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Abstract

In modern computational science and engineering, Uncertainty Quantification (UQ)
plays a pivotal role in enabling reliable and robust simulations by accounting for
variabilities in input parameters. This diploma thesis investigates efficient UQ
methodologies, with a particular focus on the implementation and enhancement
of regression-based non-intrusive Polynomial Chaos Expansion (PCE), as well as
its extension to adjoint-assisted as well as arbitrary PCE (aPCE) frameworks. The
aim is to significantly reduce the computational cost of UQ) in complex engineering
systems, such as those governed by Computational Fluid Dynamics (CFD), without
compromising accuracy.

Initially, the thesis revisits and implements the foundational non-intrusive PCE (ni-
PCE) method, which circumvents intrusive reformulations of governing equations
and treats the computational solver as a black box. To improve the regression pro-
cess in ni-PCE, the adjoint method is incorporated to exploit gradient information
of the Quantity of Interest (Qol) with respect to uncertain inputs. This adjoint-
assisted regression-based PCE technique forms an overdetermined system using both
Qol evaluations and their sensitivities, effectively reducing the number of required
CFD simulations and accelerating convergence, especially for high-dimensional prob-
lems.

Recognizing the limitations of classical PCE in handling non-standard input dis-
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tributions, the thesis further develops the arbitrary Polynomial Chaos Expansion
(aPCE) framework. This data-driven approach constructs a custom orthogonal poly-
nomial basis tailored to empirical input distributions, leveraging the Mysovskikh
theorem and moment-based orthogonalization to build robust bases from limited
statistical information. Both 1-D and multi-dimensional aPCE formulations are
explored and rigorously verified.

To model geometric variability, particularly shape imperfections in aerodynamic
applications, the Karhunen-Loeve Expansion (KLE) is employed. The KLE offers
a compact and accurate representation of random fields such as shape deviations,
enabling their integration into the UQ framework in a mathematically consistent
manner.

The developed methods are systematically verified through a series of test cases,
including canonical benchmark problems like the Borehole function, and real-world
engineering applications such as uncertainty analysis in airfoil performance, shape
imperfections, and Supersonic Business Jet (SBJ) design metrics. Results demon-
strate that the adjoint-assisted and arbitrary PCE techniques yield accurate esti-
mates of stochastic moments (mean and variance) with drastically fewer samples
than traditional approaches, such as Monte Carlo Simulation.

Overall, this diploma thesis provides a comprehensive and scalable methodology
for efficient and accurate UQ in engineering systems. The integration of adjoint
information and empirical distribution handling extends the frontiers of polynomial
chaos expansion methods, making them suitable for a broader range of real-world
CFD problems.
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Hepirndgn

Y1 obyypeovn utohoytotixr unyovixr, n llocotixonoinon ABeBoudtnroc (Uncertainty
Quantification - UQ) Swadpopartiler xadoptotind pdho oTn dnuiovpyio altdTo ey Teo-
COUOWWOERY, AofdvovTag LTOYN TN OTOYUCTIXOTNTA TOV TORUUETEWY elo6dou. H
OtmhouoT pyaoio o Tidlel oty avdmtuin xou Beitivon anodoTixwdy Yetddwy UQ,
ue éugaon oto un-enepPotnd Ilohuwvuuxd Avdmtuypo Xdoue (Polynomial Chaos
Expansion - PCE) Bootopévo o€ ypauuixs taAtvdpounon, xadone xor oty enéxtoo)
TOU UE TN YPNOT) TOQUYWYWY Xl TNV TEOCUPUOCUEVT €xBoaT Yo audaipeTeg xatovo-
uéc (arbitrary PCE - aPCE). Etdyoc eivor n onuovtixr pelwon tou utohoytoTixol
x60toug e UQ o cuotiuata pe torég aféBaiec petaBAntée, yweic vo ennpedleton
1 axpifelo 1wV ATOTEAEOUATWY.

Apynd, n epyaoia avantiooel xou VAomolel o Boacind oyfua tne un-enepPotinfic PCE
(ni-PCE), o onolo amogedyel v eneufotix| avadiatinmon twy eEGHGENDY ToU Uo-
VTEAOUL X0 aVTIUETWTILEL TOV UTOAOYLO TIXG ETAUTH WG «podeo xoutiy. ot Peitinon
e Stadxactog mokvdpdunong (regression) otnyv ni-PCE, evoouatadveton 1 ouluync
uétodoc (adjoint), wote va ofonotnody oL, ue oXovouIxXd TEOTO, UTOXTOVUEVES TO-
edywyor e Hoodtnrag Evdugépovtoc (Quantity of Interest - Qol) we mpog tig
oPéBaec petafBintéc. Auth 1 TeyVixn Blaop@mvel €va utepxaoploévo cUoTNU -
EIOWMOEWY, UELOVOVTAC BpaoTixd Tov aptiud Twv anoutoluevewy tpocouolnoewy CFD
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xou EMTaY OVOVTOC T1 GUYXALOY, Wialtepa o€ Tpofiruata UmAng Bido Taong.

AvayvwpiCovtag Toug Teplopiools tou xhaowol PCE oty avdhucon un-tumxay xo-
TOUVOUWY EL0GO0U, 1) Epyacio avamTIGOEL TEpUtTERK TO TAdloto Tou avdaipetou TTohuw-
vupxol Avamtoypatog Xdoug (aPCE). Auth n mpooéyyion, Baciopévn oe dedouéva,
HOTAOKEVALEL Yol TEOCUPUOCUEVT 0pTVOXAVOVIXT] TOAUWYUULXT B30T Yiol EUTELPNES XO-
ToVOpES EL0600L, aloTolwvTag To Yewenuo tou Mysovskikh xan teyvixéc optoywvio-
Tolnomg Pactoyéves oTIC OTOYUOTIXEC POTEC. AVOTTUOGOVTAL TOCO LOVOBLAG TUTEG OGO
xou TohudLdotateg exdoyéc tng aPCE xou ehéyyovton pe oauotned xpLtrpta.

[or Ty Eptypa ] YEWUETEXOY UETABOADY, OLUTEQN XATUACHEVAOC TIXDY UTEAELDY OF
oepoBUVOUIXES EQapUOYES, YenowoToteiton To Avdntuyua Karhunen-Loeve (KLE). To
KLE mogéyet o cuvortiny xan oxpl3y| avamapdo oot Tuyalwy Tedlowy, 6nwe ol pop-
QONOYIXEC ATOXAOELS, EMTEENOVING TNV EVOWUATWOT Toug oTo mhaioo tng UQ ue
Hord oty GUVETELDL.

O mopamdve pédodol allohoyolVToL GUO TIUATIXG UECH ULIG CELRAS TEOPATUATOY, GU-
urepthopfBovouévou tou amhol wadnuatixol tpoflArjuatog Borehole, xadog xou mpary-
HOTIXWY EQUOUOY WY, OTIKS 1) TocoTonolnoT aBefutothtwy ot pot| Yipw and agpoTo-
Un, ATEAEIEC OYAUATOC XOU HETEHOELS AEPOBLVOLXAC ambdoone o Tepnyntind Aegpo-
oxdpoc (Supersonic Business Jet - SBJ). To amotehéoparta Seiyvouv autéc oL teyvixég
Topéyouy axplBelc exTIUAOES oTATIOTIXWY YeYedody (uéon Tun, Stoxduavon) e ToAD
Ayodtepa Oelyuata o olyXEIon UE TIC Xhaoweg Uevddoug, omwe 1 wedodog Monte
Carlo.

Yuvoruxd, 1 epyasia auTY TEOGPEREL Lol ONOXANEWUEVT Xl ETEXTACLUY Uedodoloyia
Y10l AMOTEAEOUATIXT Xou axEU31| TocoTOTONoT ABEBadOTNTUS OE PNy AvVIXG CUC TAUTA.
H evowudtemon tAnpogoplug mopayywy xaL 1) SLoyelplor) EUTEIQXMDY XUTAVOUMY OLEU-
eLvouy 1o TEdlo eopuoyYhc TV ueVddwy PCE, xaictodvtag Tic XatdAAnAes yia val
euplTEPO doua Teofinudteny CED tou mpayuatixod xocpov.
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Nomenclature
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CFD
CPU
CU
EFS
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KDE
KLE
LHS
MCS
MDA
MDO
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Chapter 1

Introduction

1.1 Uncertainty Quantification

Uncertainty Quantification (UQ) is an essential discipline within computational me-
chanics that focuses on propagating existing input uncertainties through nonlinear
systems to assess how they influence the uncertainties in the system’s responses.
These uncertainties can arise from various sources, including inherent variability,
measurement errors, and model approximations. The system’s outputs or responses
are typically referred to as the Quantities of Interest (Qols).

The practice of UQ involves a systematic approach to identifying, quantifying, and
propagating uncertainties through a model. One of the fundamental techniques
employed in UQ is Monte Carlo Simulation (MCS) [I7]. MCS is a statistical method
that relies on random sampling to compute the probabilistic distribution of the
Qol. By performing a large number of simulations with varying inputs, MCS can
provide an empirical approximation to the response distribution, allowing for the
estimation of statistical moments such as the mean, variance, skewness, and kurtosis
of uncertain responses.

Another prominent technique used in UQ is Polynomial Chaos Expansion (PCE)
[12]. PCE is a spectral method that represents the Qol as a series of orthogonal
polynomials in terms of the input uncertainties [6]. This method is particularly
advantageous for its efficiency in capturing the behavior of complex models with
fewer simulations compared to traditional MCS. The coefficients of the expansion
can be determined by either projecting the Qol onto the orthogonal polynomials
(Galerkin Projection) that are numerically integrated or using regression methods.

The application of UQ spans numerous fields, including engineering, finance and
environmental science. In this diploma thesis, the focus is on the application of UQ



to Computational Fluid Dynamics (CFD) simulations and optimization problems.
Overall, UQ serves as a critical tool for advancing the accuracy and credibility of
computational models, ultimately leading to more informed and confident decisions
in the presence of uncertainty.

1.1.1 Non - Intrusive PCE

Non-Intrusive PCE (ni-PCE) [5] is a variant of PCE that does not require modifica-
tions to the existing computational model. Unlike intrusive methods that necessitate
direct integration of the PCE framework into the model equations, ni-PCE treats
the model as a black box within the UQ framework. This flexibility makes ni-PCE
particularly appealing for complex systems where modifying the model is impracti-
cal.

Typical methods for ni-PCE include the use of quadrature, collocation, and regres-
sion techniques to determine the coefficients of the polynomial expansion. Quadra-
ture methods involve evaluating the model at specific input points and integrating
numerically, while collocation methods use a predefined set of sample points to con-
struct the polynomial basis.

A prominent approach within the ni-PCE is regression-based PCE, which leverages
regression techniques to estimate the coefficients of the polynomial expansion. More
specifically, the Qol is evaluated at a number of sampling points, where the coeffi-
cients are computed by solving a linear system of equations, effectively fitting the
polynomial chaos model to the observed data. Except from the typical regression-
based PCE, the Adjoint-Assisted Regression-based PCE method has been proposed
in [I5]. This method requires not only the values of the Qol but also the sensitivity
derivatives of the Qol with respect to the uncertain parameters. These sensitivity
derivatives are computed using the adjoint method. The Qol values, along with the
sensitivity derivatives, are then utilized to construct an overdetermined system of
linear equations, which can be solved using methods, such as Least Squares or the
Singular Value Decomposition (SVD) technique [7]. The adjoint-assisted regression-
based PCE method reduces the cost of UQ by reducing the number of sampling
points required to compute the coefficients of the PCE [I5].

Overall, the ni-PCE with regression, especially when augmented with adjoint-assisted
pieces of information, provides a robust and scalable framework for UQ in various
complex systems.

