summarized in Ta-
ble @ For the J = f(Cp) problem, the J value is reduced by approximately
99%:; the relative error for C'p decreases from more than 500% for the initial RAN-
S/SA solution to 54.2% w.r.t. the experimental data, while the error in the Cp
calculation is also reduced, from 47.5% to 13%. The alternative loss function,
J = 0.5,f(Cp) + 0.5, f(CL), decreases by 98.2% overall, yielding a more accu-
rate prediction of C, (4.4% relative error compared to the reference data), while
still providing a substantial improvement in drag prediction. Nevertheless, both
optimized solutions continue to significantly overpredict the drag coefficient.

The underlying reason becomes evident when examining the velocity contours
in Fig. @ Although the corrected RANS/rEV solutions are considerably closer
to the fine-grid results, the streamline patterns near the trailing edge still reveal
the presence of large recirculation regions. This behavior is even more clearly
illustrated in Fig. . While the RANS /rEV skin-friction distribution approaches
that obtained from the fine-grid RANS/SA simulation, C; remains negative over
a significant portion of the airfoil surface (x/c > 0.4), indicating persistent flow
separation.
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(a) RANS/SA (230k cells)

(b) RANS/SA (4k cells)

(¢) RANS/rEV (}k cells), J = f(Cp)

(d) RANS/rEV (}k cells), J = 0.5 f(Cp) + 0,5 f(CL)

Figure 4.9: EVA for the coarse mesh, 15° AoA. Streamwise velocity contours
(left) and streamlines near the trailing edge (right) for different turbulence models.
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Figure 4.10: EVA for the coarse mesh, 15° AoA. Suction-side skin-friction
coefficient (Cy) for different turbulence models.

Overall, these results suggest that EVA based solely on minimizing discrep-
ancies in integral aerodynamic force coefficients between Low- and Hi-Fi datasets
can correct the underlying flow field and substantially reduce the size of separated
regions near stall conditions. However, the method performs best when the base-
line solution is already reasonably close to the Hi-Fi reference, such as in cases
where the separation is only moderately overpredicted (e.g., Figs. f.5 and [L.7).
In contrast, when the Low-Fi solution is quite different than the targeted Hi-Fi
one, as in Fig. @, the optimization may converge to flowfields that improvs the
loss function value but remain physically unrealistic. Despite this limitation, the
results presented in this chapter demonstrate the potential of the EVA framework
as a tool for improving conventional turbulence model predictions in near-stall
conditions, where accurately capturing separation and reattachment phenomena
remains particularly challenging.
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Chapter 5

Velocity-based EVA for 3D Car
Models

In this chapter, the EVA method is applied to complex 3D automotive flows. To
the author’s knowledge, only Tsolakos [36] has previously attempted FI for 3D
automotive cases, specifically for the Toyota Aygo X vehicle, successfully complet-
ing three EVA cycles. Most other studies have focused on utilizing only the ML
component of their FI/ML frameworks for 3D applications, where the learned cor-
rections are trained on 2D benchmark turbulence-modelling cases. For example,
Wu et al. [16] employed an SR relation extracted through FI from the NASA hump
and curved backward-facing step cases, and applied it to the Ahmed body and the
SAE Reference Model. Similarly, Nishi et al. [L8] trained a neural network on
several airfoils exhibiting flow separation and applied the resulting model to the
NASA Common Research Model (CRM) aircraft.

In the following sections, the wall-function variant of the EVA method is em-
ployed to improve the prediction of the flow-field around the Ahmed body, the
SAE Notchback Reference Model, and two variants of the DrivAer car model.
The loss function to be minimized is:

J = —/ (Ui — Ui7hj_ﬁ)2 ds? (51)
2 Jo

which worked well in the periodic hills case (Chapt. E) The objective is to assess
the capability of the proposed EVA framework to improve aerodynamic predictions
in realistic, industrially relevant 3D flow configurations.

DES will be employed as the Hi-Fi solver; this stands for a (unsteady) hybrid
RANS-LES approach, proposed by Spalart et al. [38], which employs a RANS
model in the boundary layer and transitions to LES in detached regions. Com-
pared with LES, the DES model significantly reduces computational cost at high
Reynolds numbers while maintaining improved accuracy in separated flow regions
[74], making it well suited for complex 3D automotive aerodynamics.

5.1 Ahmed Body with 35° Slant Angle

The Ahmed body, first proposed by Ahmed in 1984 [56], serves as a standard
generic car model widely used to investigate wake dynamics, vortex structures,
and aerodynamic forces across a broad range of geometric configurations. As
displayed in Fig. @, the standardized geometry consists of a rounded front end,
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a flat roof, a flat underbody section, an angled back slant (or a rear window) and
a vertical base at the rear.

Figure 5.1: Ahmed body geometry (dimensions in millimeters); in this work

¢ = 35°.

The flow behind the Ahmed body aligned with the incoming stream consists of a
pair of longitudinal vortices (often referred to as C-pillar vortices), a region of either
separated or attached flow over the rear slant, and a highly turbulent recirculating
wake behind the vertical base [[75]. The wake structure, the reattachment location
of the separation bubble, and the strength of the counter-rotating vortices all
depend strongly on the rear slant angle ¢. The maximum drag has been reported
at a slant angle of 30° [56]. Below this critical angle, strong counter-rotating
vortices are present, and the flow separates near the mid-region of the upper edge
and reattaches on the slanted surface. For angles above the critical value (such as
in the present study), these vortices weaken significantly, leading to fully separated
flow over the entire slant surface |76, 77]. A schematic representation of the flow
topology expected for each case is provided in Fig. @

Figure 5.2: Ahmed body. Flow topology for two different slant angles: ¢ = 25°,
with closed separation bubble (left), and ¢ = 35° with fully separated flow (right);
taken from [78].

The test case considered in this thesis, replicates the configuration defined in
the 10th ERCOFTAC Workshop on Refined Turbulence Modelling [[78]: a body
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with a supercritical angle of ¢ = 35°. The working fluid is air, with a kinematic vis-
cosity of v = 1.5-107° m?/s and a freestream velocity of v, = 40 m/s, resulting in a
Reynolds number of Re = 768, 000, based on the body height H = 288 mm. Under
these conditions, experiments were performed by Lienhart and Becker 79|, com-
prising flow visualization, hot-wire measurements, and laser-Doppler anemometer
(LDA) data; the dataset is available in [80].

For the simulations conducted in this thesis, a full-car wind tunnel computa-
tional domain is employed (due to DES inherently asymmetric nature of transient
wake shedding), shown in Fig. . The coordinate system is defined with the z-
axis in the streamwise direction, the y-axis in the lateral direction, and the z-axis
in the vertical direction. The boundary conditions for the domain are prescribed
as follows:

e Inlet: A uniform streamwise velocity profile of v = (v,0,0) = (40,0,0) m/s
is specified.

e Domain Sides and Top: Modeled using symmetry conditions, by exploiting
the fact these are situated sufficiently far from the vehicle.

e Floor and Car Surface: No-slip conditions.

The computational mesh is generated using OpenFO0AM’s integrated meshing util-
ities, blockMesh and snappyHexMesh, the resulting resolution is approx. 2.2M
cells. The mesh layout and local refinement zones are illustrated in Fig. and
Fig. p.3d. To verify the near-wall grid resolution, a RANS/SA simulation was con-
ducted, resulting in an average y* value across the vehicle body surface of ~88,

as shown in Fig. b.3d.

A DES/SA simulation was conducted for 5 s of physical time, with the final
3 s used for time-averaging, in order to extract the mean flow profiles. Fig. @
presents three instantaneous velocity contours on the symmetry plane. A notice-
able recirculation bubble is observed over the slant surface, complemented by a

substantial region of strong reverse flow downstream of the vehicle.

The mean drag coefficient computed from the DES /SA simulation is CBES’mean =

0.306; its instantaneous evolution is shown in Fig. @ In comparison, the
steady-state RANS/SA simulation yields a value of C’[R)ANS’/SA = 0.329 after 5,000

iterations, representing a 7.5% overprediction of the Hi-Fi corresponding figure.

The v, contours and streamlines for the two solvers are depicted in Figs.
and p.6H. It is observed that the DES/SA model resolves a larger recirculation
bubble; this complete separation causes the trailing C-pillar longitudinal vortices
to break down and burst in the near-wake. The differences in wake dynamics
are further illustrated through visualizations of the coherent flow structures using
the non-dimensional Ap-criterion (A5 = Ay H?/v?, where H = 0.288 m is the body
height), which identifies vortex cores as regions where pressure effects dominate
over strain [81]; the resulting iso-surfaces are colored by the normalized helicity,
indicating the rotation direction (see App. [A] for details). While the RANS/SA
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Figure 5.3: Ahmed body. (a) Computational domain based on the length L =
1.044 m of the car, (b) mesh on the symmetry plane, (c) close-up view of the mesh

around the car on the symmetry plane, (d) y* distribution on the first near-wall
cell over the full-car surface.
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Figure 5.4: Ahmed body. DES/SA instantaneous streamwise velocity contours
on the symmetry plane.

Time (s)

Figure 5.5: Ahmed body. Cp convergence for the unsteady DES/SA simulation.

simulation predicts highly stable, prominent C-pillar vortices that induce strong
suction over the rear slant, the mean DES/SA flowfield captures their breakdown.
The subsequent loss of vortex-induced low pressure over the rear slant decreases
the pressure drag, explaining the lower Cp yielded by the Hi-Fi simulation.

The wall-function based variant of the EVA framework (described in Sec. P.§)
is subsequently applied, utilizing the baseline RANS/SA v, p, v, fields for initial-
ization. Indicative convergence histories for both the primal and adjoint problems
during the first EVA cycle are presented in Fig. @ Due to numerical challenges
in fully converging the primal residuals, the fields are averaged over the last 2,000
of the total 5,000-iteration run. In total, 16 EVA cycles are executed using the
steepest descent method to update the design variables (the eddy viscosity field),
yielding a 4.6% reduction in J value. The initial and corrected v; fields are com-
pared in Fig. @, where it is apparent that the EVA method attenuates the eddy
viscosity near the rear slant region.

When the corrected v fields are incorporated into the RANS equations through
the RANS/rEV solver, the resulting velocity contours and vortex iso-surfaces
exhibit substantial changes, as depicted in Fig. . Relative to the baseline
RANS/SA solution, the RANS/rEV model decreases the length of the longitu-
dinal C-pillar vortices, enlarges the recirculation region, extending it downward
into the wake, and improves the agreement of the streamline topology with the
DES/SA reference solution. Consequently, the drag prediction improves, yielding
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Figure 5.6: Ahmed body. Iso-surfaces of the non-dimensional As-criterion
(A" = —0.1) (left), mean streamwise velocity contours and streamlines on the
symmetry plane near the slant (middle), and on a plane at z = 0.2 m normal to
the ground (right).
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Figure 5.7: Ahmed body. Convergence history for the primal (left) and adjoint
(right) EVA problem for the first cycle.

CgANS/ "BV — 0.302, which is significantly closer to the Hi-Fi DES/SA result.

The effectiveness of the proposed correction is further verified by analyzing
specific v, profiles within the slant region and the wake of the body (Fig. @)
The DES/SA profiles exhibit excellent agreement with the hot-wire measurements
of [@], thereby justifying its use as the Hi-Fi reference solution. In contrast, the
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(a) v contours for RANS/SA.
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(b) Ay, = VfANS/TEV — Z/fANS/SA, for the EVA solution.

Figure 5.8: Ahmed body. Contours of vy obtained from the intial RANS/SA
simulation, and the corresponding correction, Avy, after EVA; results are shown
on the symmetry plane (left), on a transversal plane located at the rear-end of the
body (middle), and 0.1 m downstream of the body (right).

baseline RANS/SA model displays substantial deviations, particularly in the rear-
slant region and in the near wake, while the proposed RANS/rEV solution shifts
the profiles toward the DES/SA benchmark, achieving an excellent reproduction
of the flowfield.

5.2 SAE 20° Notchback Reference Model

While the Ahmed body serves as a standard aerodynamic benchmark, its flow
characteristics differ significantly from those of conventional production vehicles.
A more realistic representation is the generic vehicle body originally introduced
by Cogotti [57] and subsequently adopted by the Society of Automotive Engineers
(SAE) to investigate wind-tunnel model interference effects. Commonly referred
to as the SAE model, this geometry incorporates various rear-end configurations.
In this work, the Notchback variant with a 20° backlight angle is considered, repre-
sentative of a conventional saloon vehicle featuring a distinct trunk compartment;
its schematic is illustrated in Fig. . Consequently, it exhibits characteristic au-
tomotive flow features, such as realistic frontal impingement, A-pillar vortices and
a complex flow field across the backlight and boot-deck regions characterized by
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Figure 5.9: Ahmed body. Mean streamuwise velocity profiles for different flowfield
solvers; profiles are shown on the symmetry plane (left), and on a transversal plane
located x = 80 mm downstream of the body (bottom).

localized separation and subsequent reattachment. These characteristics make this
geometry a valuable benchmark for the development, assessment, and validation
of numerical methodologies.