1.1.2 Arbitrary PCE

Arbitrary PCE (aPCE), also known as Data-Driven PCE [I4], is an advanced PCE
variant that adapts the polynomial basis to the actual data distribution. Unlike tra-
ditional PCE, which relies on predefined orthogonal polynomials tailored to stan-
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dard distributions (e.g., Gaussian, uniform), aPCE constructs a polynomial basis
that best fits the empirical distribution of the input data.

The aPCE methodology involves the following steps: first, the probability distribu-
tion of the input data is analyzed to determine its key statistical properties, such
as mean, variance, and higher-order moments. Next, an appropriate set of orthog-
onal polynomials is constructed to match this distribution. This adaptive approach
allows the aPCE to handle non-standard and complex distributions that are often
encountered in real-world applications.

One of the primary methods used in aPCE is the construction of orthogonal poly-
nomials through the Mysovskikh process [13], applied to the input data set. This
ensures that the resulting polynomials are orthogonal with respect to the empirical
measure of the data. Regression techniques are then employed to determine the
coefficients of the polynomial expansion, as in ni-PCE. By fitting the polynomial
chaos model to the observed data, the aPCE can capture the underlying uncertainty
more accurately.

The aPCE is particularly valuable in scenarios where the input data does not follow
conventional probability distributions and by leveraging data-driven techniques, it
enhances the flexibility and applicability of the PCE methods, providing more precise
uncertainty quantification for complex and irregular data sets.

1.2 Thesis Objectives and Layout

The primary objective of this diploma thesis is to implement and enhance advanced
methods for UQ within CFD frameworks using adjoint-assisted regression-based
PCE, as well as arbitrary PCE. More specifically, it aims to develop and validate
an efficient approach for quantifying uncertainty in engineering systems by com-
bining non-intrusive PCE methods augmented with adjoint sensitivity information.
The approach intends to significantly reduce computational expenses by decreasing
the number of required simulations while maintaining high accuracy in predicting
statistical moments of the Qol. To summarize, the implemented methods include
regression-based generalized non-intrusive PCE, adjoint-assisted regression-based

generalized non-intrusive PCE, regression-based arbitrary PCE, and quadrature-
based arbitrary PCE.

To achieve these objectives, this thesis systematically addresses several key aspects:

Implementation and validation of generalized ni-PCE

The study will begin with implementing the generalized ni-PCE framework, exam-
ining its performance, and validating it through benchmark problems. Generalized
ni-PCE refers to the ni-PCE method that can handle any type of conventional
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probability distribution. This serves as a foundational step for understanding the
complexities involved in UQ.

Integration of adjoint-assisted regression

Following the establishment of ni-PCE, this diploma thesis incorporates adjoint-
assisted pieces of information to augment the regression process. The adjoint method
provides sensitivity derivatives of the Qol, allowing for fewer model evaluations and
subsequently reducing computational resources significantly compared to traditional
regression methods.

Development of aPCE

This diploma thesis will also thoroughly develop the aPCE framework and explain
its mathematical formulation, with the aim of tackling problems in which some or
all uncertain variables do not follow conventional probability distributions.

Modeling of Shape Imperfections

The thesis incorporates the Karhunen-Loeve Expansion (KLE) to effectively model
and quantify the impact of geometric shape imperfections on aerodynamic perfor-
mance. This approach accurately captures the variability arising from such imper-
fections, ensuring robust predictions in practical CFD applications.

Application to Engineering Cases

Finally, the methodologies developed in the thesis are applied and evaluated through
several engineering test cases. These include assessing uncertainties in airfoil flow
conditions, shape imperfections, and the performance metrics of a Supersonic Busi-
ness Jet. Each case demonstrates the practical benefits and computational advan-
tages of the adjoint-assisted regression-based PCE approach.

Chapter 2 presents the theoretical foundations and numerical implementations of
ni-PCE and aPCE, emphasizing adjoint-assisted regression techniques. Chapter
3 introduces the mathematical formulation of the Karhunen-Loeve Expansion and
elaborates on its application to modeling shape imperfections. Chapter 4 provides
detailed analyses and results from the implementation of the proposed U@ methods
in selected engineering scenarios, focusing on computational efficiency and accuracy.

The four variations of PCE implemented in this thesis are compared in Table [I.T],
highlighting their key characteristics.



PCE
Method

Basis

Construction

Coefficient

Computation

Regression-Based

Generalized PCE

Wiener-Askey

polynomials

Least-Squares

Adjoint-Assisted
Generalized PCE

Wiener-Askey

polynomials

Least-Squares

Regression-Based

aPCE

Data-driven orthogonal

polynomials

Least-Squares

Quadrature-Based

aPCE

Data-driven orthogonal

polynomials

Numerical

integration

Table 1.1:

Implemented PCE methodologies



Chapter 2

Uncertainty Quantification

2.1 Non-Intrusive PCE

2.1.1 Formulation and Chaos Order

In the ni-PCE, the Qol which is dependent on the vector of uncertain variables
¢i,i € [1, M] , is approximated as

GEDPIAC) (2.1)

where M is the number of uncertain variables, ) is the total number of expansion
terms, H;(¢) the multi-dimensional orthogonal polynomials, and «; the correspond-
ing weights.

The upper bound of this expansion is referred as the chaos order (k) and corre-
sponds to the highest degree of polynomial used in the series. This chaos order
essentially controls the level of detail and the complexity of the model. A higher
chaos order can capture more intricate interactions between the uncertain variables
but at the cost of increased computational burden and the potential for overfitting if
not managed correctly. Conversely, a lower chaos order simplifies the model, which
may be beneficial for computational efficiency but might not adequately represent
the underlying stochastic behavior, if the complexity of the true system is high.
Selecting an appropriate chaos order is crucial for balancing accuracy and efficiency
in stochastic modeling.

The multi-dimensional orthogonal polynomials H;(¢) are constructed using a tensor
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product expansion of the univariate orthogonal polynomials h;(c). The tensor prod-
uct expansion involves taking the product of univariate polynomials h;(c) defined
for each uncertain variable, thereby constructing multi-dimensional polynomials that
preserve orthogonality across all input dimensions.

The total number of expansion terms () can be determined using two different meth-
ods. In the first method, the expansion terms are limited by the one-dimensional
polynomial order bounds p; for the j-th uncertain parameter. This can be consid-
ered as the chaos order for a single uncertain variable within the entire set and is
given by [3]:

M
Q=1]w+1 (2.2)
j=1
The second approach allows the chaos order k to be directly specified through the
field of Combinatorics [23]. More specifically, the number of combinations of M
integers with a sum lower than or equal to k is given by the following formula:

(M (kM) (MA1)(MA2)--- (M + k)
o= (i)~

= 2.
k k!M! k! (23)

The distinction between the two methods lies in the way the chaos order is defined.
In the second method, the user specifies the total chaos order k of the expansion,
which represents a single value corresponding to the highest degree of the multivari-
ate polynomial. Conversely, in the first method, the user specifies a set of values
{p;}, where each p; denotes the highest degree of the univariate polynomial for each
uncertain parameter, and the sum of these values equals the total chaos order k.

The first method has the advantage of allowing greater control over the maximum
univariate polynomial order p; for each uncertain parameter, enabling different max-
imum polynomial orders for individual variables. This characteristic is known as
anisotropy. However, due to the frequent lack of such specific information, the sec-
ond method is more commonly used. For the purposes of this work, the second
method is utilized.

As shown in Table[2.1] the number of PCE coefficients (Q) to be computed increases
exponentially with the chaos order and the number of uncertain variables. So, as
this diploma thesis focuses on regression techniques for computing these coefficient
computational cost increases dramatically with the complexity of the model. Later
in this chapter, the adjoint-assisted regression technique that significantly reduces
the computational cost of the PCE coefficients calculation.

The general form of each multi-dimensional orthogonal polynomial H;(¢) is



Uncertain Variables (M) PCE Coefficients @
Chaos Order k =1

1 2
4 5
7 8
10 11
13 14
16 17
19 20
22 23
Chaos Order k£ =2
1 3
4 15
7 36
10 66
13 105
16 153
19 210
22 276
Chaos Order k£ =3

1 4
4 35
7 120
10 286
13 560
16 969
19 1540
22 2300

Table 2.1: Number of PCE Coefficients for Different Numbers of Uncertain Variables
and Chaos Orders.

H;(@) = [ [ hi(c), D i<k, (2.4)

So, the index of the multi-dimensional orthogonal polynomial H;(¢) scales with the

chaos order k as
0<i<@Q-1 (2.5)

It should be noted that the input uncertain variables ¢; must be standardized (mean
value ;1 = 0 and standard deviation o = 1) and uncorrelated [6]. This ensures the
orthogonality of the polynomials and homogeneity of the uncertain variables. In
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case two or more variables are correlated with a known correlation coefficient, they
should be decorrelated through an appropriate transformation to yield independent
variables [6]. Methods that can spot the correlation between two or more variables
include the Pearson correlation coefficient, the Spearman rank correlation coefficient,
or the Kendall tau rank correlation coefficient [18].

The type of the 1D orthogonal polynomials used in equation depends on the
probability distribution of each uncertain parameter. The used polynomial type for
the most common probability distributions is shown [24] in Table

Distribution PDF Polynomial Support range

Normal \/%76_52/2 Hermite (—00,0)

Uniform 2 Legendre [—1,1]
1-9)*(1+£)P .
Beta 2&J§B+1§1)B(£uif,)ﬁ+1) Jacobi [—1,1]
Exponential et Laguerre 0, 00)
o e Generalized
Gamma f(aeﬂ) [0, 00)
Laguerre

Table 2.2: Polynomial types for common probability distributions.

For a better understanding of the construction of the multivariate orthogonal poly-
nomials, a case with M = 2 uncertain variables and a general chaos order of k = 2
is assumed. The first variable is normally distributed and the second follows a beta
distribution, so the Hermite and Jacobi polynomials are used, respectively. The
total number of expansion terms is 6, as calculated by equation [2.3. The multi-
dimensional orthogonal polynomials are constructed as follows:

Ho(c1, ca) = Heolcr)Po(cs), (2.6)
Hy(c1,c0) = Her(c1) Po(cs), (2.7)
Ho(c1, ca) = Heolcy) Py (cs), (2.8)
Hy(c1, c0) = Hea(c1)Po(cs), (2.9)
Hy(cr,c0) = Her(c1)Py(cs), (2.10)
Hs(cy, ) = Heo(cy)Pa(ca) (2.11)



2.1.2 Orthogonal Polynomials

This section details the expressions of the orthogonal polynomials listed in Table
and their corresponding derivatives, which are essential for the adjoint-assisted

PCE.

Hermite Polynomials

We commence with the Hermite polynomials which are used to model the normal
distribution. Hermite polynomials manifest in two distinct forms: the probabilistic
H., (which are used to model the normal distribution) and the physicist’s H,.
Each variant is employed in different scientific domains, and their interrelation is
explicated through the ensuing equation [IJ:

H,, (z) = 27"/*H, (i (2.12)

)

The recursive definition for the probabilistic Hermite polynomial is as follows:
H€n+1(x) = zH. ( ) - nH@n 1(1’), Hfio(x) = 17 (213>

where H, (z) = 1 and H,,(z) = z constitute the initial terms of the probabilistic
Hermite polynomials.

The norm of these polynomials within the weighted space w, which adheres to the
standard normal distribution parameters 4 = 0 and ¢ = 1, is computed as follows

m:
IHoll =0 = (Ho ) Ho (ol = [ B @ule) o=k (214)

and hence,

| Hellw = VE! (2.15)

The standardized probabilistic Hermite polynomials are defined as follows:

E[ek<x> — Hek(x> _ Hek(l‘)

T AT/ R |He, ()| =% =1, Vk=0,1,2,... (2.16)
€L [|w .

As per the derivative of the probabilistic Hermite polynomials, it can be proven that

., (z) = % = Vk+1- Hy(x) (2.17)
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Jacobi Polynomials

To model the beta distribution, the Jacobi polynomials are employed. These, de-
noted by P,S“’ﬁ ) (x), are a class of orthogonal polynomials that are solutions to the
Jacobi ODE:

1—2?)y' +[B—a—(a+B+2)zly +nn+a+pf+1)y=0 (2.18)

These polynomials are defined with a weight function (1 — z)%(1 + x)” on the inter-
val [—1,1], which matches the transformed form of the beta distribution’s density
function. This congruence allows the Jacobi polynomials to naturally accommodate
the variety of shapes the beta distribution can assume, depending on the values «
and [ take on.

The recursive definition for the Jacobi polynomial P{*" (x) is as follows:

)

PP(z) = (Apx + Bp) PP (z) — C, PP (2), (2.19)

where:
2n+a+0+1)2n+a+F+2)

2+ D(n+a+p+1)
(@®>=BH2n+a+B+1)

Bn:2(n+1)(n+a+ﬁ—l—1)(2n—l—a+ﬁ)’ (2:21)

4, =\ : (2.20)

_ (nt+a)n+pB)2n+a+B+2)
O D tat Bt )+ at B (2.22)

The first two polynomials of the family are:

PP (z) =1, (2.23)
Ped (g) = %(a I P %(a —B) (2.24)

In order to standardize the Jacobi polynomials (i.e, mean value p = 0 and standard
deviation o = 1), the following expression can be used to divide the polynomial
obtained by the recursive definition.

P = [ (@) (- 2+ (2:25)

1
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This integral can be computed analytically and the result is

2008+ Plpn+a+1)I'(n+B+1)

PA)|? = 2.26
1257 2n+a+p+1T'n+1)I(n+a+5+1) (2.26)
and ,hence,
204641 r nr 1
1P = ot Dt B4l )
m+a+pf+1Tn+1)I(n+a+B+1)
The k-th derivative of these polynomials is given by
d* r 1+k
A plap(yy 2 Lt BEn+ 1R planpin ) (2.28)

dzk"" 2N+ B+n+1)

where the Gamma Function I'(z) for a complex number z with Re(z) > 0, is defined
by the integral

N@:/jﬁle%t (2.29)
0
This function extends the factorial to the complex plane, satisfying I'(n + 1) = n!

for all positive integers n.

It should be mentioned that the PDF of the beta distribution is not an exact match
with the weight function of the Jacobi polynomials. So, a different normalization
constant is needed to model accurately the beta distribution. Its PDF is given by

71 — x)P!

rya,fB) = , forxz e|0,1], 2.30
o) = = 0,1 (2.30)
where B(q, ) is the Beta function, defined as
1
Bla, B) = / 11— )P g, (2.31)
0

Alternatively, it can be expressed in terms of the Gamma function:

(2.32)

From the above equation and in order to match the weight function of the Jacobi
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polynomials, it is clear that it should be chosen @« = 3 — 1, f = a — 1 and carry
out a change of variable x = % Thus, t = 2z — 1.

So, from equation [2.25] we obtain

/1 PP 2z —1;8—1,a—1)(1— 2z — 1)) (1 + 22— 1)**d(2z — 1) =
0

(1 — )Pt
B(a, B)

P22 —1;8 -1, — 1) f(z; 0, B)dx

n

dr =

1
— 2a+ﬁlB(a,ﬁ)/ PP Y2 — 1,8 — 1,00 — 1)
0

20+h-1 In+a)l(n+p) [*
2n+a+6—1F(n+a+ﬁ—1)n!/0

Combining this equation with equation [2.26] we get

I'(n+ a)l'(n+B)
Cn+a+B-1I'(n+a+ B —1)nB(o, B)

/133(296—1;5—1,a—1)f($;a,ﬁ)dx=
0

The equation above means that the L? norm of P,(2z —1; 3 —1,a — 1) with respect
to the weight function f(z;«, f3) is

['(n+a)l'(n+pB)
Cn+a+pB-1DI'(n+a+ B —1)n!B(o, B)

1P (22 —1;8— 1, a—1)| :\/ (2.33)

Legendre Polynomials

The Legendre polynomials are used to model the uniform distribution. The Legen-
dre polynomials, denoted by P,(x), are a class of orthogonal polynomials that are
solutions to the Legendre ODE:

d dP,
1 — p2)=" NP, = 2.34
The Legendre polynomials are defined with a weight function w(xz) = 1 on the

interval [—1, 1], which matches the transformed form of the uniform distribution’s
density function. They are a special case of the Jacobi polynomials with parameters
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a = [ =0 and their recursive definition is as follows:

Pana(a) = TEePu(e) = — P (e) (2.35)

The first two polynomials of the family are:
Py(z) =1, (2.36)
P(z)=ua (2.37)

The norm of these polynomials within the weighted space w, which adheres to the
standard uniform distribution parameters = 0 and ¢ = 1, is computed as follows:

1
2
P2 = = (Pu(z), P, = P2 = 2.
IR =0 = (Pua) Paoa = [ Paula)de =52 (239
and hence,
2
P 2.
R (239

Laguerre Polynomials

The exponential distribution is modeled using the Laguerre polynomials. The La-
guerre polynomials, denoted by L,(x), are a class of orthogonal polynomials that
are solutions to the Laguerre ODE:

d’L,, dL,
1—
dx? + 7) dx

+nL, =0 (2.40)

The Laguerre polynomials are defined with a weight function w(z) = e™® on the

interval [0, c0), which matches the transformed form of the exponential distribution’s
density function. The recursive definition for the Laguerre polynomial L, () is as
follows:

n+1—=x n
L, = —Ly(x) — L,_ 241
a) = @) - @ (2.41)
The first two polynomials of this family are:
Lo(z) =1, (2.42)
Li(z)=1—=z (2.43)
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The norm of these polynomials within the weighted space w, which adheres to the
standard exponential distribution parameters © = 0 and ¢ = 1, is computed as
follows:

Il =20 = (L) L) = [ Loule) e =2C 2y
and, hence,
I alhe = 2D (2.45)

The derivative of the Laguerre polynomials is given by the following recursive for-

mula:
xzL) () =nLy(x) — nl,_1(z) (2.46)

Generalized Laguerre Polynomials

Finally, the Gamma distribution is modeled using the Generalized Laguerre poly-
nomials. Denoted by L (x), these are a class of orthogonal polynomials that are
solutions to the Generalized Laguerre differential equation:

el (z) + (a+1—2)L) () + nL,(x) =0 (2.47)

The Generalized Laguerre polynomials are defined with a weight function w(x) =
x%~ " on the interval [0,00), which matches the transformed form of the gamma
distribution’s density function. The recursive definition for the Generalized Laguerre
polynomial L,(ffgl(x) is as follows:

2n+14+a—ux) (n+a)
L (2) = L (x) — () 2.4
The first two polynomials of the family are:
LY(z) =1, (2.49)
@) =1+a—uz (2.50)

The norm of these polynomials within the weighted space w, which adheres to the
standard gamma distribution parameters g = 0 and o = 1, is computed as follows:

o= | " L @yu(e) do = LETATD )

(@2 — ~ —

°®
~—
5
S~—
>
2
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and hence,
F'n+a+1)

(@ —
12 = /=

(2.52)

The k-th derivative of the Generalized Laguerre polynomials is given by the following
formula: o

d* —1)kLi if k <
T p gy = § TV (@) k< n (2.53)
0 otherwise

Table summarizes the expressions of the orthogonal polynomials for the most
common probability distributions.

Polynomial Typical Expression
Hermite H,, (r)=zH., (x) —nH.,  (x)
Jacobi PP (@) = (Apz + Ba)PYP () — €, PP (2)
Legendre (n+1)Pyti(x) = 2n+ 1)zP,(z) — nPy_1(x)
Laguerre Lnti(z) = 2252 Ly (2) — g Lo (@)
Generalized Laguerre Lgloﬁl(x) %L( )( ) — TT? 204) ()

Table 2.3: Typical expressions of various orthogonal polynomials.

Polynomial Derivative Expression
Hermite lEI,;H(a;) H‘““ =Vk+1-H(x)
. r 1+k) p(otk,B+k
Jacobi (Z _ﬁa{it_ﬁ% V(Lak ’ )( )
Legendre n+1(x) (n+ 1)Po(z) + 2L P, (2)
Laguerre xL! (x) =nL,(x) — nL,—1(x)
Generalized Laguerre S (x) =(— l)kLgojck) (x), ifk<n

Table 2.4: Derivative expressions of various orthogonal polynomials.

2.1.3 Galerkin Projection

The Galerkin projection method involves projecting the response onto each basis
function (a set of orthogonal polynomials or other predefined functions used to
construct the approximation). Projection decomposes the response into indepen-
dent modes, isolating each uncertain parameter’s contribution. This projection is
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performed in order to compute the coefficients of the polynomial expansion that
approximates the system’s response. It utilizes the orthogonal properties of poly-
nomials to determine each coefficient. From equation [2.1 the Galerkin projection
method can be expressed as [3]

(J(c). Hilc)) _ JoJ()Hi(c)p(E) d€
(Hi(c)?) Jo Hi(e)*p(§) dE

o; =

(2.54)

where p(€) = T[, pi(&) is the joint probability density function of the uncertain
variables and 2 = ()1 ® - - - ® (1) is the uncertain input parameter space.

The denominator in equation is the norm squared of the multivariate orthog-
onal polynomial, which can be computed analytically and will be presented later
in this chapter. The numerator is the inner product of the Qol and the multivari-
ate orthogonal polynomial which cannot be computed analytically and requires the
use of Gauss Quadrature. Gauss Quadrature with k points integrates exactly all
polynomials of degree 2k — 1 or less. Since J and H;(c) are multiplied in equation
the highest order of the integrand is 2p; in the j-th parameter dimension. This
requires p; + 1 quadrature points for exact integration in each dimension.

2.1.4 Regression

Instead of numerically integrating the inner product in equation an alternative
method can be used to approximate the coefficients «; by means of regression [15].
In this approach, the Qol (J) is evaluated at L different ¢ values and with equation
2.1 a linear system can be formed as

Ho(c1) -+ Ho-1(c1) p J(c1)
S : : = : (2.55)
Ho(er) --- Hoaler) | | aga J(cr)

with L equations and P unknowns. If L = P, then the system is determined and
the coefficients a; can be computed easily by inverting the matrix and multiplying
it with the right-hand-side vector. To increase the accuracy of the regression, the
number of samples L should be greater than the number of expansion terms P and,
then, equation [2.55| corresponds to a least squares problem. Based on the literature,
the number of samples should be at least three times the number of expansion terms
(oversampling factor r =3, L = 3P) [].

The described overdetermined system with m equations and n unknowns can be
solved with various methods, such as typical Least Squares or Singular Value De-
composition (SVD) method [2T]. SVD is a powerful numerical method used to solve
both overdetermined or underdetermined linear systems, perform matrix rank re-
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duction, and compute pseudo-inverses. It provides a robust solution by decomposing
the matrix into its singular values and corresponding singular vectors.

The SVD of a matrix A € R™*" is given by:
A=UxVT, (2.56)

where U (with dimensions m x m) and V' (with dimensions n x n) are the left and
right singular vector matrices, respectively, and ¥ (with dimensions m X n) is a
diagonal matrix containing the singular values of A. For the system Ax = b, the
solution that minimizes the least squares error |Ax — b||z is given by:

x = VtU"D, (2.57)
where X7 (with dimensions n x m) is the pseudo-inverse of Y.

In practical terms, SVD provides a robust framework for solving linear systems,
even when the matrix A is ill-conditioned or singular. By decomposing A into its
singular values and vectors, SVD enables the stable computation of the coefficients
a;. This stability is especially valuable in uncertainty quantification, where the
accurate determination of these coefficients is critical for reliable model predictions.

The only thing that remains is to decide the L different ¢ values on which the Qol is
to be evaluated. The most common approach is to use a Latin Hypercube Sampling
(LHS) method. LHS is a stratified sampling technique that ensures a more uniform
distribution of samples across the input parameter space. It divides the input space
into intervals and selects one sample from each interval. This results in a more
representative set of samples that captures the variability of the input parameters
more effectively than random sampling.