In the present study, simulations are performed on the 1/5-scale model at an
inlet velocity of v, = 40 m/s and zero-yaw angle. The computational domain,
shown in Fig. , is designed to closely replicate the experimental configuration
of Wood et al. [82]. Mesh generation is carried out using the OpenFOAM meshing
utilities, resulting in a grid comprising ~1.3 million cells, Fig. . An addi-
tional refinement region has been added around the notchback section, Fig. ,
to accurately capture the weak separation observed experimentally on the back-
light surface and the associated flow displacement above the boot deck [] The
boundary conditions are identical to those imposed for the Ahmed body simula-
tions in Sec. @ Following a preliminary RANS/SA flow simulation, the average
non-dimensional wall distance is y™ ~ 90; the resulted surface distribution of y™

values is shown in Fig. .

The first step in the process is the generation of the Hi-Fi dataset that the EVA
methodology aims to match. To this end, a DES/SA simulation was performed
for 5 s of physical time, with the final 3 s used for time averaging to obtain the
mean flow properties. Throughout the simulation, the Courant number (Co) was
maintained below 1 to ensure temporal accuracy. Representative instantaneous
contours of the v, component, are presented in Fig. .

Fig. compares the time-averaged streamwise velocity field and the cor-
responding streamlines obtained from DES/SA with the PIV measurements of
[82] and the RANS/SA solution. The DES/SA results exhibit significantly better
agreement with the experimental data, particularly in capturing the shape and ex-
tent of the wake lobes behind the vehicle. Furthermore, DES/SA predicts a small
recirculation region near the slant surface that is absent in the RANS/SA solution.
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Figure 5.10: 1/5 SAE Notchback geometry (dimensions in millimeters).

Although this feature cannot be clearly identified in the PIV measurements due
to its proximity to the wall, where experimental data is unavailable, its presence
is consistent with the improved resolution of the separated flow computed by the
DES model.

EVA was subsequently applied starting from the RANS/SA as initialization
and executed for a total of 100 cycles, leading to a 46% decrease in the loss func-
tion J (Eq. (b.1)). As observed in Fig. 5.13d, the final RANS/rEV solution man-
ages to predict the localized separation in the slant region and to shift the large
recirculation zones in the wake towards thE DES/SA results.

A clearer representation of the improved flow field is provided in Fig. ,
where vortical structures originating from different regions of the vehicle (as defined
in Fig. p.144) are identified using the non-dimensional ()\;) criterion (here, \; =
Ao - H?/v?, where (H = 0.24 m denotes the vehicle height):

e In the baseline RANS/SA solution (Fig. 5.14d), the trailing longitudinal vor-
tices generated by the C-pillars and rear edges, dissipate rapidly, terminat-
ing shortly downstream of the vehicle rear-end. In contrast, the RANS/rEV
model (Fig. ) allows these vortex cores to persist significantly further
downstream, yielding a wake topology that is in closer agreement with the

Hi-Fi DES/SA reference (Fig. p.144).

e The RANS/rEV solution successfully captures localized vortical structures
associated with the recirculation zone, in the rear slant region, a feature
that is entirely absent in the baseline RANS/SA prediction.

e RANS.rEV predicts the presence of vortical structures originating from the
underbody, which are not reproduced by the standard RANS/SA model.

e The development of the A-pillar vortices is notably improved. In the RAN-
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Figure 5.11: SAE Notchback. (a) Computational domain based on the length
L = 0.84 m of the car, (b) mesh on the symmetry plane, (c) close-up view of
the mesh around the car on the symmetry plane, (d) y* distribution on the first
near-wall cell over the full-car surface.
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Figure 5.12: SAFE Notchback. DES instantaneous streamwise velocity contours
on the symmetry plane.

S/rEV solution, these structures remain coherent and are advected along the

vehicle sides rather than dissipating prematurely over the slant, as observed
in the RANS/SA case.
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Figure 5.13: SAE Notchback. Mean streamwise velocity contours and stream-
lines on the symmetry plane near the slant.
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Figure 5.14: SAFE Notchback. Iso-surfaces of the non-dimensional Aa-criterion
(A" = —0.1).

Overall, the RANS/rEV formulation provides a substantially more accurate rep-
resentation of the 3D separation mechanisms and overall wake dynamics. This
improvement is also reflected in the prediction of the drag coefficient, Cp:
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e The experimental value reported by [82] is C,” = 0.207.

e The Hi-Fi simulation yielded C'BES/ A = 0.214, corresponding to a deviation
of only 3.4% from the experimental value (under identical test conditions),
providing a reliable reference solution.

e The baseline RANS/SA model gives CgANS/ 4 = 0.235, representing a signif-
icant overprediction of 9.8% relative to the DES result.

e The final RANS/rEV formulation produced CgANS/ BV = 0.217, reducing the
discrepancy with the DES/SA reference to less than 1.5%.

Finally, the 1, field obtained from the baseline RANS/SA simulation, together
with the corresponding correction introduced by EVA, is presented in Fig. .
Similar to the Ahmed body case (Fig. @), v, is reduced over the slant region,
while localized increases are observed mainly near sharp edges.
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(a) v contours for RANS/SA.
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(b) Ay, = VfANS/TEV — ngANS/SA’ for the EVA solution.

Figure 5.15: SAFE Notchback. Contours of v, obtained from the intial RANS/SA
simulation, and the corresponding correction, Avy, after EVA results are shown

on the symmetry plane (left), on a transversal plane located 0.1 m downstream of
the body (middle), and 0.2 m downstream of the body (right).
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5.3 DrivAer Without Wheels and Mirrors

The final automotive application considered for the assessment of EVA method is
the DrivAer model. This geometry provides a considerably more realistic represen-
tation of a passenger vehicle, having been developed through the combination of
features from two typical mid-size production cars, namely the Audi A4 and BMW
3 Series [5§]. It includes a range of interchangeable components, such as three dif-
ferent rear-end configurations, realistic, smooth, or omitted wheels, underbody
detailing of varying complexity, and side mirrors, thereby enabling investigations
across a broad spectrum of aerodynamic scenarios [b8, 83, 84]. In Fig. the
main dimensions are presented, along with the available rear-end configurations:
Fastback, Notchback, and Estateback. In the present study, only the Fastback
and Estateback variants are considered, while furthermore the wheels and mirrors
are removed (hereafter denoted as woWwoM) in order to reduce computational
cost, particularly regarding the Hi-Fi DES/SA simulations.

Figure 5.16: DrivAer geometry; Overall dimensions in millimeters (left), and
rear-end variants (right): (a) Fastback, (b) Notchback, (c) Estateback, adapted
from [85].

The flow is simulated within a wind tunnel domain (see Fig. 5.174), employing
the same boundary conditions as in the previous cases, with the exception of the
inlet velocity, which is prescribed as v, = v, = 16 m/s. This value is selected
to achieve a Reynolds number of Re = 4.87 x 10° based on the total vehicle
length L. = 4.613 m.. The computational mesh for the Estateback configuration
is shown in Figs. 5.17H and p.17d and consists of ~ 7.4 M cells. Following a baseline
RANS/SA simulation, the resulting average y* value is ~55; the corresponding
y* distribution along the vehicle’s surface is presented in Fig. p.17d.
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Figure 5.17: DrivAer FEstateback. (a) Computational domain based on the
length L = 4.6 m of the car, (b) mesh on the symmetry plane, (c¢) close-up view

of the mesh around the car on the symmetry plane, (d) y* distribution on the
first near-wall cell over the full-car surface.

The Hi-Fi data were obtained by executing a 6 s DES/SA simulation, aver-
aging the last 4 s; representative velocity contours for the two configurations are
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presented in Fig. and p.19.

Vx (m/s)
-9.0 -5.0 0.0 5.0 10.0 15.0 20.0 25.0 30.0
|

| —

(a) t=58s (b) t=59s (c)t=6.0s

Figure 5.18: DrivAer Fastback. DES instantaneous streamuwise velocity contours
on the symmetry plane.
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(a) t=5.8s (b) t=59s (c)t=6.0s

Figure 5.19: DrivAer Estateback. DES instantaneous streamwise velocity con-
tours on the symmetry plane.

5.3.1 Fastback Configuration

For the fastback case, the EVA approach reduces the value of the loss function by
25.6% after 21 cycles. As shown in Figs. and , the resulting streamwise
velocity contours and profiles exhibit significantly improved agreement with the
DES/SA solution compared to the initial RANS/SA. Furthermore, inspection of
the streamlines in Fig. indicates that the recirculation bubble forming at the
upper rear of the vehicle closely matches the DES/SA benchmark (Fig. 5.204).
Moreover, the incorrect mid-height downstream separation point found in the
RANS/SA case (Fig. 5.20H) is eliminated through the application of EVA. Ad-
ditionally, the EVA-corrected solution exhibits streamlines that are more strongly
deflected downward, consistent with the DES/SA behaviour.

In the same figure, the iso-\j surfaces (non-dimensionalised using the vehicle
height H = 1.418 m and inlet velocity v,) showcase a clear weakening of the
dominant rear-end longitudinal vortex compared to the RANS/SA solution, closely
matching the DES/SA benchmark. Accordingly, the EVA procedure reduces the
deviation in drag coefficient relative to DES/SA; specifically, C’BES/ SA = 0.113,
while CRANS/SA — 0132 (16.8% difference), and Cp**""™V = 0.124, corresponding
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normalized helicity Vx (m/s)
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S ame— _— ‘ ' T

(a) DES/SA

(b) RANS/SA

(c) RANS/rEV

Figure 5.20: DrivAer Fastback. Iso-surfaces of the non-dimensional Aa-criterion
(A" = —0.1) (left), and mean streamwise velocity contours and streamlines on
the symmetry plane in the near wake (right).
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Figure 5.21: DrivAer Fastback. Mean streamwise velocity profiles for different
flowfield solvers; profiles are shown on the symmetry plane.
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to a reduced difference of 9.7% w.r.t. DES/SA. Finally, the initial and corrected
turbulent viscosity fields v, are presented in Fig. .

nut (m2/s)
0.00 0.02 0.04 0.06 0.08 0.10

| | | |

(a) v contours for RANS/SA.

nut dif. (m2/s)
-1.0e-04  -5.0e-5 0.0 5.0e-5 1.0e-04

(b) Ay, = I/tRANS/TEV — VtRANS/SA, for the EVA solution.

Figure 5.22: DrivAer Fastback. Contours of vy, obtained from the intial RAN-
S/SA simulation, and the corresponding correction, Avy, after EVA, ; results are
shown on the symmetry plane (left), on a transversal plane located 0.2 m (mid-
dle), and 1.2 m downstream of the body (right).

5.3.2 Estateback Configuration

The final case is the DrivAer Estateback woWwoM configuration. Here, J de-
creases by 17.8% after 37 cycles. Examining the streamwise v, field in the sym-
metry plane (Fig. 5.23), EVA is observed to shift the rear lower recirculation zone
upstream, closely matching the DES/SA results. Furthermore, the A} iso-surfaces
indicate that the longitudinal vortices in RANS /rEV are reduced in size compared
to RANS/SA, consistent with DES/SA behavior. This trend is reflected in the
drag coefficient predictions; the discrepancy between DES/SA (CBES/ S = 0.191)
and the initial RANS/SA solution (C’EANS"/SA = 0.210) is 9.9%, whereas it decreases
to only 1.0% for the final RANS/rEV solution (CgANS/ "™V — 0.193). The initial v,
field and the corresponding correction are provided in Fig. .

Finally, the comparative C'p results for all models and test cases are summa-
rized in Ta. @.The results demonstrate that the EVA framework, utilizing the
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normalized helicity Vx (m/s)
-1.0 -0.5 0.0 0.5 1.0 -5.7 0.0 5.0 10.0 15.0 19.5
| | |
(a) DES/SA

(b) RANS/SA

(c) RANS/rEV

Figure 5.23: DrivAer Estateback. Iso-surfaces of the nmon-dimensional M-
criterion (A" = —0.2) (left), and mean streamwise velocity contours and stream-
lines on the symmetry plane in the near wake (right).

velocity-based loss function in Eq. (@), provides not only a more accurate repre-
sentation of the Hi-Fi flowfield, but also improved aerodynamic force predictions
across various 3D car geometries.
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(a) v contours for RANS/SA.
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Figure 5.24: DrivAer FEstateback. Contours of vy, obtained from the intial
RANS/SA simulation, and the corresponding correction, Avy, after EVA; results
are shown on the symmetry plane (left), on a transversal plane located 0.2 m
(middle), and 1.2 m downstream of the body (right).

Table 5.1: Comparison of Cp predictions for all cases.

Case e (DES/SA CRANS/SA / qifr,  ORANSITEV ) g,
D D from DES/SA from DES/SA

35° slant angle

Aimed body 0279 1 [B6]  0.306  0.329 (7.5%) 0.302 (-1.3%)
;thgsaiﬁ " 0.207 [82]  0.214 0.235 (9.8%) 0.217 (1.4%)
g(r)ivvvairl\f astback 0.124% 58]  0.113  0.132 (16.8%) 0.124 (9.7%)
v[zzivvvaeorl\? stateback ) 1952 58] 0.191 0.210 (9.9%) 0.193 (1.0%)

'Experimental value corresponds to an inlet velocity of 60 m/s, while CFD simulations were
performed at 40 m/s.
?Evaluated at the same Re using a 1:2.5 scale model for the experimental setup.
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Chapter 6

Ahmed Body Shape Optimization
Using EVA /SR

In this chapter, the flowfield correction obtained through the EVA process, is ex-
ploited within the ShpO of the 35° slant angle Ahmed bod,y targeting minimization
of drag (F = Cp). Unlike conventional optimization approaches, where closure
is effected by a standard turbulence model, the present work exploits the EVA-
corrected v; field, to improve the accuracy of the flow predictions. The problem
is formulated as a gradient-based optimization case, therefore the Continuous Ad-
joint Method is employed via the adjointOptimisationFoam library in OpenFOAM.

As discussed in Sec. b.1, the flowfield predicted by the RANS/SA model exhibits
significant discrepancies, compared to experimental and Hi-Fi DES/SA data, fail-
ing to accurately predict the extent of the recirculation region downstream of the
body and consequently overestimating the drag coefficient by ~7.5%. Such defi-
ciencies raise concerns regarding the suitability of the baseline turbulence model
within a ShpO routine. Although an optimization process based on the RANS/SA
model (fully differentiated in the adjoint equations [86, b1, 49|) may still lead to
reduction of the F' value, the resulting geometry would be driven by inaccurate
flow physics and may not correspond to an optimized design.

To address this limitation, three alternative optimization strategies are investi-
gated by incorporating information from the EVA-corrected v; fields. The overall
methodology follows the procedure presented in Fig. :

e Direct utilization of the EVA-corrected field (RANS/rEV). The cor-
rected v field, shown in Fig. @, is directly employed in the primal equations
using the RANS/rEV solver. In this approach, the v; field remains constant
throughout the optimization process; both the primal and adjoint equations
are solved with a fixed value of the effective viscosity (ver,p = v+14 p) in each
cell P of the domain, and the 1, field remains unchanged even when the ge-
ometry changes during the optimization. Such a method has been employed
by Tsolakos [36] for the ShpO of a NACA(0012 airfoil, by Alessi [22] for the
minimization of pressure losses in a U-bend using EVA, and by Fidkowski [29]
for the optimization of 3 airfoils (in the latter, a multiplicative factor applied
to the production term of the SA model served as the correction field for FI).

e Development of a surrogate turbulence model through SR (RAN-
S/cfEV). A SR procedure is performed with the objective of deriving an
analytical, closed-form expression for v, as a function of local flow and ge-
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ometrical quantities that reproduces the EVA-corrected v; field [53]. The
resulting surrogate turbulence model can subsequently be incorporated into
the optimization framework in two ways, both of which are introduced herein
for the first time in the literature:

¢ Frozen turbulence in the adjoint equations. The analytical SR
model is used to update the 1, field at each optimization cycle during
the primal solution; however within the adjoint formulation, 14 is treated
as frozen; the sensitivity of v; w.r.t. shape modifications is neglected.

¢ Fully differentiated in the adjoint equations. The analytical ex-
pression obtained through SR is explicitly differentiated, and contri-
butions are introduced into the adjoint equations, thereby accounting
for the dependence of v, on the flow and geometrical variables dur-
ing their solution. Previous studies have demonstrated that differen-
tiating conventional turbulence models into the adjoint formulation,
leads to more accurate sensitivity derivatives calculation, consistent with
the(surrogate) turbulence model and, subsequent, improved optimiza-
tion performance compared to frozen-turbulence approaches [51, 47].

6.1 Symbolic Regression Implementation

SR is a supervised ML task that, unlike conventional regression methods (e.g.,
Deep Neural Networks)—which optimize numerical parameters within a fixed, com-
plex, and uninterpretable architecture—searches the space of mathematical opera-
tors, variables, and constants to uncover simple, closed-form equations that best
describe a dataset [87]. This capability is particularly attractive for data-driven
turbulence modeling, as it enables the EVA-corrected v; to be represented in an-
alytical form using geometrical and flow quantities, similar to those employed in
conventional turbulence models. For this approach to be successful, the closed-
form surrogate model embedded in the RANS equations (RANS/cfEV solver),
must produce a flowfield that better matches the Hi-Fi solution than the baseline
Low-Fi models (e.g., RANS/SA or RANS/k-w).

In this work, the SR framework is treated as a black box, utilizing the open-
source library PySR [88]. The implementation for the specific case considered can be
found in Batsi’s Diploma Thesis [53], along a detailed description of the underlying
algorithms and parameter settings. The inputs to the SR model are provided in the
form of continuous fields obtained from the EVA solution (Fig. [1.3) and specifically
the are:

e Geometrical features: the spatial coordinates (x,y, z) of the cell centers in
the global system, as well as the distance A from the nearest wall, which is
commonly used in conventional turbulence models.

e Flow features: the velocity components (v,, vy, v,), pressure field p, and the
strain-rate S;; and vorticity (2;; tensors.
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All fields are illustrated in Fig. El] and are subsequently normalized prior to being
fed into the SR framework. The normalization is performed using the freestream
velocity v, = 40 m/s and the total length of the Ahmed body L = 1044 mm, as
summarized in Tab. [.1.

Table 6.1: Normalization of input quantities for the SR procedure.

Symbol Normalization Symbol Normalization
i z/L o Vg /b
(] y/L Uy Vy /b
2 z/L 0, vz /vy
b p/05-0d) 0 Qi Lo
Sij Sij - L/ A A/L

The objective of the SR procedure is to minimize the following loss function:

1 N
EOSS = N (ﬁtp - ﬁtp,EVA>2 (61>

p=1

where N is the total number of cells in the computational domain, 7, is the
normalized eddy viscosity in cell p and 7 .., denotes the corresponding target
value from the EVA solution (see Fig. ). The normalization is based on the
following relation:

Vp — Vflin

max
Vy

A

th =

(6.2)

min

where 14, is evaluated using the closed-form expression obtained from the SR
model. The normalization limits are set to v;™" = 0, consistent with the negligible
turbulence viscosity levels sufficiently far from the body, and " = 0.13 m?/s%.
The latter is selected slightly above the maximum value observed in the EVA
field, max(v"¥*) = 0.118 m?/s?, in order to allow additional flexibility during SR
training.

For the SR model, the set of available binary operators consisted of +, —, X,
and /, while the unary operators included exp, log, and y/-. The SR procedure,
implemented via PySR, produced closed-form expressions of varying complexity;
representative resulting expressions are reported in Tab. @
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(a) z (m) (b) y (m) (c) z (m)

(d) vz (m/s) (e) vy (m/s) (f) vz (m/s)

(g) p (m?/s?) (h) Qij (s71); in log. scale (i) Sij (s71); in log. scale

() A (m) (k) v (m?/s); SR aim

Figure 6.1: The 10 EVA-derived fields provided as inputs into SR and the v,
field serving as the target, displayed in the symmetry plane.

Table 6.2: Indicative SR-derived surrogate algebraic turbulence models trained
on the EVA results.

Comp- Loss

. . Equation
lexity Function
5 0.0076437 D, = —0.18852139 - (9, — 1.0577825)
- A
6 0.0072101 5 = VA
=V (0.049802374)
7 0.0035884 Dy = (0, — 1.0012314) - (—5234.8203 - A)
- (0, — 0.99205315
12 0.0022985 Dy = —66.30894 - A - (”—) +0.011900872
& )
. A
17 1.3498¢-03 0 = —1.0010344 - (6., — 1.0010344) - L
v 0010344 - (b, = LO0L034) - | =550 305371 - 2
23 9.2413¢-04 A b, — 1.0007439

vy =—4.174718 - & - A -

~2
(Qy ) +0.0028072656 - (A + 2)
- Z

27 7.6663¢-04 - b, — 1.0526726) — 0.48446792 - ©
‘ Dy = —2.1297116 - & - A - (9, — 1.0526726) — 0.48446792 - ¥,

<)
( Y Q) +0.0015322493 - (A + 2)
Z .
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As shown in Tab. @, increasing the complexity of the SR relations reduces
the loss function value defined in Eq. (), indicating a better fit to the EVA 1,
data. Most of the expressions, except for the model with complexity 6, utilize v,,
while 2;; and A also appear frequently among the selected input variables.

To assess their performance, the SR relations were implemented within
OpenFOAM, forming the RANS/cfEV solver. In contrast to conventional tur-
bulence models, v; is evaluated directly from the closed-form SR expression,
eliminating the need to solve additional turbulence transport equations. The
resulting flowfields, obtained after 5,000 iterations and averaged over the final
2,000 (to mitigate convergence difficulties associated with the Ahmed body case),
are presented in Fig. @ The coupled RANS/SR simulations reveal that a lower
regression loss does not necessarily translate into improved flow predictions. For
instance, the near-wake streamlines show that the complexity-17 model (Fig. [6.2f)
predicts the recirculation region less accurately than the complexity-12 model
(Fig. 6.2d), compared with the RANS/rEV benchmark solution (Fig. [p.24). This
discrepancy can be explained by the corresponding v, distributions.

For the lower-complexity models (Figs. [5.2Hb.2d), increasing complexity im-
proves both the v, fitting and the resulting v, field. However, for the complexity-12
model, 1, within the wake core at the z = 0.2 m plane is underpredicted relative
to both the complexity-7 model and the RANS/rEV solution, resulting in a less
accurate representation of the velocity field despite the lower regression loss. This
reduction in SR-loss is primarily achieved through a superior v; prediction up-
stream of the car, where it is estimated closer to zero than in the complexity-7
model, consistent with the RANS/rEV solution. However, this region has a rela-
tively minor influence on the overall flow dynamics compared with even a slightly
poorer fit in the wake region. This limitation becomes even more pronounced for
the complexity-17 model. Although v; is correctly predicted as virtually zero up-
stream of the car, its downstream distribution is poorly reproduced, causing the
recirculation zone above the slant to vanish in the v, contours. Finally, the higher-
complexity models (Figs. and ) successfully recover the wake structure,
though they ultimately overpredict 14 within the wake core.

These findings are further detailed in Tab. @, which reports the performance
metrics for each model, including F', quantifying the velocity discrepancy with the
Hi-Fi DES/SA data (Eq. (5.1)), and the Cp prediction. Only the complexity-7
model achieves a lower F' value than the baseline RANS/SA model, while im-
proved Cp predictions are obtained with models 7, 23, and 27. Since SR-relation
7 outperforms RANS/SA in both metrics and is less complex than the other two
candidates, it is selected as the surrogate turbulence model for ShpO.

Finally, Fig. .3 compares experimental data, Hi-Fi DES/SA, Low-Fi RAN-
S/SA, EVA-derived RANS/rEV and EVA/SR-derived RANS/cfEV v, profiles,
highlighting the superior performance of the data-driven models over RANS/SA.
Notably, the RANS/cfEV results are generally closer to the DES/SA data than
the RANS/rEV solution, consistent with the reduced F value shown in Tab. .3,
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Vx (m/s) nut {(m2/s)
-13.0 0.0 20.0 50.0 0.0 0.020 0.040 0.060 0.080 0.10 0.13
| | | |

(a) RANS/rEV

(b) RANS/cfEV (complezity 5)

(c) RANS/cfEV (complexity 6)

(d) RANS/cfEV (complexity 7)

(€) RANS/cfEV (complexity 12)

(f) RANS/cfEV (complezity 17)

(g) RANS/cfEV (complezity 23)

(h) RANS/cfEV (complezity 27)

Figure 6.2: Fields obtained using different SR-derived surrogate turbulence mod-
els; streamwise velocity contours and streamlines in the symmetry plane near the

slant (left), v¢ on the symmetry planes (middle), and on a plane at z = 0.2 m
normal to the ground (right).
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Table 6.3: Performance comparison of the SR-derived surrogate models.