2.1.5 Adjoint - assisted Regression

As it was previous mentioned, each row of the matrix of equation [2.55| corresponds to
an evaluation of the Qol, which in certain cases can be computationally expensive.
So, adding more lines in the matrix for each evaluation could accelerate the UQ
process. This can be achieved by using the adjoint method to compute the sensitivity
derivatives of the Qol with respect to the uncertain parameters. The computation
of all the sensitivity derivatives g—i,i € [1, M] is of cost equivalent to that of a single
Qol evaluation. The result is that with fewer sampling points (Qol evaluations), a

satisfactory oversampling factor can be achieved and, thus, the UQ process can be
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accelerated. The system of linear equations [I5] that needs to be solved is now

[ Ho(c1) -+ Ho-a(c1) T [ J(ey)
9Hy OHg-1 5J
Oc1 (Cl) e dc1 (Cl> E(Cl)
' OHo_ )
gc%(cl) T acQMl (Cl) (e%] 5(,5;;{4 (Cl>
: 3 : : = : (2.58)
Ho(cr) --- gIQ—l(CL) Q-1 gJ(CL)
%_Icflo(cL) e (o) so-(er)
’ OH, 7' 6J ‘
| SHa(ey) - () | e (€2) ]

and can be solved with the SVD method as described in the previous section.

As mentioned in section the input uncertain variables ¢; should be standard-
ized, meaning that they have zero mean and unit variance. In many cases though,
the uncertain parameters &; of the analysis are not standardized, thus the RHS of
equation m should be adjusted accordingly (see below).

Apart from the sensitivity derivatives of the Qol, the derivatives of the multivariate
orthogonal polynomials with respect to the uncertain parameters are also needed.
These can be computed analytically, see table [2.4] .

The standardized uncertain variables ¢; have the following properties:
pe, =0, o, =1, "=-3 =3 (2.59)
For the input unstandardized uncertain variables &;:

EM = pig, — 305, EM = g, + 30, (2.60)

To standardize &;, we use:

& Lo c [0,1]. (2.61)

- é’lmax . é';nin
The relation between &; and ¢; is given by:

G ="+ & (=M =M+ w, (2.62)
O¢;

k3
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which implies: . .
& ="+ (6 — ™) og,. (2.63)

Finally, the derivative of & with respect to ¢; is:

0&;
5o =6 (2.64)

So, by using the chain rule, each element of the RHS of equation |2.58| can be adjusted

to:
§J  9Jog  aJ

e - L . 2.65
e 0&0e; 0§ (2.65)
The final form of the adjoint-assisted regression system is:
[ Ho(c1) g{Q—l(Cl) ] J(cy)
Geler) o (c1) o5, (c1)ae,
: .
gc—liﬁ(cl) afi/, (c1) e%) %(Cl)gw
: : : (2.66)
Ho(cr) f@—l(CL) agQ-1 , J(cL)
Hg_1
@) 2 (cr) S (cr)og,
' OHg_ 1 01 (,
L %(CL) ﬁ(CL) A | O&um (CL)OgM J

2.1.6 Stochastic Moments Calculation

Having computed the coefficients «;, the stochastic moments of the Qol can be
calculated. The mean value and the variance of the Qol is given by [23]

s Z a;(H;(c)) = o, (2.67)
ol ~ A_ o2 (H;(c)?). (2.68)

What remains is to compute the inner product of the multivariate orthogonal poly-
nomials (H;(c)?).
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As described previously in this chapter, the multivariate orthogonal polynomials are
constructed using a tensor product expansion of the univariate orthogonal polyno-
mials. The Galerkin Projection of any two multivariate polynomials that belong to
the same family and have orders i and j is given by

(@), By = [ A7) (@)W () d

:// (Hhi(:cl)> <l11\_1hj(xl)> (ﬁwl(:cl)> duy - dry

=1

M
= 51] H/ h2 [El wl (L‘l) d!L’l = 51] / (Hz(f)yW(f) dr
=1 Q

The above expression concludes to the simplified form

(Hi(Z), Hj(Z))w = /QHz‘(f)Hj(f)W(f) d¥ = (H(T), Hi(T))w 0y (2.69)

and by performing the same calculations as in equation [2.54] the final form of the
inner product is

_ (/Q h2 (2w (2 d;vl) (Hllh x le>

= [H:(@)I}y = 7,
which is simplified [23] to
(Hy(@), Hi(Z))w = | Hi(Z) 3, (2.70)

where || Hy(Z)||w = [T, I|7i(1) ||y is the norm of the multivariate orthogonal poly-
nomial.

The norms of the univariate orthogonal polynomials ||h;(z;)]|w, are computed ana-
lytically and are given in table for the most common probability distributions,
see subsection [2.1.2]
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Distribution Norm of Polynomial Polynomial

Normal n! Hermite (Probabilistic)
Uniform ﬁ Legendre
Beta (%Qj;j_;fl(ﬁj(_s:i fﬂ(i—;)ﬁl“—i(_il— ) Jacobi
Exponential F(r:!rl) Laguerre
Gamma, W Generalized Laguerre

Table 2.5: Norms of polynomial types for common probability distributions.

So, from equation [2.68 the variance of the Qol can be computed as
o= at [ BA@W@dx =3 | @I =Y ki (27
i=0 2 i=0 i=0

2.1.7 A Mathematical Test Problem

In this section, the proposed methodology is applied to a benchmark problem,
the Borehole function. The stochastic moments of the Qol are computed using
the methodology outlined previously and the results are compared with the values
obtained from Monte Carlo simulations, to validate the accuracy of the proposed
methodology.

Borehole Function

The Borehole function [20] is a common benchmark problem used in the field of
UQ. It is a mathematical model that describes the flow of water through a borehole
[m3/year]. The function is defined as follows:

F(Z) = 2nTy(H, — 1) (2.72)

In(r/ra) [1+ i + %]

The input variables ¥ € R® and their usual input ranges are given in table [2.6], while
an illustration of the borehole is shown in figure [2.2]
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Variable Range Description

Tw € [0.05,0.15] Radius of borehole (m)

r € [100, 50 000] Radius of influence (m)

T, € [63070,115600] Transmissivity of upper aquifer (m?/yr)
H, €[990,1110] Potentiometric head of upper aquifer (m)
T; € [63.1,116] Transmissivity of lower aquifer (m?/yr)
H,; € [700, 820] Potentiometric head of lower aquifer (m)
L € [1120, 1680] Length of borehole (m)

K, € [9855,12045] Hydraulic conductivity of borehole (m/yr)

Table 2.6: Input variables & and their ranges for the Borehole function.

/ r
Upper Aquifer | T,
K.,
T
H, v L
Lower Aquifer Ty
v Hl

Figure 2.1: Illustration for the water flow through the borehole

For the purposes of UQ, the distributions of the input random variables are defined
in Table 271

Input Variable Distributions

ro ~ N(u = 0.10,0 = 0.0161812)

r ~ Lognormal(u = 7.71,0 = 1.0056)
T,, ~ Uniform[63 070, 115 600]

H, ~ Uniform[990, 1110]

T; ~ Uniform[63.1, 116]

H, ~ Uniform|[700, 820]

L ~ Uniform[1120, 1680]

K, ~ Uniform[9855, 12 045]

Table 2.7: Distributions of input variables for the Borehole function.
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Above, N( p, 0%) denotes a normal distribution with mean x and standard deviation
o2, while Uniform|[a, b] denotes a uniform distribution with lower bound a and upper
bound b. Longnormal(u, 02) denotes a lognormal distribution with mean u and
standard deviation o?. In order to handle the Lognormal distribution, it is first
transformed into a normal distribution by applying the natural logarithm to the
random variable,

¢ = In(a)

A set of samples is generated using LHS from the input distributions. The Qol is
then evaluated at each sample point using the Borehole function and the proposed
methodology is applied to compute the stochastic moments of the Qol. ,Figure [2.2
illustrates the asymptotic convergence of the stochastic moments with increasing
sample size, comparing the outcomes of Monte Carlo and the PCE.

Borehole Function

T T T T T T T TTTTTY T TT
- — 3 ©
=—8— Monte-Carlo
=== Regression-based ni-PCE ||
c
@
@
= H
BD i I | i il L piil i piil i il L
10" 102 10° 104 10° 108 10”
Sample Size
L ReTel] L L L L 4 | L | L) | DS RELEL Y | T LWL A N AR
. 28 [ D= e O
o L —6— Monte-Carlo
T 26 ——#— Regression-based ni-PCE | |
= L
024F ]
E [
o 22 H
&
g i i
iy ]
o s ol s s el " Lol s Lol " s el Lo
10° 102 103 104 10° 108 107

Sample Size

Figure 2.2: Convergence of the Stochastic Moments for the Borehole Function using
MC and the PCE with increasing sample size

In the PCE approach, a chaos order of 2 was employed, resulting in a total of 45
terms in the expansion. The results indicate that the PCE method yields accurate
estimates of the stochastic moments. Moreover, both the mean and standard devia-
tion converge to their final values with a considerably smaller sample size than that
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required by MC simulations. Specifically, with a sample size of 100 (an oversam-
pling factor of 2.22), the PCE method accurately captures the stochastic moments,
whereas the MC approach requires at least 100 times more samples to achieve com-
parable accuracy.

2.2 Arbitrary PCE

In many practical applications, input data do not adhere to standard probability
distributions, making the conventional PCE method inapplicable. To overcome these
limitations, the arbitrary PCE (aPCE) employs data-driven techniques to construct
an orthogonal polynomial basis tailored to the observed data. This section provides
an overview of the aPCE approach, discussing its theoretical foundations and its
application in UQ.

2.2.1 Formulation of 1D aPCE

We consider a stochastic process defined on a probability space (€2, A, '), where Q
represents the set of events, and I' is the probability measure [9]. For a stochastic
model J = f(&), with the input £ € Q and output J, the function f(£) can be
expanded using the PCE theory as:

J(€) = ZCZP(“(&), (2.73)

where in case of 1D PCE, Q = k, k being the order of expansion, ¢; are the expan-
sion coefficients that can be determined by the methods presented in the previous
sections, and P (&) are the polynomials forming the basis {P(®), ..., P} that are
orthogonal with respect to the measure I'.

The distinction between aPCE and other PCE methods is that the measure I' can
have an arbitrary form, and thus the polynomial basis has to be found specifically
for the probability measure I' appearing in the respective application.

Once the polynomial basis is found and the expansion coefficients are determined
using the aforementioned regression methods, the stochastic moments of the Qol
can be computed using the expressions in subsection [2.1.6]

2.2.2 Formulation of multi-dimensional aPCE

If the model input 5, ie. é’ = {&,&, ..., &} is multi-dimensional and the total
number of stochastic parameters is equal to N , the expansion is formulated using
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the multi-dimensional orthogonal polynomial basis:

J©) = J(E 6. n) & Y& b, E), (2.74)

~ Q

=0

where ®; is the multi-dimensional orthogonal polynomial basis and ¢; are the expan-
sion coefficients. The chaos order k of a multi-dimensional expansion was presented
in detail in subsection [2.1.1} Finally, the stochastic moments of the Qol are com-
puted in the same manner as in the 1D case, using the expressions in subsection

2. 1.6l

To summarize, the distinctive and noteworthy aspect of the arbitrary Polynomial
Chaos Expansion (aPCE) is not the formulation of the 1D and multi-dimensional
expansions, but rather the construction of the orthogonal polynomial basis for the
arbitrary probability measure I'. In Section[2.2.3] the construction of the orthogonal
polynomial basis for aPCE is presented in detail.

It should be noted that the current scientific understanding of polynomial chaos ex-
pansions requires that the random variables must either be statistically independent
or exhibit only linear correlation. Linear correlations can be eliminated through ap-
propriate linear transformations, such as the Karhunen-Loeve (KL) expansion [10],
also known as proper orthogonal decomposition [I1] in some fields, or principal
component analysis [16].

2.2.3 Construction of the Orthogonal Polynomial Basis for
the aPCE

For the construction of the orthogonal polynomial basis for the aPCE the Mysovskikh
theorem [I3] is used. Firstly, let us define the polynomial P*)(¢) of degree k in the
random variable ¢ € €:

k
PR = pMe, (2.75)
1=0

where p* are coefficients in P®) ().

The objective is to construct the polynomials in equation [2.75 to form an orthonor-
mal basis for arbitrary distributions, using only the statistical moments obtained
from the sample of the random variable £&. With this methodology any given proba-
bility distribution defined solely by the statistical moments of £ can be handled. This
approach enables us to work with arbitrary probability measures that are implicitly
and incompletely defined by a finite number of moments.
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The orthonormality property for polynomials P*) of degree k and PY of degree I
is defined as:

/ PR EPYE)AD(E) = 6y, Yk, 1=0,....d (2.76)
£eq

where d;; is the Kronecker delta.

For the continuation of the analysis, only the orthogonality condition will be utilized.
Also, the leading coefficients of all polynomials will be set to 1. The orthonormality
condition will be taken into account in the next step of the analysis. The orthogo-
nality condition is given by:

/ PO PO(E)dr () =0, Yk #I. (2.77)
£eq

With the help of equations and the generalized conditions of orthogonality
for any polynomial P*) of degree k with all lower-order polynomials can be written
in the following form:

k
/ [pé” ZpE’“)si] dr(g) =0, (2.78)
e i=0

> e dr(&) =0, (2.79)

k—1 k
| X revel | pe are o (2.80)
€€Q | =0 i=0
P =1 (2.81)

The above system of equations is self-contained and determines the unknown poly-
nomial coefficients pgk) (where i = 0, ..., k) for the desired basis. Notably, defining
the orthogonal polynomial of degree k inherently relies on the definitions of all
polynomials of preceding degrees 0, ...,k — 1. So, the system can by simplified by

sequentially substituting each preceding equation into the subsequent one, starting
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with the first equation into the second, then the first and second into the third, and
continuing in this manner.

/5 ) [Z@“e’] dr(€) =0, (2.82)
k .
/E . [Z f“f’“] dr(€) =0, (2.83)
/E ) [Zpi"”&’“—l] dr(§) =0, (2.84)
=1

With this rearrangement, the k%" orthogonal polynomial is defined independent of
all other polynomials from the orthogonal basis. As mentioned before, the analysis
relies solely on the statistical moments of the random variable £&. The k' raw
moment of the random variable ¢ is defined as:

1
w= [ gane =53 (285)

where N is the number of samples and &; is the i*" sample of the random variable £.

So, equations to can be rewritten based only on the raw moments of &:

k
> =0 (2.86)
=0
k
S ptign =0 (2.87)
=0
k
> ik =0 (2.88)
=0
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Py =
or, in matrix form:
— - B (k) T - -
Po M1t Py 0
(k) 0
M1 M2 HE+1 Py
S : =0 (2.89)
k-1 Mk Hok—1 pg"fl 0
0 0 1 (k) 1
L 1 | m |-

The next step is to normalize the aforementioned orthogonal polynomial basis in
order to obtain an orthonormal basis and match the properties of the polynomials
used in the previous sections. The normalization is performed using the norm of the
polynomial P®*):

|PW[ = /&Q [P®(€)]” dr(€). (2.90)

Thus, an orthonormal polynomial basis is:

k
1 ‘
k _ (k) i
TR (g) = 150 E p; & (2.91)
1=0

Following a similar procedure as the one presented earlier, the matrix form of the
orthonormal basis can be constructed:

Mo H1 - g P(()H) 0

M1 2t i pﬁ”) - 0 (2.92)
. . . . : 1

[ V) N 145 ](:) F

where the left-hand side matrix is the Hankel Kernel matrix and is denoted with M
[22].

As a consequence, an orthonormal polynomial basis up to order d can be constructed
for any arbitrary probability measure I'. if and only if the square matrix in the left-
hand side of equation [2.92]is not singular.

The system of equations [2.92) can be solved using many different methods. One
of the most fast and elegant ways is to perform Cholesky decomposition, i.e. by
factoring a symmetric, Hermitian, positive-definite matrix into the product of a
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lower triangular matrix and its conjugate transpose. In the context of the aPCE;,
the Cholesky decomposition is used, as the elements of the inverse of the upper
triangular matrix are the coefficients of the orthonormal polynomial basis.

The Cholesky decomposition of the Hankel Kernel matrix in equation [2.92]is given
by:

M=R'R =
T
Mo M1 -0 Mg i1 Tz v Tik+1 1 Tz v T1k+1
M1 2t kgl 0 rog -+ Top 0 rog -+ Topp
Mk Mkl ccc o Mok 0 0 - Thp1ps 0 0 - 7Thp1es

Once the matrix R is obtained, a property from the Mysovskikh theorem [13] can
be used to find the coefficients of the orthonormal polynomial basis from the inverse
of the upper triangular matrix R.

The property states that:

Do Py P po}C
SRRE
5
Ri=|o o pP . pP (2.93)
o o o n

As a result, the coefficients of the orthonormal polynomial are computed and the
orthonormal polynomial basis is constructed. In practice, the coefficient pgk) is
obtained from the (i+1, k+1) entry of R~1, so that the &k orthonormal polynomial
can be expressed as

k

1 )

(k) (e — Z (k) ¢i
1=0

This expression offers a streamlined computational pathway, where the steps are:
(i) assemble the Hankel Kernel matrix M from the moments of &, (ii) compute its
Cholesky factorization M = RT R, (iii) compute R~!, and (iv) extract the polyno-
mial coefficients directly from R™! for constructing the orthonormal basis.
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2.2.4 The aPCE using Regression

Once the orthonormal polynomials for the arbitrary probability measure I'" are con-
structed, the only step that remains is to compute the expansion coefficients. As
mentioned in the previous sections, the expansion coefficients can be computed in
a variety of ways, such as numerically integrating the inner product in equation
2.54) or using Regression methods. The same theory presented in subsection
can be applied to aPCE without any modifications. The only difference is on the
left-hand-side matrix, where the polynomials are now the orthonormal polynomials
constructed for the arbitrary probability measure I'. It should be noted that in cases
where some of the uncertain variables follow conventional probability distributions
that were analyzed previously and others follow arbitrary probability distributions,
the construction of the multivariate orthonormal polynomials is performed as pre-
sented in subsection without any modifications. To put it differently, the
multivariate polynomial of equation is constructed from both the conventional
and arbitrary polynomials.

In case regression is adjoint-assisted, as presented in subsection [2.1.5] and some or all
of the uncertain variables follow arbitrary probability distributions, the derivatives
of the multivariate orthogonal polynomials with respect to the uncertain parameters
are needed. These can be computed analytically by differentiating the orthonormal
polynomials constructed for the arbitrary probability measure I'. The polynomials
are given by equation [2.91}

\p(’f)

The derivatives of the orthonormal polynomials with respect to the uncertain pa-
rameters are given by:

a\p(k)< k) . pi— 1
5 ”P sz i€ (2.04)

So, the left-hand-side matrix of the adjoint system in equation [2.58| is constructed
and the system can be solved using the SVD method as presented in subsection

2. 1.0l

2.2.5 aPCE via Projection-Based Quadrature

In this approach, the expansion coefficients are computed by projecting the Qol onto
the aPCE basis using an optimal quadrature rule. Specifically, if the orthonormal
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basis {U®(£)}* ;) has already been constructed for the arbitrary measure I' (see
Section [2.2.3), then the i*" coefficient is given by

(F00) 35w F(&) $O)
(WO, w0) s, [wO(g)]?

, (2.95)

C;, =

where N, is the number of quadrature nodes, F(§) is the Qol, and {w;,¢&;} are
the quadrature weights and nodes, respectively. The basis is constructed to be
orthonormal, hence (U@ W) = 1, 5o the coefficient simplifies to

Nq
cim Y w F(g) W), (2.96)
j=1

A key aspect of the projection-based strategy is the generation of the quadrature
rule. This is accomplished by leveraging the eigen-decomposition of the Jacobi
matrix associated with the recurrence relation for the orthonormal polynomials.
Although the construction of the orthonormal basis is presented in Section [2.2.3]
here we explain how its optimal quadrature is obtained.

The three-term recurrence relation for the orthonormal polynomials can be written
in compact form, and its coefficients are collected in the symmetric tridiagonal
Jacobian matrix J:

(2.97)

where a; and b; are the recurrence coefficients.

The eigenvalues of J are the optimal quadrature nodes (or collocation points) for
integrating functions against I'. The corresponding normalized eigenvectors provide
the quadrature weights; specifically, if v0) is the eigenvector corresponding to the
node ¢;, then the quadrature weight is computed as

1>
wy = o [v!], (2.98)

with o the zeroth moment of the measure (typically equal to one for a normalized
probability measure) and vy ) the first component of v\,

Once the univariate quadrature rules are available for each uncertain variable, the
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multidimensional quadrature rule is obtained by forming a tensor product. For
example, with p 4+ 1 nodes per variable and N independent variables, the overall
quadrature rule contains (p + 1)V nodes, with each multidimensional weight given
by the product of the corresponding univariate weights. Thus, the full projection
for the aPCE coefficient in the multidimensional setting becomes

Ck ~ ij 59 Dy 5]) (2.99)

where &, is constructed as the tensor product of the univariate orthonormal poly-
nomials.

2.2.6 Demonstration: Projection-Based Quadrature PCE

In this section, the projection-based quadrature procedure for an aPCE in a case in
which the input variables are normally distributed is verified. A sampling size of 10°
samples is used for each variable to safely estimate the required moments. Consider
two random variables

51 ~ N(27 1)7 62 ~ N<3705)7

and the Qol
F(&1,8) =46 +2&.

For this linear function the theoretical mean and standard deviation are

pr=4x2+2x3=14, op=+/42x12+22 x (0.5)2 ~ 4.1231.

The objective of this verification is to confirm that the computed quadrature nodes,
weights, and statistical moments match the classical Gauss—Hermite counterparts
for normally distributed inputs. In our procedure, the aPCE method first constructs
the univariate orthonormal polynomial bases from the input data. The quadrature
nodes are then obtained as the eigenvalues of the corresponding Jacobi matrices,
and the quadrature weights are determined as the square of the first component of
the normalized eigenvectors. For normally distributed data, these nodes and weights
should coincide with those from standard Gauss-Hermite quadrature after applying
the affine transformation
r=p+og,

where ¢ denotes a standard Gauss—Hermite node. The computations are performed
for chaos order 3.

The values in Table confirm that the quadrature-based evaluation recovers the
mean and standard deviation of the Qol with high accuracy.
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Quantity Analytical Value Computed Value

Mean 14.0000 13.997736
Std. Dev. 4.1231 4.120973

Table 2.8: Statistical Moments of F(&1,82) = 4& +2&

Variable Computed Nodes Expected Gauss—Hermite Nodes
& -0.3323, 1.2600, 2.7421, 4.3351] [-0.3344, 1.2580, 2.7420, 4.3344]
& [1.8312, 2.6295, 3.3733, 4.1733] [1.8328, 2.6290, 3.3710, 4.1672]

Table 2.9: Collocation Points (Nodes) for Each Variable

Variable Computed Weights Expected Weights
& [0.0461, 0.4547, 0.4535, 0.0457] [0.0459, 0.4541, 0.4541, 0.0459]
& [0.0456, 0.4553, 0.4540, 0.0452] [0.0459, 0.4541, 0.4541, 0.0459]

Table 2.10: Quadrature Weights for Fach Variable

Table shows that the computed collocation points for each variable align with
the expected Gauss—Hermite nodes and Table [2.10| reports the quadrature weights
computed for each variable.