Rel. diff. Rel. error
Simulation type (é?qv?%e)) m ffofn%) Cp n g_gn(l%)

RANS/SA DES/SA
DES/SA — — 0.306 —
RANS/SA 25.42 — 0.329 7.5
RANS/rEV 24.27 -4.5 0.302 -1.3
RANS/cfEV (comp. 5) 72.94 186.9 0.402 31.4
RANS/cfEV (comp. 6) 32.21 26.7 0.347 13.4
RANS/cfEV (comp. 7) 22.66 -10.9 0.310 1.3
RANS/cfEV (comp. 12) 29.67 16.7 0.329 7.5
RANS/cfEV (comp. 17) 61.04 140.1 0.425 38.9
RANS/cfEV (comp. 23) 27.46 8.0 0.307 0.3
RANS/cfEV (comp. 27) 26.88 5.7 0.307 0.3
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Figure 6.3: Mean streamwise velocity profiles for different flowfield solvers;
profiles are shown on the symmetry plane in the slant region (top left), on the
symmetry plane in the wake region (top right), and on a transversal plane located

x = 80mm downstream of the body (bottom).
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6.2 Differentiation of the SR Relation in the Continuous
Adjoint Equations

The closed-form surrogate turbulence model selected in the previous section is
obtained by dimensionalizing the relation from Tab. (.9 based on Tab. [p.1 and

Eq. (6.2):

vy — 0 Vg A
B E (% 1.0012314 ) - [ —5234.82032 —ay - (vs —ag) - A (6.
5008 —0 (Ub 00123 > < 5234.8 03L) =y =a;- (v, —ag) (6.3)

where a; = —0.001629613 and ay = 1.0012314.

In continuous adjoint formulation, as implemented in the adjointOptimisationFoam

library of OpenFOAM, wall boundaries are classified into two types: fixed walls
Sw and parameterized walls Sy,. The latter are defined via volumetric B-
spline/NURBS control boxes consisting of control points (CPs), each of which
can move in the three spatial directions, thereby deforming the geometry. The
positions of the CPs in each direction, serve as the design variables b, for the
optimization problem. Following a similar methodology to the one outlined in
Chapter E, the final expression for the sensitivity derivatives in the adjoint ShpO
problem based on the "frozen turbulence assumption” (v, const. at each cell during
the optimization loop) is formulated as follows, based on [46, 49]:

_ 7.7 . L ) F
5. /s {uzvjnj + v+ (8% + 8mi> n; —qn; + 8v By, + Sz} . —dS

OF, dp 0Fg 0Ty
. . FP i m . k ij
—l—/S(u]n] p n; + )81) dS—l—/( win; + o, N ) a, ds

OFs, oy / on; / 5(dS)
= =y d S Fy, Fgn—2
* /SW P TR Sw, by - T

5
+ / (WRY + qRP + Fo) =t n,dS
Sw,

oby,

ov; Ovu;) 0 Ou;  Ou, dqg ., | Ou
+/Q{“J - VI Gs, T )| o T,

Ouj -\ Op
+/Q( 9z, —i—FQ) 8bndQ (6.4)

where the objective function F', which comprises both surface and volume integrals,
is written as:

F= / FsdS + / FodQ (6.5)
S Q

In general, F' may depend on the primal flow variables v; and p, as well as their dif-
ferential operators (such as the stress tensor). For this reason, evaluating 0F/0b,,
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using a simple chain rule w.r.t v;, p is avoided. Instead, the expression:

8FQ

ov; » Op .0 op
EY ds? ds? F§.—d FP—24 .
o “'3b, +/ b, +/ 5 3b, S*/ s, (69)
is used, where Fg’ includes the partial derivative 0Fq/0® plus any term that
might result from the use of the Gauss divergence theorem for integrals of the

form [, 7o- ( o )dQ [49].
Compared to Eq. (2.30) in Chapter B, Eq. (6.4) includes surface integrals over

the parameterized walls and additional terms arising from the differentiation of the

general objective function F. It also omits the term: fQ 27;? aayl’t . (g;l + dv]) ds,
J P

since v; is no longer dependent on b,,. The last two volume integrals in Eq. (@)
are set to to zero, giving the adjoint mean flow equations R? =0, R} = 0.

However, as shown in Eq. (6.3), v = f(vs, A) and new terms should be added
in Eq. (6.4). The difference with the “frozen turbulence” formulation, arises when
differentiating the momentum equations w.r.t. b,:

ORY ov; Ov; o [ 0v; o ([ Op
La0 = [ 0,2 2% g0 Nao+ [ w2 Q
/ by / b O, +/ Y o, (ab )d /“Zaxi (ab )d

~~ e

R R R
o T o (ov O

_ Y 0

/Qulaa:j () (axj * axi)} d
0

0 _a(V + I/t) (%i an

— | 4o 6.7

o oz, | b, (axj  %a, (67)

g

(5)

with terms (1) and (2) analyzed analogously to Eq. (2.24) (replacing Vi, With by,),
and term (3) treated as in Eq. (2.27). For the other two terms, further analysis is
required.

Calculation of term (4) in Eq. (6.7)

B 0 (0v;, Ov, ou; 0 (0Ov;, Ov,
(4) = /Sumj(u + l/t)abn (6xj + axi) ds + /Q o, ‘(v + Vt)ab <8x]~ + ami) ds

~~

to

with the last term ¢, further analyzed as:

Ou; o [ 0v; ouy;
t (] K] dQ 1
2= | an, VT, ((% ) ) g, v T

0Uj
—= | d§2
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= VS(H )gu’ ZZZ dS — /8% <u+ut)g > gg’dﬁ]
+ [ /5 (v + ut)gz; g—;jinids - /Q ai ((1/ + Vt)gz;) g;jﬂ dQ]
_ /S (v +w) (g;‘ﬂ + gz;]) SandS
. /Q a%- ((1/ + 1) (g;‘j + gﬁf)) ggidQ (6.9)

which is essentially Eq. (R.26) with the sole exception of the missing term
Jo G g (e 4 52 ag.

Calculation of term (5) in Eq. (6.7) This term arises from the differentiation
of 1. Since v; depends only on v, (Eq. (6.3)) among the flow variables, the term
vanishes for ¢ = 2,3. Only for i = 1 (the streamwise direction) does the term
contribute, yielding:

i=1 8 3 81% an
(5) v1:vz/Qu ox L% ( + al( B aO)A) (8:16] + 8:@)} ds
ov;  Ov; ov;
= A An.—td

/SuZ (8%'] + 85171) L ETS ab S

ou; (Ov;  Ovj ov;

A—dQ) 1

* /Q oz, (amj * axi) T (6.10)

with both terms added to the sensitivity derivative expression in Eq. (@) The
first term on the right-hand side vanishes after the introduction of the ABCs,
while the second one, corresponds to the extra term arising in the adjoint
momentum equation RY.

Influence in the Eikonal Equation During ShpO, the displacement of the
parameterized wall boundaries causes the wall-distance field to vary at each op-
timization cycle, necessitating an efficient recomputation method. Consequently,
the A field is obtained by solving a reformulated Eikonal equation [49]:

8(CjA) 82A

—A —1= A1
oz dx? 0 (6.11)

R® =

where ¢; = 0A/0z; denotes the components of a “convecting velocity” term.
Eq (@]) is also known as the Hamilton-Jacobi equation and consists of non-

linear convection and diffusion terms; a zero Dirichlet condition is imposed on
solid walls, while on the remaining boundaries the condition g—Anz = 1 is applied

[49]. To account for this geometric dependence within the continuous adjoint
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framework, the augmented objective function relation from Eq. (R.1) is extended:
L:F+/ﬁ£mﬁ+/¢%m+/Aﬁﬁm (6.12)
Q Q Q
where A, is the adjoint wall distance field.

Since the state unknowns include {v;,p, A}, the variation of term (5) in
Eq. (6.7) must account for the dependence of v; on A [Eq. (6.3)]. This yields:

o [ o dv;  0v;
(5) Ama bb@+mm—%mwév+%)ym
B ov;  Ov; ov; ov;  0v, 0A
/ <8IJ + or Z) alAny 8b 521dS +/ (8% + 81‘2) CL1(U1 )n]a—bndS

+/ O (% + avj) A avzé 1d€)

toj%u
Ou; (Ov;  Ovj 0A
—d2 1
+L&QQ +w) {1 = Mb (6.13)
to RA'I

the second term in the r.h.s. is neglected after the introduction of the ABCs into
the sensitivity derivative relation, while the last integral term is added in
the adjoint wall distance equation R®. A detailed analysis of the continuous
adjoint formulation for the distance field, alongside its impact on the sensitivity
derivatives, lies beyond the scope of this work and can be found in [49]. For
completeness, the final adjoint distance equation R“¢ is provided for the specific

case:
T\ “\ oz T aa, —a) = 14
! j ( aaxj) " oz, (891;j + a;,;) ai(vi —ap) =0 (6.14)

where the first term originates from the differentiation of the primal Eikonal equa-
tion (Eq. (b.11))), and the second one arises from the differentiation of the sur-
rogate turbulence model (Eq. (6.3)) within the momentum equations (Eq. (6.7)).
Together with the source term introduced in the adjoint momentum equation R}
in Eq. (), these contributions fully close the dependencies of the 1, field within
the continuous adjoint framework.

6.3 ShpO using Surrogate Turbulence Models

The first step of the ShpO routine is the parameterization of the geometry. Specif-
ically for the Ahmed Body case, two Cartesian NURBS boxes are defined around
the upper and lower regions of the slant (Fig. @), while the intermediate re-
gion, corresponding to a rear window, remains unchanged. Each morphing box
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consists of a structured lattice of CPs; 7 points in the streamwise (x), 12 in the
spanwise (y), and 5 in the vertical (z) direction, yielding a total of 420 CPs per
box. The boundary CPs remain still in all directions. In addition, the second
rows of CPs at both the upstream and downstream ends in the x direction are
fixed to ensure second-order streamwise geometric continuity. Furthermore, the
displacement of all CPs in the y direction is confined, and CPs belonging to the
same spanwise line are constrained to undergo identical displacements, thereby
ensuring smooth deformation and a manufacturable final geometry. The resulting
geometric deformation is subsequently propagated to the computational mesh us-
ing the dynamicMesh utility of OpenFOAM. Further details on the parameterization
and mesh movement procedure can be found in [45].

active CPs

I E——

0 1

Figure 6.4: NURBS boxes on the upper and lower regions of the slant for shape
parametrization; CPs are fized along the y-direction.

All simulations were performed using the adjointOptimisationFoam library
within OpenFOAM. The objective function was defined as F' = Cp of the Ahmed
body. In each optimization cycle, 5,000 iterations of the primal problem were
performed and the flowfields were averaged over the final 2,000 iterations before
being passed to the adjoint solver; a similar averaging procedure was applied to
the adjoint fields. Sensitivity derivatives were updated using a conjugate gradient
method [89], with the step size n selected such that the maximum displacement of
the control points during the first cycle was limited to 0.001 m.

For the RANS/rEV and RANS/cfEV models, only 2 ShpO cycles were per-
formed, since the EVA model (and in the latter case, also the SR correction) was
trained exclusively on the baseline geometry. Consequently, the models cannot be
trusted for large geometric displacements. Conversely, the optimization employ-
ing the RANS/SA solver was extended to 4 cycles; as it is a standard turbulence
model, possessing global validity and not being restricted to a specific geometry.
Subsequently, the resulting geometries from the various ShpO routines are eval-
uated using the Hi-Fi DES/SA solver (with the flowfields averaged over the final
3 s of a 5 s simulation), which as demonstrated in Fig. b.9, closely matches the
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experimental data, thereby it is considered as the ground truth. This re-evaluation
ultimately assess the true efficacy of the ShpO achieved by each candidate model.

The optimized geometries are illustrated in Fig. @ As expected for drag
minimization, all frameworks tend to generate a spoiler-like feature along the
upper slant region; however, the resulting profiles differ substantially depending
on the model utilized. The frameworks employing the frozen-adjoint approach
(RANS/rEV and RANS/cfEV) displace the geometry upward near the edge tip.
Conversely, the solvers utilizing the differentiated adjoint formulation (RANS/SA
and RANS/cfEV) shift the profile upstream of the slant’s leading edge inward.
Notably, the RANS/rTEV model yields the largest overall geometric deformation.
Along the lower region of the slant, all solvers move the geometry inward, with
the differentiated RANS/cfEV and RANS/SA models exhibiting more pronounced
displacements than the frozen-adjoint variants. The deformation direction and
magnitude are both detailed in Fig. @, along with their corresponding Low- and
Hi-Fi flowfields.

——DBaseline —RANS/SA (4 cyc.) —RANS/rEV (2 cyc.)
——RANS/cfEV Froz. (2 cyc.) RANS/cfEV Diff. (2cyc)

Figure 6.5: Final geometries of the upper (left), and lower (right) slant for
different flowfield solvers, including the corresponding NURBS box boundaries.