Regarding the arbitrary polynomial basis, it is observed to closely approximate the
Hermite polynomial basis, as expected. This outcome is justified by the fact that, al-
though the aPCE methodology is employed, the underlying probability distributions
of the uncertain variables are Gaussian. Figure [2.3| presents the first four orthonor-
mal polynomials constructed via aPCE alongside the corresponding probabilist’s
Hermite polynomials for the first uncertain variable. The polynomial basis for the
second uncertain variable exhibits similarly close agreement, as both variables follow
a normal distribution.

2.2.7 Comparisson of quadrature-based and regression-based
aPCE
In this section, the aaPCE methodology is applied to a mathematical function to

demonstrate the accuracy of the regression-based aPCE, as well as the projection-
based quadrature aPCE. For this purpose, the following function is considered:

J(X,Y) =2X +3Y, (2.100)
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Figure 2.3: Comparison of the aPCE and Hermite Polynomial Bases

where X ~ N(3,0.2) and Y ~ N(6,0.4).

The above function has two uncertain parameters, X and Y, that follow normal
distributions. The analytical mean value and variance of the Qol are given by:

g =2ux + 3y =2-3+3-6 =24, (2.101)

02 =2%0% + 320y =27 0.22 + 32 - 0.4% = 1.26491. (2.102)

To validate the accuracy of the aPCE, a comparison is made between the ni-PCE
with the distribution types of the input variables known and the aPCE with one
or both of the distributions considered as arbitrary and the rest as known. In
that case, the aPCE is used to construct the orthogonal polynomial basis for these

distributions. The results are presented in table

In conclusion, the results show that the aPCE method is able to accurately compute
the stochastic moments of the Qol, even when the input variables are assumed to
follow arbitrary probability distributions. As expected, the projection-based quadra-
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Method Distribution Type Mean Value STD

Analytical X ~ Gaussian, Y ~ Gaussian 24 1.26491
ni-PCE — Regression X ~ Gaussian, Y ~ Gaussian 24.0000 1.26491
aPCE — Regression X ~ Arbitrary, ¥ ~ Gaussian 23.9766 1.25884
aPCE — Regression X ~ Gaussian, Y ~ Arbitrary 24.0935 1.24375
aPCE — Regression X ~ Arbitrary, Y ~ Arbitrary 24.0701 1.23758
aPCE — Quadrature X ~ Arbitrary, Y ~ Arbitrary 23.997969 1.263522

Table 2.11: Comparison of the Stochastic Moments for the Qol using ni-PCE and
aPCE.

ture aPCE method yields the best results among all the aPCE variations, with val-
ues that are nearly identical to the analytical ones. The aPCE is valuable when the
distribution type is unknown or unconventional, making it an essential tool in UQ.

2.2.8 Application of the aPCE to Unknown Probability Dis-
tributions

This section demonstrates the application of the aPCE methodology to input un-
certain variables governed by non-standard probability distributions. The aim is
to evaluate the accuracy of aPCE-based quadrature in estimating the statistical
moments of model compared to high-fidelity Monte Carlo simulations.

Problem Setup

Two uncertain input variables are constructed with distinctly non-Gaussian behav-
ior. The first variable, denoted &, is a right-skewed Gaussian mixture, defined as
a weighted combination of two normal distributions: 70% from A/(3,0.2?) and 30%
from N(3.5,0.15%). The second variable, &, follows a truncated normal distribution
N(6,0.4%) restricted to the interval [5.5, 6.5], and is further perturbed by a sinusoidal
modulation to introduce oscillatory nonlinearity. The distributions are visualized in
Figure [2.4] which presents both the empirical histograms and their corresponding
Kernel Density Estimates (KDE) [19], overlaid with the quadrature nodes derived
from aPCE.

The model under consideration is a simple linear combination of the input variables:

F(&,&) = 26 + 38, (2.103)
which serves as the Qol for moment evaluation.
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Methodology

The aPCE method is employed to construct the orthonormal polynomial basis for
the two uncertain variables. The polynomial basis is then used to compute the
expansion coefficients via a projection-based quadrature approach. The quadrature
nodes and weights are derived from the eigenvalues and eigenvectors of the Jacobi
matrix associated with the orthonormal polynomials. The statistical moments of
the Qol are estimated using the aPCE expansion coefficients, and the results are
compared against MC simulation with 10® samples, which serves as the benchmark
for accuracy. The MC is performed by generating random samples from the defined
distributions and evaluating the Qol at each sample point. The mean and standard
deviation are then computed from the resulting sample set.

Numerical Results

The aPCE method yielded moment estimates in excellent agreement with the MC.
For the MC simulation, a sample size of 10® was used, while the sample size for the
aPCE quadrature was set to 10*. Table summarizes the computed mean and
standard deviation using both approaches.

Method Mean Standard Deviation
Monte Carlo (Benchmark) 24.310578 1.006289
aPCE Quadrature 24.309736 1.006813

Table 2.12: Comparison of statistical moments computed using MC' and the aPCE-
based quadrature

The absolute errors were found to be O(10~*), confirming the capability of the aPCE
to provide accurate estimates for arbitrarily shaped distributions.

Figure illustrates the empirical PDFs for both input variables, while figure
presents the convergence behavior of the mean and standard deviation computed
via Monte Carlo simulation as a function of increasing sample size. The horizontal
lines represent the corresponding aPCE predictions, confirming convergence toward
the quadrature-based values.
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Chapter 3

Shape Imperfections

This chapter introduces the mathematical framework for stochastic processes used
to model inevitable shape imperfections that arise during manufacturing. In the field
of UQ, the term shape imperfections refers to the deviations of the manufactured
part from the intended design. These deviations can be caused by a variety of
factors, such as the manufacturing process, the material properties, and the tooling
used. Although these deviations from the nominal geometry are often small, they
can have a significant impact on the performance of the part. For example, in the
case of a turbine blade, small deviations in the geometry can lead to changes in the
aerodynamic performance of the blade, which can result in a decrease in efficiency.
So, it is important to be able to quantify the impact of these shape imperfections
on the performance of the part. A method that is widely used for this purpose is
the Karhunen-Loeve Expansion (KLE) [§], which is a mathematical framework for
representing random fields. In this chapter, we will introduce the KLE and show
how it can be used to model manufacturing imperfections.

3.1 Karhunen-Loéve Expansion - Mathematical

Formulation

The KLE is a mathematical framework for representing random fields. It is based
on the idea that a random field can be decomposed into a sum of orthogonal modes,
each of which has a certain variance. It offers a structured approach to representing
random processes, addressing the challenge of dealing with abstract measure spaces
that lack physical intuition. Unlike MC simulation, which requires a large number
of random samples to approximate functions defined in these spaces, the KLE de-
composes these functions into a series of orthogonal eigenfunctions. This approach
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provides a systematic and efficient representation of the random field, capturing the
essential characteristics of the process with fewer terms.

Based on the above, a random process w(zx, #) can be represented as:

w(z,0) = V/A&a(0) ful) (3.1)

where x denotes the position vector over the domain D, 6 belongs to the space
of random events €2, {,(0)} are random variables that need to be determined, A,
are constants, and {f,(x)} are orthonormal deterministic functions. Also, w(z)
represents the expected value across all realizations of the process.

The covariance function, C(z1, xs), of the process is given by:

C(x1,29) = Z A S (1) fin (22) (3.2)

m=0

where \,, and f,,(z) are eigenvalues and eigenfunctions of the covariance kernel,
respectively. These are solutions to the integral equation:

/D Clar, 22) fo(x) dzy = A fo(z2). (3.3)

The eigenfunctions f,,(z) form an orthonormal basis satisfy the normalization con-
dition:

/D Fu(2) fon () A = S (3.4)

So, w(x, ) in terms of its mean w(z) and a zero-mean random process a(zx, ) can
be expressed as following:

w(zx,0) = w(r) + oz, ) (3.5)
where a(z, ) can be expanded in terms of the eigenfunctions as:

@, 0) = > &a(O)V A fulx). (3.6)

The covariance function C(xy, z2) can then be defined in terms of a(x, ) by taking
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the expectation over 6:

C(z1,x9) = E[a(xy, 0)a(xg,0)). (3.7)

Expanding the expectation yields:

= > D GO O)V N A a(@1) f (o). (3.8)

n=0 m=0

By orthogonality, each eigenfunction can be isolated through the equation:

/DC(ZULM)fk(iUQ) dzy = A fr(21). (3.9)

Further integration gives:

h [ fulen) i) don = 3 BIGO&OIV NS (3.10)
D n=0
where \; and g, relate through the expectation (£x(60)§,(6)):

Mebi = VAN (ER(0)E(0)). (3.11)

This can be rearranged to confirm orthonormality of &, (6):

(Er(0)€:(0)) = 0. (3.12)

Thus, the random process w(x, ) is represented as:

w(z,0) = w(x) + > &u(0)v Anfu(2) (3.13)
n=0
where the random variables &, (0) have zero mean and unit variance:

(&a(0)) =0, (&a(0)6m(0)) = Spm (3.14)

By truncating the series in equation (3.13|) past the Mth term, we obtain an ap-
proximation to w(zx, @) as follows:
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M

w(z,0) = (@) + Y &(0)V A fulw). (3.15)

n=0

The random variables &, (6) will later serve as the uncertain input variables in the
test cases. So, what’s left is to determine the eigenvalues A, and eigenfunctions
fn(z), which can be obtained by solving the integral equation (3.3)).

3.2 Eigenvalues and Eigenfunctions

As mentioned in the previous section, the eigenvalues A, and eigenfunctions f,(x)
can be obtained by solving the integral equation ([3.3]). This equation can be rewrit-
ten as:

/DC(%, T2) f(x2) dwg = Af(21). (3.16)

Due to the properties of C'(x1,x2) (being bounded, symmetric, and positive definite),
the eigenfunctions f;(x) and eigenvalues have specific properties:

- The set f;(x) is orthogonal and complete.

- Each eigenvalue )\, has a finite number of linearly independent eigenfunctions.
- The eigenvalues form a countably infinite set.

- All eigenvalues are positive real numbers.

- The kernel C(xy,x2) has the uniformly convergent expansion:

C(xq,22) = ZAkfk(xl)fk(=T2)~ (3.17)

The KLE thus leverages the properties of the covariance function, making it suit-
able for a variety of processes, including nonstationary and multidimensional ones.
Suppose the process a(x,#) has a known rational spectrum of the form:

S(w) = (3.18)

where N(-) and D(-) are polynomials of order n and d, respectively. This struc-
ture implies the process has finite memory, suitable for processes with Markovian
properties.
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For stationary processes, equation (3.16|) simplifies to:

which, for a 1D domain, can be expressed as:

f(z2) /_Z e"w“”l_”% dw = Af(xy). (3.20)

Differentiating with respect to x; leads to:

D (dd—;) Fan) = /D N (dd—:%> F(22)6(21 — a2) dara (3.21)

where §(-) is the Dirac delta function.

The preceding treatment is applied to the exponential kernel, which for a 1D domain,
is given by:

Oy, 2) = o2elmr—e2l/l (3.22)

where [ represents the correlation length, a parameter controlling the frequency
of disturbances. At this point it is necessary to introduce the variable s, where
s € [0, Smax), With spax representing the entire length of the contour of the shape
being analyzed (in the case of this work, an airfoil). So, each point on the airfoil, with
coordinates (z,y), corresponds to a specific value of s within the interval [0, Spax]-
From now on, s will be used instead of x to represent the position along the airfoil
contour.

The parameter ¢ signifies the standard deviation of these disturbances and acts as
a scaling factor for their magnitude. Although o is not tied to a physical quantity,
it standardizes the amplitude of the fluctuations. Therefore, for simplicity in this
context, o is set to 1 as the specific variation in imperfections is not quantified,
making it effectively negligible.

So, with the use of the exponential kernel in equation (3.19)), the integral solu-
tions over a non-symmetric interval D = [a,b], where a,b € R and sy, € D, are
expressed as:

/b ole 12l f(5)) dsy = A f(s1). (3.23)

The correlation length [ is often not precisely known, even to manufacturers. Thus,
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in shape imperfection modeling, it is standard to assume [ = |a — b = b — a.
For aerodynamic structures, where the interval D typically spans from a = 0 to
b = Smax, the correlation length is thus defined as | = sy, aligning with the earlier
assumption.