The v, contours and streamlines presented in Fig. reveal substantial dif-
ferences between the Low- and Hi-Fi solvers; while the former predicts a localized
recirculation zone confined near the rear-end of the car, the latter reveals a large
separation bubble covering the entire slant region. This discrepancy indicates
that the frozen EVA-derived v; field is incapable of accurately reproducing the
flow behavior, even for this relative small geometry change. Similar differences
are evident in Fig. , particularly regarding the extent of the low-velocity wake
region, which is significantly larger in the DES/SA re-evaluation. Conversely, the
framework employing the differentiated RANS/cfEV model (Fig. b.6d) yields a
closer agreement with the Hi-Fi results.

Finally, a comparison of all C'p predictions is provided in Tab. @ The main
observations for each solver are summarized below:

(a) The RANS/SA framework effectively decreases the F' value from 0.329
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Normal Displacement (m) Vx (m/s)
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(a) RANS/SA (4 cycles)

(b) RANS/rEV (2 cycles)

(c) RANS/cfEV frozen vy in adjoint (2 cycles)

(d) RANS/cfEV differentiated in adjoint (2 cycles)

Figure 6.6: Comparison of different ShpO routines: final geometries and dis-
placements relative to the initial shape (left), streamwise velocity contours and
streamlines predicted by the corresponding solver on the symmetry plane, and the
reevaluation using the Hi-Fi DES/SA solver.

to 0.326 over 4 cycles. Hi-Fi re-evaluation confirms this trend, with the
true C'p dropping from 0.306 to 0.303. Notably, the discrepancy between
the RANS/SA and Hi-Fi predictions remains nearly identical (7.5% for
the baseline vs. 7.6% for the optimized), even though this solver executed
double the number of cycles from the others. This consistency can be at-
tributed to the global and geometry-independent nature of the RANS/SA
turbulence model. Nevertheless, the achieved drag reduction remains mod-
est, corresponding to an improvement of only 1% relative to the baseline
Hi-Fi result.
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Table 6.4: Comparison of Cp predictions for all ShpO cases.

C[D)ES/SA / diff. diff. of model

Shape Model Codel from
from benchmark DES/SA
RANS/SA 0.329 7.5%

¢ = 35° Ahmed body. RANS/rEV 0.302 0.306 -1.3%
RANS/cfEV 0.310 1.3%

ShpO with RANS/SA, RANS/SA 0.326 0.303 (-1.0%) 7.6%

4 cycles.

ShpO with RANS/1EV, RANS/rEV 0.336 0.288 (-5.9%) 16.7%

2 cycles.

ShpO with RANS/cfEV

frozen v, in adjoint, 2 RANS/cfEV 0.305 0.271 (-11.4%) 12.5%

cycles.

ShpO with RANS/cfEV

diff. v, in adjoint, 2 RANS/cfEV  0.306 0.292 (~4.6%) 4.8%

cycles.

(b)

(d)

The RANS/rEV model yields a seemingly improved final shape, as the
Hi-Fi re-evaluation indicates an ~6% reduction in Cp. However, this im-
provement appears to be incidental. In fact, the Low-Fi prediction of Cp
increases from 0.302 for the baseline configuration to 0.336 for the final
geometry. This behaviour can be attributed to the use of the EVA 1, field,
which remains constant despite changes in the shape and furthermore, is
not incorporated into the adjoint formulation, resulting in inaccurate sen-
sitivity derivatives. The limitations of the model are further highlighted by
the increase in discrepancy between Low- and Hi-Fi predictions: the error
rises to 16.7% for the "optimized” shape, compared to 1.3% for the initial
configuration. This indicates that RANS/rEV is not reliable for ShpO,
even for relatively modest geometry changes; its usage would require sig-
nificantly smaller CP displacements.

The RANS /cfEV model with frozen-turbulence assumption in the
adjoint produces the most favourable shape according to the Hi-Fi re-
evaluation, reducing Cp more than 11%. However, this result should be
interpreted with caution, as the discrepancy between the Low- and Hi-
Fi solvers increases to 16.7% for the optimized geometry, compared to
only 1.3% for the baseline case. This deterioration is attributed to the
limited generalization capability of the surrogate model, which has been
trained exclusively on the baseline Ahmed body and therefore degrades as
geometric deviations increase.

The RANS /cfEV model differentiated within the adjoint formu-
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lation leads to a moderately improved design, with the Hi-Fi solver in-
dicating a drag reduction of 4.6%. Furthermore, the discrepancy between
the RANS/cfEV and DES/SA Cp calculation remains within acceptable
levels (4.8% compared to 1.3% for the baseline configuration), which can
be attributed to the more accurate sensitivity evaluation within the ShpO
procedure.

Since the other two surrogate models are not differentiated in the adjoint
formulation and exhibit significantly larger discrepancies with the DES/SA
re-evaluation, the performance of the method is assessed by comparing it
with the conventional RANS/SA solver. In this case, the closed-form model
achieves a lower C'p in only half the ShpO cycles, while it also provides
additional computational benefits due to the absence of turbulence-model
partial differential equations. This demonstrates the potential of data-
driven modelling within ShpO frameworks.

However, it should be noted that by further increasing the number of
oprtimization cycles beyond this point is counterproductive; even if the
RANS/cfEV objective function F' continues to decrease, as the geometry
deviates significantly from the baseline, consequently the SR-based rela-
tionship becomes unreliable. This behavior is clearly illustrated in Fig. @
and Fig. b.8, where Hi-Fi DES/SA re-evaluations reveal that the actual
design progressively deteriorates after the second cycle.

0.33

-0-RANS/cfEV (Low-Fi) !
-z DES/SA (Hi-Fi Reeval.) !

ShpO Cycle No.

Figure 6.7: Comparison of Cp from the RANS/cfEV (differentiated in adjoint)
model ShpO and the corresponding DES/SA re-evaluation.
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Normal Displacement (m) Vx (m/s)
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(a) Initial Geometry

(b) Cycle 1

(c) Cycle 2

(d) Cycle 3

(e) Cycle 4

Figure 6.8: Results for each ShpO cycle using the RANS/cfEV (differentiated
in adjoint) model: final geometries and displacements relative to the initial shape
(left), streamwise velocity contours and streamlines predicted by the RANS/cfEV

solver on the symmetry plane, and the reevaluation using the Hi-Fi DES/SA
solver.
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Chapter 7

Closure

7.1 Overview

The purpose of this thesis was to contribute in the advancement of data-driven
turbulence modeling through the application of the EVA method. To this end, the
following were accomplished:

1. The EVA method was extended through the formulation of new loss functions
targeting:

e discrepancies between Low- and Hi-Fi velocity fields. Five alternative
formulations were investigated on the periodic hill benchmark, using
DNS data as reference, and their performance was compared against
standard RANS/SA and RANS/k—e models.

e deviations in integral surface forces. This formulation was evaluated in
the NACA 0012 airfoil near stall, targeting experimental C',, Cp values,
to successfully correct the flowfield predictions of the RANS solver.

2. EVA was applied to complex 3D automotive flows, a relatively unexplored
area in the FI literature. Four vehicle geometries were examined:

e The Ahmed body with a 35° slant angle, a simplified hatchback /truck
model featuring a large recirculation bubble, the extent of which is not
accurately captured by conventional turbulence models.

e The Notchback variant of the SAE reference model with a 20° slant
angle, including A-pillars and a trunk region.

e The Fastback woWwoM variant of the DrivAer model, resembling a
realistic vehicle and including a modest rear spoiler.

e The Estateback woWwoM variant of the DrivAer model, characterized
by an elongated wake region.

3. EVA was coupled with SR for a ShpO application. A SR framework devel-
oped by [b3| was trained to reproduce the EVA-corrected v field, enabling the
extraction of a surrogate algebraic turbulence model. This model was subse-
quently utilized for the minimization of the C'p of the Ahmed body, with the
optimization conducted using two alternative formulations: one employing
the frozen-turbulence assumption, and the other featuring full differentiation
of the model within the continuous adjoint equations.

97
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7.2 Conclusions

The main conclusions drawn from this diploma thesis are the following;:

e For EVA setups targeting a Hi-Fi velocity field, the following loss function is
proposed: J = % fQ (v; — 'Ui,hi_ﬁ)2 d). This formulation provides a significantly
improved overall flowfield representation relative to the Low-Fi solver, yields
more accurate predictions of recirculation zone size, and offers a modest im-
provement in the wall shear stress distribution, as demonstrated in Chapter [.

e EVA is suitable for complex 3D aerodynamic cases, addressing a gap in the
existing literature. As detailed in Chapter E, the method consistently delivers
improved flowfield accuracy, captures complex vortex structures and provides
better Cp predictions than conventional turbulence models.

e EVA can be applied successfully regardless of the initialization (e.g., RAN-
S/SA, RANS/k—¢). However, as a gradient-based method, it may converge to
local minima; consequently, different initializations can lead to distinct final
v, fields, as shown in Fig. B.§.

e EVA is also successful when targeting solely the aerodynamic coefficients Cp
and Cp, as demonstrated in Chapter @, with the pronounced improvements
observed for J = % (Cp — CDJli_ﬁ)Q. By targeting only experimental values—
eliminating the need for Hi-Fi simulations-the method successfully corrected
the flowfields around the NACA 0012 airfoil near stall, a regime where conven-
tional turbulence models typically deteriorate. Even on very coarse meshes,
it managed to completely eliminate erroneous recirculation zones while si-
multaneously providing a superior C distribution. This demonstrates that
external aerodynamic flows may be resolved (and subsequently optimized via
ShpO) much faster and on coarser grids than traditionally required, by first
solving a low-cost EVA problem targeting only integral quantities.

e The EVA/SR framework for ShpO (presented in Chapter. fj) achieved more
prominent Cp decrease compared to the conventional RANS/SA model in
half the optimization cycles. Following re-evaluation with the Hi-Fi solver,
the surrogate model yielded a 4.6% reduction in drag compared to only 1.0%
for RANS/SA. However, it is noted that because the EVA and subsequent
SR steps are trained exclusively on the initial geometry, the framework is
restricted to minor shape deformations. Furthermore, the RANS/rEV and
RANS/cfEV models employing the frozen turbulence assumption proved un-
reliable; after just two cycles, their predicted Cp deviated by more than 12%
from the Hi-Fi re-evaluation, indicating that even smaller geometric displace-
ments would be required.

7.3 Proposals for Future Work

Based on the findings of this diploma thesis, the following directions are proposed:
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e Alternative EVA loss functions could be investigated, such as the discrepancy
from the Hi-Fi C; distribution, as surface-based quantities are particularly
important in external aerodynamic ShpO problems, where EVA-based cor-
rections are ultimately intended to be applied. This represents a step be-
yond specific integrated force coefficients, used as targets in this thesis, and
could further be combined with EVA on the velocity field difference, within
a multi-objective framework, aiming at improving both surface distributions
and flowfield predictions.

e The continuous adjoint method for FI could be used to enhance, rather than
replace, conventional turbulence models by correcting specific terms within
them (e.g., the production term in RANS/SA). Such an approach would
preserve the robustness of classical turbulence closures while addressing a
key limitation of EVA: direct modifications of v, may generate unphysical
fields that hinder RANS equations’ convergence (which is the reason why
only small changes in v, were allowed during each EVA cycle).

e In order to derive a surrogate turbulence model from the EVA /SR framework
that is applicable for more ShpO cycles and larger geometric deformations,
EVA could be applied to multiple variants of a given configuration (e.g., the
Ahmed body with different slant angles or with a rear spoiler) and all resulting
corrected fields subsequently used within the SR procedure. Although this
approach would significantly increase computational cost due to the need for
additional Hi-Fi data generation, multiple EVA cycles, and SR training, it
may improve the generalization of the resulting model.
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Appendix A

Formulation of the )\y Criterion
and Helicity

This appendix outlines the generalized mathematical framework used for the iden-
tification of coherent vortex structures throughout this study, specifically detailing
the non-dimensional Ay criterion [81] and the normalized helicity H,,.

The Ay method identifies vortex cores by locating regions where a local pressure
minimum exists solely due to vortical rotation, effectively discarding contributions
from unsteady straining or viscous shear. Utilizing Einstein summation notation
with indices ¢ and j, the velocity gradient tensor Ov;/dz; is decomposed into its
symmetric part, the strain-rate tensor ;;, and its antisymmetric part, the vorticity

tensor 2;;: o ) o )
ot Vi UV 1 v 0vj
SZJ 2 (al’J + 81‘2) 7 Qz] 2 (8% 8x,) . <A1)

By taking the gradient of the Navier-Stokes equations and neglecting unsteady
irrotational pressure fields as well as viscous diffusion effects, the local pressure
Hessian is governed by the acceleration gradient. This isolates the contribution of
fluid rotation to local pressure drops within the combined tensor A;;:

Aij = SipSkj + Qi (A.2)

The eigenvalues of this combined tensor A;; are subsequently calculated and or-
dered such that A\; > Ay > A3. A vortex core region is defined where at least two
eigenvalues are negative, corresponding to the condition:

To ensure a case-independent threshold across varying configurations, this param-
eter is non-dimensionalized using a characteristic velocity v, and a characteristic

length L:
I\ 2
A5 = Ao (—) . (A4)
Up

In practical application, specific negative thresholds of A} are prescribed to cleanly
isolate the highly energetic core structures of primary longitudinal vortices while
filtering out ambient background shear layers.

To characterize the local rotation and alignment of the flow within these iso-
lated structures, the A} isosurfaces are mapped with the normalized helicity, H,,.
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The components of the vorticity vector w; are mathematically linked to the anti-
symmetric vorticity tensor (2;; through the Levi-Civita permutation symbol €;;z,
defined as:

(%k

Wi = _€iijjk = €ijk - (A-5)
8Ij
The helicity density H, is then defined as the inner product of the local velocity
vector v; and the vorticity vector wj:

Hd = V;W;. (AG)

Normalizing this metric by the product of their respective vector magnitudes,
scales the field between —1 and +1:

V;Ws

H, = ———— = cos¥, (A.7)
A /Uj’l}j1 /ijj
where 6 represents the local angle between the velocity and vorticity vectors.
Consequently, regions where H, — 41 indicate right-handed (counter-
clockwise) helical motion, while H, — —1 indicates left-handed (clockwise)

helical motion, effectively exposing the counter-rotating structural dynamics of
the wake flow field.
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Extevic Hepihndn Aumhopatric Epyaotac ota EXA\nvixd 1

1. Ewcayowyn

Onoc emonuaiveton oty yexétn «Opapa yior v YTroloyiotxr) Peuotoduvouxr (TPA)
tou 2030», n uovtelomoinon g tOEPNg vl TV emiluon Tev edlodoswy Uéong pong
RANS bavier epiodo otaowoétnroc [L].  IToAN& and o xhoowxd poviéla topfne mou
yenoutoroolvtal evpéwe ofiuepa (X.x., Spalart-Allmaras (SA), k—¢) avantiybnxay tew and
apxeTéC BexaeTiES, Xan oL TapadoyEés Toug meonyROnxay ToAN®Y eZeNEewv g olyypovng
TPA ot tov unoloyiotxdy cvotnudtov [2]. O xbploc otéy0c Tne dimopatixhc epyaociog
€lvol 1) OVTLIETOTLOY TV TEPLOPIOUMY TV GLUUBATIXOV HOVTEAWY TUEPNG, ovamTOCCOVTUS
wa uébodo Pootouévn oe dedopéva LPNNAc moTéOTTAG (.., TEWROUATIXG AmOTENEéOUATA,
anevbeloc enthuon tev eliodoeny Navier Stokes (DNS) »An) yio tn poviehonoinon tng
T0pPnNe evtoe twv RANS. tnv Ilpocopuoyy) TupPfddous Xuvextuxdtnrag (IITE).

Avtictpogy Ilediov

H mpotewduevn pébodoc evtdooetar otnv xatnyopio meofAnudtwy Avtoteogrc Iledlou
(Field Inversion - FI) [3], ™ Swdwooio mpoodopiopot evée nediou Sopbdoewv B, mou
0TOXEVEL GTNV ENAXIOTOTOMOTN TN AMOXNLONG CUYXEXPWEVOY TOGOTATOY (N.}., XoTovoun
nedlov To0TNToC, WETPHOEC TUEONG OTA TOLXOUOT XAT) mou umohoyiloviar amd tnv
enihuon tTov RANS eiotocwy, omd dedouéva uhnhdtepne motommtog.  To medlo S
OlopBoVveL, TEoxTIXd, Tor HOVTENA TOEPNG, EMOPWVTNC OE CUYXEXPWEVOUS OPOUC TOUC, T.X.
YENOWOTOLEITOL ¢ TOANATAACLAG THE GTOV 6po Tapaywyhe TOpPng otn Supopixy| e&lowon
ToL povtélou SA [4].

Y yevi| meplntwon, oe éva mAéypa TPA N, xehwdv, Swbétovtag cuvorxd Ny
dedopéva uhn\ic motétnrag (Hi-Fi) G (j = 1,..., Ng), 10 avdotpogo npdfinua yio
Tov uToXoyloud tou TEdiou dbpbwone B = B(x,), n = 1,..., Ny, (6nou 2, n Béon tou
xeoV 1 xan Ny, < N.) Sratunddveton og eic:

Ng Nim
mﬁin D Ginis =GB + 1Y _[Bxn) — 117 (1)
7=1 n=1

omou pe G(8) ovuPoXileton n T e nocedTTog Tou unoloyiletar and tov RANS em\it
[B] xou A évoc pubuioTixde mapdyovtac HoTe To S va uny anopoxpuvlel urepfolxd and to
apyx6 povténo (6.

ITpoocopuoy TuePwdoug TuvexTixoTNTAg

H pébodoc IITYE mou yenowomoieitar o outh TV Simhopatixy cpyacio, emdLOXEL
N Oopbwon Tou medlou Tng TuEPWdoug cuvexTixdTNTaG Vg, BéToviag B = 1, Ue TNV
e oo tonoinon g EE. () va rparypartonoeiton uéow e ouveyolg culuyoic pebodou. To
€tol unoroylouevo vy medio e IITE tpogodoteitan ancubeioc otic RANS, unoxabiotdvtag
TApwe T ouuPotind poviéha topPne. O véog autdc emhitne ovoudletar RANS/TEV (and
tov 6po raw Eddy Viscocity— mpwtoyeviAc tupPming cuVEXTIXOTNTA) %ot TOEOUGCLAC THXE
TEMOTN Qopd o TNV dimhouatixy epyaocia [[7].

Ytg endueveg evotnteg, oxolouvbel 1 pabnuatiny Swatinwon tne T, pye otoéxo v
exayotonoinon tne andxione: (o) tou medlou tayvTNTag, xou (B) TNS TWAS AEEOBUVOXCY
ouvteres TV Tou RANS em\Otn and to Sedopéva uPnIAg ToTOHTNTOC, XL 1) EQIUPUOYY TNG



2 Extevic Hepindn Aumhopoatixic Epyacioag ota EXAnvixd

uebob0ou oE BLUPOPETIXEC TEQINTOCEL: OTY| POT GE XAVINL oL SLabéTel TEPLOBOVE NOPOoUG
ot Pdon tou (npdéPAnua ecwtepixic aEpodUVIUIXAG) Xat YUPW TG oL AEQOTOUY XOVTH
oto onuelo anmdietong othpEne (tpdPrnua eCwtephc acpoduvouxhc). ‘Emerta, n T
enextelveTal o€ TEWOLAOTATEG POEC YUPM OO LOVTENX QUTOXWVATOVY Xt TéNOG, o cuvduao Tel
pe ) wéBodo ouuPorxhc mawdpduone (XII) [8] vy v eaywyy wiog unoxatdotatng
aNyePewnic oxéong yia To vy, e yeion tng onolog O emiyeiendel Beltio Tonolnon wopprg yia
exaytotonoinon tou cuvtereoth avtiotaong Cp. O emAUtng autdc ovoudleton RANS /cfEV
(amb Tov bpo closed-form Eddy Viscocity— x\ewo thc-poppric tupPndne ouvextxdtna).

2. H Yvuveyxnc Yuluyrc MeBodog yia tnyv IITX

Or e€iomoeig RANS péviung xatdotaong yio aouumies o peuotd ywels Yetapopd BepudtnTag
ATOTEANOVY TO TPWTEVOV TEOBANUaL:

ov;
P _ 7 _ 2
R oz, 0 (2a)
Ry =, 0% 0T 0P o) (2b)

7 J . . )
Ox;  Oxj ox;
OTou p 1 oTaTXn Teo SlanpeUEVT) UE TN o TabERY| TUXVOTNTA, V; OL CUVIG TOOES TNE Tar O TN TG,

Tij = (Vv + 1y) (g;’; + %). Or enovokapfBavouevol Beixtec utodniwvouy dbpolon xotd TNV

oVpPoor Einstein.
To onpelo exxiviong yia ) Statinwon tou oculuyolc TeofAAuaToc elval 1 eloayOYR TNG
enauinuévne (Lagrangian) cuvdptnong L, n onoia opileton we:

L:J—i—/uindQ—F/qudQ (3)
Q Q

omou u;, g To medlo ouluyole TaylTNTAC Xou Tieomg avtioTouxa xon J 1 cuvdETnon TEOS
exalotonoinom- yia To tedPnuo e IITE yeketdvton oL Vo axdNoubec:

o Awpopd mediov Toyuthtov RANS xau Hi-Fi:

J»U = 2/ Wy (’Ui - vi7hi_ﬁ)2 dQE (4)
Qg

onou 1o (0 avtimpoonnelel elte ONOXANEO TO UTONOYLIO TG Ywelo §2 elte uépog autol,
wy oupPorilel Tou ocuvtekeotéc Popitnrac (yioe xdbe xeXi p), xau i v dBpolon xatd
TIC OPWXES CUVTETAYUEVES (2, Y, 2).

o Awpopd agpoduvouxdy cuvterestdv RANS xan Hi-Fi:

1
Jp = 5 (Cp — CD,hi—ﬁ)2 (5)

Jsy (=Tig+p i) ny i dS
0.5 [[vee||?c

omou yevnd: Cp =

I Tov urtohoyoud TV Tapay Yoy evatctnalog, arnatelton 1 diapodpior tng EE. (E) e
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Tpoc Tic HETAANTES oyedlaopol (tnv T Tou vy og x8Pe x6pufo p):

S s [ -
5th (Sth (Sth (Sth

omov J = Widy, + Wady ye Wi, Wi ocuvtekeotég Popitnrac.  Awgopilovtac v J
Eexwvovtog and Tic EE. (@ (), tc efiodoec ouvéyeiac (BE. (Rd)) % opuric (EE. (RH))
TEOXUTTEL 1) TAUPAXATW EXPEACT):

oL Jq ovj  O(uvy)
5% /Q[Wlwp( — vini) Ioy + e +u ]8% 78%

0 Ou; — Ou; ov;
Kz ((””” (axj ! ax)) } oy ™
Ou; | Op
+/Q |: 8331:| 8l/tpdQ

Ou; 6y (Ov;  Ovj
— dQ)
* o 0z dvyy (3@- * 8:@)

Ou; 8uj> } Ov; s

+/ —qn; + u;ving + (v + v, < +
sL Y ( t) oz Ox; vy,

—I—/ Wakn;r; (D )ng +uml} @ds
gL 0

th

[ D (97'
+/ —ngsnjrg )]Isw —um]] 3 .48 (7)
St Vtp
UE K = %. O£TOVTUGC TOUC TOANATNACIAC TES TOV TUEAYWYWY TWV POIXMYV TOCOTATWY
2 oo

¢ TPOS TG METAPANTES OYEBIAOUOD, EVIOS TV YWEIXWDY ONOXANEWUATOY, (00UG UE TO UNDEY,
Tpox\TTOUY oL gLLUYEelC TEdLaXEC EELCWOELS:

ou;
q _— __ L
» o 0 (8a)
ov;  O(uvy)
R Wlwp ( — Ui hi- ﬁ) ]IQE 8 + Uj 8.1:1 N 8.’13]]
0 Qui | duj\| _
o [(u+w)<axj+axiﬂ - -

Metd v emPorf) xatdAANA0V oplaxdyv ouvinxwmy v to ouluyég TEOPANUA, 1 TENXT
EXPEUOT) TV ToEAY WYV evoncdnolog divetar we:

oL 6o Ou; Ovy (81)@- Ovj) i (9)

(5th (Sl/tp N o 0z Ovy, \ Oz + o0x;

3. IITY oc IleplodixoVg Adgoug

H pot| mévo and 2D mepiodixoic Nogoug anoterel éva xhaouxd tedPAnua yio v aglondynon
HOVTENWY TUEPNS, XxaBdS xapoxTneileton omd TNY EUPAVIOT) EVIOVNG ATOXONANGNG XUTAVTL TOU
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TEMTOU AOYOU, TNV OTolo ABLVATOVY VoL AVATUEAC THOOLY UE axpifeta o cupPotixnd povTéna
TopePng, Onwe mapatneeiton And TIC YEOUUES POEC GTO My AU @ %ol OUYXELTIXE YE T
dedopéva Ui o tdtnTag [la (nedio ypovixd péowv toyuthtov DNS npocoupoinone mou
exteNéo e and [9]). Aoxydotnxay TEVTE TUpaANXYES TS CUVEETNOTS XOOTOUS dlapopdc
toyuthtoy (EE.(H)) yia tnv enthuon tou tpofAfuaroc TITY:

1. J1 = % le (v,; — v“n_ﬁ)Q dS), 6mou 1o Q1 mephopPdvel 60 xeXid- o 30 mou eppaviCouv
v peyoritepn dapopd v; petallh Tou RANS/SA xan tou DNS emhUtn xou 30 tuyoda
ETUNEYUEVAL.