Equation (3.23)) can be rewritten as:
s b
/ e~z f(5,) dsy + / e~1752l f(5,) dsy = Mf(s1) (3.24)

where c = £ = L.
l b—a

Differentiating the above equation with respect to s; gives:

s b
A (s1) = —c/ e~1752) f(5,) dsy + c/ e“1752) £ (5,) ds,. (3.25)

By differentiating one more time w.r.t sy, the following is obtained:
A(s) = (=2c+ AN) f(s). (3.26)
Finally, by introducing the following new variable:

»  2c—cA\

W= — (3.27)

the differential equation becomes:

f'(8)+w?f(s) =0, a<s<b (3.28)

So, the integral equation ({3.23)) is transformed into an Ordinary Differential Equation
(ODE) with the following boundary conditions:

ef(a)— f'a) =0, (3.29)

cf(b) + £(b) = 0. (3.30)

It can be shown that w? > 0 is the only range of w for which (3.28)) is solvable. The
solution is given by:
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£(s) = a cos {w (3 - bﬂ + assin {w (3 RN b)} (3.31)

where «; and «y are constants to be determined.

By substituting (3.31]) into the boundary conditions (3.29)) and (3.30]), the following
system of equations is obtained:

{a1 [1 — wltan (wb:T“)} — o [tan (wb_—“) + wl}

0
2 ’ .32
oy [1 — wltan (waa)} + g [tan (wb_T“) + wl} 0. (3:32)

Non-trivial solutions exist only when the determinant J of the homogeneous system
equals to zero:

J=2 {wl + tan (wb_TaH {1 — witan (wb 3 “)] = 0. (3.33)

This leads to the following transcendental equations:

b—
For odd values of w: ¢—wtan (w 5 a) = 0. (3.34)

b—
For even values of w: w + ctan (w 5 &) =0. (3.35)

In conclusion, the eigenfunctions are given by:

cos(o(5-242))

——= for n even

f(s) = m (3.36)

i for n odd

[b—a _sin(w(b—a)) ’
2 2w

The corresponding eigenvalues can be obtained through equation ([3.27)):

21

An = 1+ (wl)?

(3.37)
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3.3 Derivative of the KLE w.r.t the Uncertain

Variables

As discussed in section [2.1.5] in order to form the system of linear equations [2.58
for the regression-based PCE, the derivative of the Qol with respect to the random
variables ¢, is required. In case the uncertainty arises from manufacturing imper-
fections and is modeled using the KLE, it is necessary to calculate the derivative of
the expansion with respect to the uncertain variables &,.

Using the chain rule, the derivative of the Qol with respect to the random variables
can be expressed as:

9J  9J ox

9e.  oxoc. (3.38)

In the cases that this work focuses on, the first term in equation is calculated
directly using the adjoint method in CFD. The second term, which in the case
of shape imperfections, is the derivative of the KLE with respect to the random
variables and is calculated as follows:

aXKLE<S,C) . 0 - U —
e o (XKLE(S> n §Cnmfn<x>) =V Aufuls). (3.39)

It’s important to note that equation is expressed in terms of the variable s,
which represents the position along the airfoil contour. However, for practical ap-
plications, it’s necessary to transform this expression into the Cartesian coordinates
(x,y). This transformation incorporates scaling factors determined by the geometry
and manufacturing imperfections.

The transformation involves four key scaling parameters:

Hanning Window Coefficient Cyann(s)

The Hanning window is applied to taper the perturbations near the boundaries of a
geometry to ensure a smooth geometry transition. This is achieved using a weighted
cosine function. The coefficient Cyann(s) is defined as:

46



1—COS( ul s), for s < pSmax

2p3max
CHann(8) = ¢ 1, for psmax < s < (1 — p)Smax 5 (3.40)
1 — cos <2p87;ax(1 — s)) , for s > (1 — p)Smax

where p is the user-defined percentage of the contour length s,,.« where the damping
should occur. For instance, if p = 0.08, damping is applied to 8% of the airfoil
contour near the leading and trailing edges.

After incorporating this coefficient, the updated Karhunen-Loeve expansion be-
comes:

Xirp(s,c) = X(5) + Crtann(8) Y _ V/AnCnfu(5). (3.41)

The derivative of the Hanning-windowed KLE expansion with respect to ¢, is:

aXKLE(S, C)

8Cn = CHann(5>\/)‘_nfn<S>7 (342>

assuming Cann ($) is independent of ¢,,.

Maximum Scaling aaxn

This is derived from the maximum deviation of the geometry, normalized to ensure
the contours match the maximum user-defined imperfection height dyeighe. Mathe-
matically:

(maxh = Max | Xkre(s,c)l. (3.43)

The derivative of aya.m With respect to the random variables ¢,, is non-trivial due to
the dependence of Xk g(s,c) on ¢,.

Imperfection Height Scaling dheight

This is a user-defined maximum imperfection height and acts as a fixed multiplier:

X(s,c)

Amaxh

XKLE scaled (S, €) = dheight - (3.44)

The derivative of the transformed geometry with respect to ¢,, considering the chain
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rule, can be expressed as:

X L2
oc,, ocy, (maxh + Xicrr(s, ¢) ocy,

0X (s,c) _ OXkrE(s,¢)  deight 4 (@) (3.45)

Gmaxh

where M%L—i(m is calculated from equation ((3.39)).

To compute the derivative of apa With respect to ¢,, the position sy, where
maxh = | X (Smax,¢)| must be determined. Assuming dmaxn = |X (Smax, ¢)|, the
derivative becomes:

aamaxh

ey,

aXKLE(Smaxa C)

dey,

(3.46)

= sigh(X ke (Smax, €)) -

Normal Direction Transformation

The transformation also involves the unit normal to the airfoil contour directions
N, and N, defined as:

Jy(s) ox(s)
N, = , N,=— , 3.47
Js Y 0s (347)
normalized by their magnitude:
N, N,
norm = /N2 + N2, N, < , Ny —. (3.48)
norm norm

The perturbed geometry in Cartesian coordinates is then given by:

LK LE, out = Linitial + Na; : XKLE,scaled7 YK LE,out = Yinitial + Ny ' XKLE,scaled' (349)

Final Expression Using Chain Rule
Combining all the transformations and scaling factors, the derivative of the per-
turbed geometry in Cartesian coordinates with respect to the uncertain variables ¢,

can be expressed as:
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oe,, 0s Omaxh

axKLE,Out(S7C) _ ay(s) . (CH \/_f dhelght

d ei .
- XKLE($> C) : 1; ght : Slgn(XKLE(Smaxa C)) : CHann(Smax) V )\nfn(smax)

maxh

(3.50)

dey, 0s Omaxh

ayKLE‘,out(Sac) _ _3117(3) ) (CH \/_f dhelght

d ei .
- XKLE<37 C) . }; ght : Slgn(XKLE(Smaxa C)) : CHann(Smax) V )\nfn(smax)

maxh

(3.51)

Here:
- CHann () is the damping coefficient, ensuring smooth transitions at the boundaries,

- VAnfn($) is the contribution of the n-th eigenmode to the geometry perturbation,

- @ scales the perturbation to the desired imperfection height.

maxh
These final expressions capture the full dependency of the perturbed airfoil geometry
on the uncertain variables ¢,, incorporating all transformations, damping effects, and
scaling factors.
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Chapter 4

Test Cases in UQ

This chapter presents a systematic evaluation of adjoint-assisted regression-based
PCE and aPCE methods through three test cases of various complexity. The studies
validate the computational framework while assessing performance across different
regimes of stochastic dimensionality in aerospace applications.

Section [4.1] examines a NACA 4415 airfoil with two uncertain flow parameters,
establishing comparisons between traditional and adjoint-enhanced PCE methods.
Results demonstrate sub-0.1% accuracy in moment estimation with computational
savings exceeding 90% compared to conventional regression PCE.

Section investigates an n16103 airfoil with 18 geometric uncertainties modeled
through KLE. The adjoint approach provides critical efficiency advantages, achieving
tenfold cost reductions compared to conventional regression PCE.

Section [4.3) evaluates a complete Supersonic Business Jet configuration with 12 cou-
pled design variables. The analysis demonstrates sub-1% errors in performance
metrics versus MC while significantly reducing computational costs.

These case studies form a comprehensive validation hierarchy from fundamental
benchmarks to industrial applications.The consistent methodology enables clear as-
sessment of the adjoint approach’s scalability and robustness.

4.1 Case 1: Airfoil with Uncertain Flow Condi-

tions

The first test case is related to the NACA 4415 airfoil. The objective is to quantify
uncertainties in the Lift and Drag resulting from variations in the free-stream ve-
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locity and angle of attack (AoA). CFD simulations are conducted using the PUMA
software developed by the Parallel CFD & Optimization Unit of the NTUA[2], which
solves the Euler equations using a finite volume method. Because the flow is assumed
inviscid (thus governed by the Euler equations), the presence of a shock wave is re-
quired for drag to be developed. The NACA 4415 airfoil geometry is illustrated in

Figure [4.1]

NACA 4415 Airfoil

y-coordinate

I | | I | I I I I | I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x-coordinate

Figure 4.1: The nacad415 airfoil.

For this case, the aforementioned uncertainties are modeled as follows. The free-
stream velocity is assumed to follow a Normal distribution with a mean value of 240
m/s and a standard deviation of 0.33 m/s, i.e., N'(240,0.33%). The AoA is modeled
using a Beta distribution with shape parameters a = 1 and § = 2, bounded between
1.6 and 2.5 degrees.

While the small number of uncertain variables suggests that a GQ-based PCE is the
most suitable approach, this case serves as an introductory example to demonstrate
the application of the adjoint-assisted, regression-based PCE in CFD. A compre-
hensive comparison between the two methods will be provided in Section where
the latter approach will be the only feasible option.

Benchmark Analysis: GQ-based PCE

To establish a reference solution for UQ in the Lift and Drag due to input variabil-
ity, a GQ - based PCE approach is adopted. This method is especially effective in
low-dimensional stochastic problems, offering high accuracy at relatively low com-
putational cost.

The quadrature rules are selected according to the type of input distributions.
Specifically, Gauss—Hermite quadrature is used for the free-stream velocity, while
Gauss—Jacobi quadrature is adopted for the AoA, with appropriate scaling to match
the physical bounds. A tensor-product of univariate rules is used to construct the
multivariate quadrature scheme over the joint probability space. The Qols are eval-
uated at each node, and the associated statistical moments are computed using the
corresponding quadrature weights. This benchmark is performed using a chaos order
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of 2, resulting in a total of 9 quadrature nodes, thus 9 CFD runs for the computation
of the sought statistical moments.

The results of this benchmark analysis are summarized in Table 4.1, providing a
reference for assessing the accuracy of adjoint-assisted regression-based PCE models
introduced later. These values represent the expected behavior of the Lift and Drag
under the specified uncertainties in flow conditions.

Qol Mean  Standard Deviation
Lift [N]  336.54131 8.40852
Drag [N]  20.21745 1.42208

Table 4.1: Benchmark statistics for Lift and Drag using GQ-based PCE.

Figure displays the pressure distribution around the NACA 4415 airfoil at one
of the GQ nodes. This visualization highlights the shock wave formation induced
by the airfoil’s aerodynamic performance.

— 1.4e+05

— 120000

[mocoa ®
8 50000 O

— 60000

— 3.4e+04

Figure 4.2: Pressure field around the NACA /415 airfoil.

Regression-based ni-PCE

In this subsection, the regression-based ni-PCE method is applied to the NACA
4415 airfoil test case. The objective is to construct stochastic surrogate models
for Lift and Drag and to compute their corresponding statistical moments using a
limited number of CFD simulations. A total of 15 input samples are generated using
Latin Hypercube Sampling (LHS), and the resulting CFD outputs are processed via
least-squares regression, as described in Section [2.1.4]
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The number of PCE coefficients depends on the chosen chaos order k. For a 2-
dimensional input space, the total number of terms is given by:

(4.1)

M 2)!
PCE coefficients = <k+ ) = (k+2)

M 2 x k!