2 ’ 7 7 /7 7
2. Jp = % fQ (Ui — Ui’hi_ﬁ) dS), mou exoloToTOoLEL TNV BLIPOEE TAXUTHTWY OE ONL TA XENLAL
TOU TAEYUATOC.

2 4 7 Z 4 ’
3. J3 = %fﬂ Ay - (vi — ’U@hi_ﬁ) d), 6mouv Ay 1 amOGTAGT TOU XEVTEOU TOU XENLOU P Ao
TOV XOVTWVOTERO TolY0, WoTE Vo dobel TeploadTeEn EUpaon ot Teployé XOVTA OE AUTOV
ToU YoEoXTNEICOVTOL AN YOUNNES TWES TO(UTATOV.
4o Jy = L[ —L - (v — vipis)” dO : 5 ' Blopopd
Jy =5 g 5 - (Vi — Vinif , UE 0TOY0 TNV adlocTatomoinon NS dlapopdc

(Uz‘,hi—ﬁ)
TOUTHTWY.
5. J5 = %fQ (Aip)g . (vi — Ui’hi_ﬁ)Q dQ), cuVBLUCPUOS TV BLO TEOTNYOUUEVWY.
Vi hi-fi
Mopatneeiton 670 Tyhua [l toc dhec oL napadhayée e TITE mopdyouy nedio TayuThtov
moX) mo xovid ota DNS oe olyxpon ue ta ouuPotxd poviéla tipfng, ta omola
yenoworomdnxay yio v apyixononon e uebodou. Ola o amoteNéopota cuvodilovtan

Vx (m/s)
-7.0e-03 0.0 5.0e-3 1.0e-2 1.5e-2 2.0e-2 2.5e-2 3.2e-02
|

| | |

(a) DNS (Hi-Fi) (b) RANS/k-c (c) RANS/SA

(d) RANS/rEV, Jy (agy. SA) (e) RANS/rEV, Js (agy. k-¢) (f) RANS/rEV, Jy (agy. SA)

(g) RANS/rEV, J3 (agy. SA) (h) RANS/rEV, Jy (agy. SA) (i) RANS/rEV, J5 (agy. SA)

Syxnua 1z Ilegiodixol Adpor. Iledia Siaunrovs tayvTnrac xar yoapuss gons yua
dapopetird provréda tigfns xar ovvagrnoes otoyov J.

otov Iivaxa [, otov onolo avaypdpetar emnpdobeta 1 Tk tne Jo oe xde mepintwon, 1
onolo exedlel TNV TETPAYWVIXT] andxAlon TN TodTntog and to DNS anoteNéoyata oe
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ONOXANPO TO LUTONOYLOTIXG Ywpelo. Meyanitepn pelwon tne Jo2, mopatnpeeiton otay yia TNy
IITY yenowonowivton ov Ja 1 Jy (dve tou 90%), evéd axoloubel 1 J5 (nepinov 80%). Tow
Tdon napatneelton xou oty axpeifeta tedBAedne Tou onueiou emavaTEOGXONNN OGS, EVEH GGOV
apopd 0To oNUElo AMOXONATONG, Ol cuvapTthoel J3 xa Js mapouctdlouy TN UeYOAUTERT
oupgovia pe to DNS dedouéva.  Emmpooleto, ta medlo v v ta ouufoatind poviéna
ToePne xan to Bopbwuéva xatd v HITYE ue Jo, mapatiBevion oto Eyrua B, ota omola
gatveton g 1 IITY, avdhoya tnv apyixonolnon, cuyxAivel o BLUPOPETIXA ATOTENECUATA.
Téxoc n IITE vy tnv Jo Qopuoéctnxe Yoo 5 BlPopETIXES YEWUETEIES TEPLOBIXWY NOPWV
(neTafdiNovtag v x\ion Toug), netuyaivovtag oe xdbe tepintwon pelwon e cuvdeTnong
%x60T0UG PeYoNDTERN omd 7T0% ouyxptixd e ta ouufotind povtéra tHpPne.

ITivaxag 1: Ilegiodixol Adpor. Amoteiéopara HTY yia dapogetirés J.

Suvdetnom Movteko J; peioon T, peioon 3npeio omoxo’)\)\‘qc'qq/
oo oL J TVePNC we (%) (%) ENAVATEOCKONTIONG
x ! apxixonoinon ¢ o ctov xdtw tolyo(z/H)
DNS 0.17 / 5.04
RANS/k—e 0.48 / 3.20
RANS/SA 0.25 / 7.75
J1 SA 66.4% 32.0% 0.33 / 6.20
Jo k—e 95.0% 95.0% 0.26 / 5.07
Jo SA 94.5% 94.5% 0.26 / 5.21
J3 SA 81.7% 58.1% 0.20 / 5.76
Ju k—e 97.1% 95.1% 0.30 / 4.34
Ja SA 96.7% 92.6% 0.26 / 5.02
Js k—e 95.0% 83.6% 0.27 /4.54
Js SA 93.3% 72.7% 0.21 / 4.75
nut (m2/5s)
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010  0.0012 0.0013
— ‘ ‘ —
(a) RANS/k-¢ (b) RANS/SA

(c) RANS/rEV, Jy (agqx. k-¢) (d) RANS/rEV, Jy (agqx. SA)

BxAuna 2: Ilegiodixcol Adpor. Iledia vy Sragogetinddy povrédwy tigpns.
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4. IITY otnv Acpotopn NACA 0012 Kovtd ce Anoieia
ZthpLEneg

Ye auth v mneplntwor, yenowornowitow 1 IITY e otdyo ) yelwon tng amdxiong
aepoduvoux®y cuviekeotomv (EE. (E)) and TG TELUUATIXEG TWES YLt TNV OEQPOTOUN
NACA 0012 [L0], oe yoviec npocBoric (AoA) Niyo uixpdtepec amd TNV TEPLOYT OTAELNS
othpeng, oTig onoleg o cupPoatind wovtéla TOEPng elvan mBavo v amotiyouy.

Apyxd, oe tpla mAéyuata Stapopetinic modtntag (ue ~4, 15 xon 230 \iddec xeNd),
mpoyporonoibnxay RANS/SA npocopoidoeic oe dagopetinée AoA. To anoteléoporta
nopouodlovrar oo Lyfua B To apad mhéyuo amotuyydver va axoNoudhoel o TelpauaTixg
dedouéva yloo Tov cuvteneo T dvwone Cr vy AoA > 10° xou o evdidueco apyilel va
aroxAivel otig 15°. €d¢ ex toltou, 1 IITYE yenowonoieitar otoyevovtag:

e cite TNV andxhion tou ouviekeo T omohérxovoac: J = f(Cp),

e cite 10 oTaduouévo ddpoloua twv anoxiicewv Cp xou Cr: J =0.5Cp +0.5C7.

o Exp. (Ladson 1988) ——RANS/SA (897 x 257)
——RANS/SA (225 x 65) ——RANS/SA (113 x 33)
T T 0.03

0.025
§

1t “J 0.02

S S 00151

0.01

0.005 -

205 . . . . . . .
-5 0 5 10 15 20 -0.5 0 0.5 1 1.5 2
AoA (deg) @]

yxhua 3: NACA 0012. Aegpodvvauuxol ovvteleotés ya Siapogetin) modtnta
aléyuarog: Cr vs AoA (agiotepd), Cp vs Cp, (8ekid).

Evoextixd, otov Ilivaxa P mopoucidlovton tar anoteNéoyata eapuoyhc tne HITE
v AoA = 15° oto yeocaio xou 670 opoud mMAEYMA, xoBOC xou 1 oUYXELOY TOUG UE TO
Tuxvo, xalBde ot ouYXEXPWEVN Ywvia TpooBoric, autd eaxoloubel vo avamopdyel pe
wavoronTix axpifelor o mepopaTind dedopévor (Eyua B). Ye ohec tc efetalbuevec
nepintwoelg, N IITYE odnyel oe Pektinon twv aepoduvaixy GUVTEAEGTOV xou petatonilel
T0 onuelo amoxdNAnone mpog T 0éom Tou GTO TMUXVO TNEYUQ, EWBWXA OTNY TEPITTWON
J = f(Cp). H anoteleopotxdmyra tne pedddou amotundveton oto Yyfhua H, émou
XATUPEPVEL VO TIEQLOPIOEL ONUOVTIXA TNV €XTACT TNG TMEPLOXNG ATOXONANONS oL TEOPBNETEL
0 RANS/SA o610 €vdidueco nhéyua.
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IMivaxag 2: NACA 0012. Aepodvvapuxol ovvreleotés xar amoxAioes and ta
nepapatied Sedousva otg 15° AoA ue epaguoyn tne ITX.

xET. YxET. Ynueio
TOrog npocopoilnong CL CPANLA Cp CQAAULA  ATOXON.

Cr (%) Cp (%) (/)
Melpopo. [LO] 1.519 — 0.0185 — no data
RANS/SA (230k xe\id) 1.537 1.2 0.0203 9.7 0.913
RANS/SA (15k xe\id) 1.477 2.8 0.0249 34.6 0.804
RANS/rEV (15k xe\id)

1.594 4.9 0.0185 0.0 0.932
J = f(Cb)
RANS/rEV (15k xeh\id)
. . .021 16.7 .
J =05 f(Cp) +0.5 £(Cr) 1.527 0.5 0.0216 0.865
RANS/SA (4k xex&) 0.798 -47.5 0.119 543.2 0.099
RANS/IEV (4k xehid) 1.717 13.0 0.00848 54.2 0.361
J = f(Cb)
RANS/rEV (4k xe\id)
. . .034 88.1 .

J =05 f(Cp) + 0.5 £(Cr) 1.586 4.4 0.0348 0.309

Vx (m/s)

-65.3 0.0 50.0 100.0 145.8
[ o — ‘ :
(a) RANS/SA (230k xehd) (b) RANS/SA (15k xehd)

(¢) RANS/rEV (15k xehd), J = f(Cp) (d) RANS/rEV (15k »xehd), J =
0.5 f(Cp) + 0,5 f(CL)

ExAue 4: NACA 0012. Iledia daunxovs tayiTnrac (apioteod) xar yoaupés 0ons
xoved oty axun expuyns (8ebud) ya Sapogetind povtéda togpfns otic 15° AoA.

5. IITY o 3D Moviela AuTtoxXivAToV

Yy evotnra auth, 1 HTE vy ) 8bpbwon e Blapopds taxuthtov epapuoletol oe
TEWIAo TATES POEG, TEpLoyY oTo omolo 1 oxetixh BiAoypaplo Twv pebddwy avtioTpoPnc
nedlou mopouével Teploplopévr. (¢ cuvdptnon atoxou oplletan 1 J = % Jo (vi — ’U,L'7hi_ﬁ)2 sy,
evey oo TV eloywyr) Oedouévov LPNAAC TOTOTNTOG TEOYUATOTOOOVTOL U1 UOVIES
npocopowdoelc DES/SA [11] Sudpxetag 5 s, ye xpron twv televtadov 3 s yia Ty eaywyn
TV Y€owv poixwv medinv. To oyruata ta onola tpocopoumvovton elivon T e€AC:
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Ahmed body pe onioba xexhpévn emupdvera 35° [12],
e SAE Nothback pe onicBior xexhyuévn emupdvero 20° [L3],

DrivAer Fastback ywplc p6dec xou xobpéntec [14],

DrivAer Estateback ywpelc pddec xou xabpéntec [14].

[t ONeg TIC TEPIMTOOELS TEAYUATOTOWAONKE YEVEDT) TINEYUOTOC WUE YENON TWV EQYOUNElWY
blockMesh xou snappyHexMesh tou OpenFOAM, xofo¢ xat TOXVWON TV TERLOYWY YUE® ond
TNV EMQAVELL TWV COUATWY XaL G TOV oubdpou touc. Tao aroteréopata yio TNy TEdPAedn Tou
Cp nopovoidlovto otov ivaxa B, 6rou patveton 6TL 1) Pertioon Tou nedlou TayLTATEY PEcw
e IIT odryel mapddAnia oe xoaAUTeRT TEOPAEPT TNG TUWNC ONOXATIEWTIXWY AELODUVOULXEY
CUVTENECTOV.

IMivaxag 3: Xlyxoon mooflépewy Cp yia dles ts meguntwoes 3D avroxnvitwy.

(RANS/SA / (RANS/IEV /

IIeol exp DES/SA ,D , ;D ,
epintwon Ch Ch ATOXALOT ATO ATLOXALOY] ATO

DES/SA DES/SA
Ahmed body 0.279 [12] 0.306 0.329 (7.5%) 0.302 (-1.3%)
SAE Notchback 0.207 [L5] 0.214 0.235 (9.8%) 0.217 (1.4%)
DrivAer Fastback  0.124 [14] 0.113 0.132 (16.8%) 0.124 (9.7%)
DrivAer
Estateback 0.195 [14] 0.191 0.210 (9.9%) 0.193 (1.0%)

TéNog, evdewtind medla TayUTATOY o Tomoloyiec oTEOPINICUGY TNG EONC Yol TNV
nepintwon DrivAer Fastback mapoucidlovan oto Syfua [l (o1 otpéfilor ontixorootva
péow tou xprtnpiou A [L6] o xpwuatilovton ye Bdon tn @opd Tepto TpoPic TV oTolElWY
tou pevotol). Ilopatneeitan 6Tt 10 poviého RANS/TEV  avoamoapdyer pe peyaitepn
axpiPela, oe alyxplon ye to RANS/SA,| 1600 10 oyfua 660 xou to péyeboc tov otpofilwy
tou DES/SA. Tlopd\Anha, amodider motdtepa v éxtaon xou T Béon e Lovng
AVOXUXNOPORIOG O TNV TEPLOY Y| TOU XOVTIVOU OUOEOU.
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normalized helicity Vit (m/s)
-1.0 -0.5 0.0 0.5 1.0 -3.5 0.0 5.0 10.0 15.0 19.0
Il |

e —— - ‘

(a) DES/SA

(b) RANS/SA

(c) RANS/rEV

YxAuo 5: DrivAer Fastback. Ioosmupdveies tov adidotatov xoungiov Ay (A2* =
—0.1) (agiotepd), xar medla péoms Siaunxovs TtayvrTnTac xar yoauués QonNs oTny
segoxn tov oudpov (Sekid).

6. Beltiotonoinon Mopprc AvTtoxivritou we Xprom
ITTY xouw XvpPorixnic ITarwvdpouiong

Tekevtaio e@apuoy? g SimAwpatixig epyoaciag, anoteel 1 PelticTononon wopenc Tou
Ahmed body vyt ehogiotonoinon tou Cp, yéow tng cuveyols culuyols uebddou, e xeron

UTOXATEG TOTWV LOVTENWY TUPPNE Paotloueva oe Sedopéva, GUYXEXPULEVAL:

o yenowonowwvtag ancubelag to dlopbwuévo medio v tne IITE-poviého RANS /rEV-
dlatnewvTag To otafepd xatd Ty eniAucT 1660 ToL TEETEVOVTOC 6G0 XL Tou cLLUY 0V
TeoPNfuatoc, oe xdfe xOx o PelticTonomone.

TeoodoTOVTAS ot Ui maatgopua XIl-n omola avamtixOnxe oto mhaloo Tng
dimhopatixfc epyooioc e Mnato [L7])-téc0 yewuetpd (N.yx., andotoorn ond
tolyo A), 600 xou poixd (N.x., TayvTNTES, OTEOPNGTNTA, TEoES) Tedlo amd T Ao
e HTE. H XII emMéyel Toug xatdANNAOUC GUVOUACHOUE TOV TEDlWY EL0600U X
TOUg OUVOEEL PE pabNuUaTIXoUE TENEOTES xan OTabEpES, MOTE VA ENXYICTOTOLACEL T
cUVEETNOT KOG TOUC:
N
Floss = Z(ﬁtp - ﬁtp,HTZ)Z (10)
p=1

To povtého RANS/cfEV nou npoxintel elvar avdXoyo tng dloauixous todTnTos vy
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o Tou A
vy =aq - (vy —ag) - A, énou: a; = —0.001629613 xon ag = 1.0012314 (11)

xou M yefion tou yua v enihuon e pofc Ylpw and to Ahmed body (ct0 onolo
extoudelTNxe) divel TOND xovtvd amoteléopata oe autd tou RANS/rEV, énog
ATMOTUTVETAL OTA TEOPIN a&OVIXOV TAXUTATOY OTO Lyhud B To wovtého autd,

o Experimental ----DES/SA - - -RANS/SA
—RANS/tEV e RANS/cfEV (comp. 7)

500 —

450 |-

‘
200 ! : : : ; 0
-250 -200 -150 -100 -50 0 0 100 200 300 400 500 600

X X +20v,/v, (mm) X X +30v,/v, (mm)

Syxnua 6: Karavoun péons diaunrxovs tayvrnras pa Siapogetiols emAites gomng
oto eninedo ovupetolas- oto miow pépos tov Ahmed body (apiotepd), xar otoy
opdegov Tov (Sekid)..

yenowotnoLeiton v Tn PelTioTonolnon pop@c:

o elte L6 Y VTEBEoT Ty VEVNS (aueTdPANTNC) TOEPNS xutd TNV enihuon
TV oLlUYOV eEloOoEWY,

o elte ye ™ SrapodeLom Tou TUToL Tou 1 o T culuyeic eglowoelg, 1 omola
XaToAyeL 6TV tpoctixn evog emmiéov Gpou otn ouluyy e€icwon TNe opurg

/7 . 8“1 81}-; 81]' 3 7 7 7,
xATd X [6;1:3- oz, T a—é) alA}, xau €vog ot ouluyt e€lowon unoloylouol Tng

’ ’ z ; ; 8 1
AmOCTACNE OO TOV TOlYO: [g;‘; (27”; + 8—2) ay(vy — ag)].

OXa 7o poviéra  mpoypaupatilovton oto OpenFOAM xou  ouyxplvoviow Ue
BeNtiotonoinon wopyic ue RANS/SA (mhfpoc Spopiopévou otic ouluyeic efiodoeic) [18].
H moapauetponoinon tng yeouetplag emruyydveton pe xpron 800 xouTuwy Uopgonolnong,
ToTofETNUEVOY OTNY dve xou xdTe Teploy Tou xexAipévou emnédou tou Ahmed body-
(BNéme Syfua fd).

O yewpetpleg mou mpoxdnToLY amd xdbe diadixacio PeXtioTomoinong xabde xou tar Tedio
ToyUTHTOY, Topouaidlovian oto Lyhua B xou enavaZioroyolvion péow TEOGOUOLHOGEDY
DES/SA. H wh Cp mov unohoyiletoaw ané to DES/SA Oewpeitan axpfric, o Pdoet
auTthc aloroyelton To xatd T6co PelTindnxe mporyuatd N yeoueteion. Ta cuyxevipwTixd
aroteNéoporta napatifevton otov Mivaxa i To xa\itepo oyhua autoxvitou tpoxintet and
™ Pertiotonoinon pe to poviého RANS/CfEV vy nayouévo vy oto ouluyés mpdfanua,
0071600, T600 Ta MEd{aL TorUTATWY 660 xou 1 > 12% andxhion e e Cp mou uroloy(lel
T0 WovTéNo, and authy Tou DES/SA, xatadeixviouv tog o em\itng dev unopel vo Bewpndel
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active CPs

I E——

0 1

Syxnpa 7: Kovud pogpomoinons yia magauetoomoinon tng yewuetrolas. Ta onuela
edéyyov Sev uetarnwvolvrar xard Ty y xarevdovon.

Normal Displacement (m) Vx (m/s)
-7.e-03  -4e-3-2e3 0. 2e3 4e3 7.e-03 -13.0 0.0 10.0 20.0 30.0 40.0 50.0

(a) RANS/SA (4} xvxdot)

(b) RANS/rEV (2 xtxlo)

(c) RANS/cfEV naywuévo vy oro ovlvyés (2 xvxdot)

(d) RANS/cfEV diapogiouévo vy aro ovlvyés (2 xvxior)

SyxAua 8:  Xvyxpion amoteleoudrwy Pedtiotomoinons ya dapogetind provréda
Toopne:  tehxn yewupetola (agiotepd), Saunxne TaylTnTta xar yoauués ©ons oto
eninedo ovupeTolas vrodopouéves and to exdotote ovtédo (x€vtpo), xar amd Tov

DES/SA emulbrny (8ekid).
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ofiomotoc-avtiotoya xou ywo tov RANS/TEV. Avtbétoc, to mhfpec dgoplopévo
RANS/cfEV xatagépvel va Bektidoet ) yeopetpia xatd 4.6%, évavtt 1.0% tou RANS/SA,
oe 0U0 AOXAOUC €VOVTL TECGPWV TOU TENEUTH(OU, TOEOUCIALOVTAS TOUTOYEOVO WXEY
andxAlor otov utoroyioud tou Cp and tn Noor tou DES/SA (< 5%).

ITivaxag 4: Xvyxoiwon Cp pa dles i pedodovs Pelrioromoinons poogns tov Ahmed
body.

DES/SA Siapopd Tou
e Movtélo CrovEN &OLCDO & o/mé povTélou
o P PP and To

ARYLXO YN DES/SA

RANS/SA 0.329 7.5%
¢ = 35° Ahmed body. RANS/rEV 0.302 0.306 -1.3%
RANS/cfEV 0.310 1.3%
Behroz. pe RANS/SA, 4 RANS/SA 0326 0.303 (-1.0%) 7.6%
HOXNOL.
Bedmiot. ue RANS/rEV, RANS/TEV 0.336 0.288 (-5.9%) 16.7%
2 xot.
Behtiot. pe RANS/cfEV
ToywW. v 6to ouluyég, 2 RANS/cfEV 0.305 0.271 (-11.4%) 12.5%
HUXNOL.
Behtiot. ye RANS/cfEV
drapopts. vy oto ouluyéc, RANS/cfEV 0.306 0.292 (-4.6%) 4.8%
2 xwxhot.

7. Yvunepdopata

H uéfodog II'TY BeXtidver onuavtind 0 cUVONXY avarapdoTtaoy Tou Tediou poYic T600 o
OLoBLEC TAUToL OGO XA OE TELOOLAO TUTAL TEOPAAUTA, XU OE GUYXELOT| UE TA XAACOUXA LOVTEND
TOePNg, npocyipel axpBéotepes TeoPAEPELS Tou YeYEBOUC TV TEPLOY WY avaxuxAooplac, TNG
TomoNOY(0g TOV Bdouwy oTEOPINOUOD, XaL TN aepOdUVAUIXAC avTioTaong. Axdua, divato
va. eappooTtel pe emtuyla avelopthtwe e apyxonoinone (RANS/SA, RANS/k—€) i tnc
Hopphc Twv dedouévav LPnNic miotétnag (netpopatixd, DNS, DES/SA). Emniéov, n Xoon
e IITY, unopel va cuvbuactel pe uebddoug Xl yio tnv €xgpacn tou mediov vy péow uiag
ayePeuic oxéong, cupPdrhovtag ot onuoveyio VEwY YoVTENWY Baclouévey e dedouEva
Tpog adlonoinon o€ epappoyéc BeNTioTonolinong Hop@rc.

TéNog, vy yehovuxn €peuva mpotelvovtow 6Vo xUptec xatevBivoewc:  Ilpdtov, 7
OlepelvnoT VEwv cuvapthocwy x6ctoug otny IITY, 6nwng n otdyeuon TNC XxATAVOUNC TWV
ETMLPAVELIXWY TACEWY ETEXTEVOVTAC TNV TEOCEYYLON TOU axoloudrhdnxe €dw, o6mou wg
GTOYOL YENOWOTOINXAY ONOXATEWTIXE acpoduvouxd Ueyédn. Acbtepov, 1 uabnuotixi
dlatimwon e ouveyolg oculuyolc wuebBodou Yo meofAAuaTa avTicTeoprc medlou, e
otéx0o N Sbpbuon emheyuévov dpwv Tov cupfatixdy wovielov toePne (X\.x., Tou Gpou
nopaywyhc oto woviého RANS/SA) avtl tng mhipoug unoxatdotachc toug. M tétow
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Tpocéyyilon Ba unopoloe va Slatneroet TN oTLPoedTNTY TOV HOVTENWY XATd TNV ETUAUCT TWV
RANS, anogelyovtac mopdAAnia tn dnuioveyio apioxwy mediov vy.

Mépog tng €peuvag mou TUEOVCLAGTNXE TNV TAUPOUCA EpYATia XENOILOTOONXE Yior TNV

exnévnom dnuooieuone ota mpoxTixd EmoTNHOovViXd cuvedpiou [19].
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