Table summarizes the number of PCE coefficients, the Oversampling Ratios
(O.R.) (given the 15 CFD runs), and the corresponding results obtained for chaos
orders 1, 2, and 3:

Order Coeffs O.R. Lift Mean Lift Std Drag Mean Drag Std

1 3 ) 336.611 8.5645 20.2233 1.44415
6 2.5 336.55 8.41011 20.2197 1.42251
3 10 1.5 336.575 8.4331 20.2262 1.43739

Table 4.2: Regression-based ni-PCE results using 20 samples for different chaos
orders.

Lift Mean Lift Std Drag Mean Drag Std

Order
Rel. Err (%) Rel. Err (%) Rel. Err (%) Rel. Err (%)
1 0.0207 1.8569 0.0289 1.5532
2 0.0025 0.0189 0.0111 0.0304
3 0.0100 0.2926 0.0433 1.0788

Table 4.3: Relative error (%) of regression-based ni-PCE results with respect to the
G@Q benchmark.

As shown in Tables and [4.3, the second-order chaos expansion provides the
best overall accuracy in estimating the statistical moments of both Lift and Drag.
Specifically, the relative errors with respect to the GQ benchmark are below 0.03%
for all quantities, indicating excellent agreement. While order 1 underestimates
the variability, and order 3 yields slightly less accurate estimates—Ilikely due to the
lower oversampling ratio of 1.5 — order 2 strikes the best balance between model
complexity and available data in this case. These results highlight the importance of
selecting an appropriate chaos order and maintaining a sufficient oversampling ratio
to avoid instability in the regression and to ensure accurate moment estimation.
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Adjoint-assisted Regression-based ni-PCE

To further reduce the number of required CFD simulations, the adjoint-assisted
regression-based ni-PCE approach is employed (see Section . By comput-
ing gradients of the Qols with respect to the uncertain variables using the adjoint
method, each sample yields multiple rows in the regression matrix—one from the
primal solution and one from each derivative.

For this case, only 4 samples were required. Given that each sample provides 1+2 =
3 rows, the total number of regression equations is 4 x 3 = 12. This allows the
construction of a chaos expansion up to order 2, which requires 6 coefficients, and
yields an oversampling factor of 2.0.

The results of this analysis are shown in Table along with a comparison to the
GQ-based benchmark.

Qol Mean Rel. Error (%) Std Rel. Error (%)
Lift  336.5515 0.0030 8.41102 0.0297
Drag  20.220 0.0126 1.42282 0.0523

Table 4.4: Adjoint-assisted ni-PCE results using 4 samples (chaos order 2).

The results in Table confirm the remarkable accuracy of the adjoint-assisted
ni-PCE method, even when using only 4 CFD simulations. All relative errors re-
main well below 0.06%, with both the mean and standard deviation of Lift and
Drag nearly identical to the high-fidelity GQ-based benchmark. This level of agree-
ment demonstrates the power of incorporating derivative information via the adjoint
method, which enriches the regression system and enables accurate surrogate con-
struction with drastically fewer samples. In the context of high-fidelity CFD, where
each simulation can be computationally expensive, this efficiency gain is highly sig-
nificant.

Cost comparison between typical and adjoint-assisted regression

In cases where the evaluation of the Qol is computationally expensive, the efficiency
of the regression method becomes questionable. With Ng evaluations of the Qol
and an oversampling factor of 7, the cost of the adjoint-assisted regression approach
can be expressed as:

r(M +k)!

COStAdjoint = (NQ + 1) m ’

(4.2)

where M is the number of uncertain variables, k is the chaos order, and CU denotes
the Cost Unit (i.e. the cost for running the CFD code, usually referred to as an
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Equivalent Flow Solution (EFS), if it’s a problem in fluid mechanics) of a single Qol
evaluation.

Neglecting rounding and assuming exact arithmetic, the ratio of the costs between
adjoint-assisted regression and typical regression is approximately:

NQ+1
M+1

Cost Ratio = (4.3)

This implies that the adjoint-assisted regression method is more cost-effective in
cases where the number of uncertain variables M greater than the number of Qol
evaluations Ng. The inclusion of sensitivity derivatives allows for an increased
oversampling factor without additional Qol evaluations, thus reducing the overall
computational burden.

However, with number of Qol evaluations Ng exceeds the number of uncertain
variables M, typical regression methods become more favorable due to their simpler
implementation and lower computational overhead.

In summary, the adjoint-assisted regression method is advantageous in cases involv-
ing a large number of uncertain variables. Conversely, in cases where Ng > M, the
typical regression method should be preferred for its efficiency and practicality.

4.2 Case 2: Airfoil Shape Imperfections

In order to demonstrate the application of the Karhunen-Loeve expansion in mod-
eling shape imperfections, the n16103 airfoil is used as a test case. The stochastic
field representing the imperfections, as mentioned in Section [3.1] is expressed by

Equation (3.41]).

For computational efficiency, the series is truncated to N = 18 terms such that

18
i1 o5, (4.4)
Zz‘:l Ai

This truncation captures approximately 95% of the total variance, ensuring a balance
between accuracy and efficiency in representing manufacturing imperfections. Thus,
the uncertainty is fully represented by 18 independent random variables ¢y, ¢s, . . ., ¢13
corresponding to the expansion coefficients in Equation (3.41)).
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Figure 4.3: The n16103 airfoil.

Regression vs GQ PCE

This case is a great example of the advantages of using a regression-based rather
than a GQ-based PCE. The total number of simulations required for a GQ-based
PCE is given by the following equation:

Neag = (k+1)M (4.5)

where K is the maximum polynomial order and M is the number of stochastic
dimensions. This exponential growth in computational cost with increasing dimen-
sionality makes GQ-based PCE infeasible for high-dimensional problems.

In contrast, as already discussed in this thesis, regression-based PCE requires only:

Nyey = (’f LM) (4.6)

which grows much slowly with M. For sparse problems, N,., can be further reduced
using advanced techniques like least-angle regression (LAR) or compressive sensing.

Thus, in cases like this one, where the number of uncertain variables is significantly
larger than the number of Qols, the regression-based PCE is the only feasible option.

In Figure [4.4] a comparison between the two methods is shown for different chaos
orders and uncertain variables.

It is clear that for 18 uncertain variables, the GQ-based PCE is not feasible, as
it would require 19.531.441 simulations for a chaos order of 2. In contrast, the
regression-based PCE requires only 190 simulations, making it a much more efficient
option.

Simulation Parameters

The flows were still simulated using the PUMA software, which solves the Reynolds-
Averaged Navier-Stokes (RANS) equations with the Spalart-Allmaras turbulence
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Comparison of Regression-based and Gauss Quadrature PCE
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Figure 4.4: Comparison between regression-based and GQ-based PCE.

model. A second-order Roe scheme was used for spatial discretization, and time
integration was performed using a multi-stage Runge-Kutta method. The solver
ran for 30,000 iterations with a CFL number of 10.

The freestream conditions were set to a total pressure of 21,662.72 Pa, a velocity of
252.28 m/s, and a density of 0.3483 kg/m®. The dynamic viscosity was 2.39824x10°
Pa-s.

The pressure field around the baseline n16103 airfoil (without any imperfections) is
shown in Figure 4.5|

The objective of this test case is to quantify the impact of shape imperfections on
the aerodynamic performance of the airfoil, specifically in terms of the generated
lift and drag. Note that the two Qols in this problem are the lift and drag. For the
18 uncertain variables in the problem and a chaos expansion of order 2, the total
number of PCE coefficients is given by Equation ({2.3)):

|
PCE coefficients = w
21. 18!

= 190. (4.7)
Considering a sufficient oversampling ratio of 3.15 for the PCE, the total number of
CFD simulations required is 600. This number can be greatly reduced by using the
adjoint method to calculate the gradients of the Qols with respect to the uncertain
variables, as discussed in Section [2.1.5
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Figure 4.5: Pressure field around the n16103 airfoil.

Below is the flowchart of the operations performed for each CFD simulation:

e T

Figure 4.6: Flowchart of the operations performed for each CFD simulation.

Firstly, using the LHS technique, a set of 18 random variables is generated, each
following a normal distribution with a mean of 0 and a standard deviation of 0.3
(i.e., N(0,0.3%)). These random variables are then used to generate the deformed
airfoil through the KLE process presented in Section |3.1] Finally, an RBF network
is used to adapt the baseline mesh into the deformed airfoil, and the CFD simulation
is performed using PUMA.

Benchmark Analysis: ni-PCE Without the Use of the Adjoint

The first step is to establish a benchmark analysis using the ni-PCE method with-
out employing adjoint derivatives, to later compare the results with those obtained
using the adjoint method. As described earlier, 600 sets of 18 random variables
are generated using the LHS technique, and the corresponding deformed airfoils are
produced using the KLE process. Some representative deformed airfoils are shown

in Figure [4.7]

The CFD simulations are then performed for each deformed airfoil, and the resulting
lift and drag are calculated. The results are processed using the regression-based
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e Baseline and indicative Deformed Airfoils
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Figure 4.7: Deformed airfoils generated using the KLE process.

ni-PCE method, and the stochastic moments of the two Qols are shown in Table
4.9l

Qol Mean Standard Deviation
Lift 2,262.21 93.52
Drag 46.58 1.07

Table 4.5: Stochastic moments of the Qols using the ni-PCE method using only
responses (no use of gradients).

Adjoint-assisted ni-PCE

To address the issue of the excessive number of CFD simulations, the adjoint-assisted
ni-PCE approach is employed, as described in Section [2.1.5] This approach is highly
advantageous, as the number of uncertain variables far exceeds the number of Qols.
For every deformed airfoil, 19 rows of the regression matrix are obtained (one row
for the solution of the primal problem, and 18 rows corresponding to the derivatives
of the Qols with respect to the uncertain variables). In this way, the overall com-
putational cost (measured in terms of Equivalent Flow Solutions, EFS) is reduced
significantly. Below is a comparison of the number of EF'S required for the ni-PCE
method without the adjoint and the adjoint-assisted ni-PCE:

As shown in Table [4.6] the adjoint-assisted ni-PCE method significantly reduces the
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Deformed Oversampling

Method Airfoils Ratio EFS
ni-PCE 600 3.15 600
Adjoint-assisted ni-PCE 50 5.0 100
Adjoint-assisted ni-PCE 30 3.0 60

Table 4.6: Comparison of methods in terms of Equivalent Flow Solutions (EFS).

computational cost. Specifically, the number of EFS required for the adjoint-assisted
ni-PCE is no more than 10% of that required for the original ni-PCE method, while
maintaining the same oversampling ratio. The results obtained from the three cases

presented in Table [4.6] are provided in figures [4.7] and [4.§|

Drag Mean

Method Lift Mean [N] Lift Std [N] N] Drag Std [N]
ni-PCE 2,262.21 93.52 46.58 1.07
Adjoint-assisted ni-PCE 2,263.5 91.4 46.52 1.1
(50 airfoils)
Adjoint-assisted ni-PCE 2.264.7 89.1 46.45 113

(30 airfoils)

Table 4.7: Stochastic moments of the Qols (Lift and Drag) for different methods.

Method Lift Mean Err Lift Std Err Drag Mean Drag Std Err

(%) (%) Err (%) (%)

Adjoint-assisted ni-PCE
(50 airfoils) 0.06 -2.27 -0.13 2.8
Adjoint-assisted ni-PCE 011 4T3 0.98 56

(30 airfoils)

Table 4.8: Relative error of each metric with respect to the ni-PCE baseline.

The results indicate that the adjoint-assisted ni-PCE method closely replicates the
baseline ni-PCE outcomes while significantly reducing the computational cost. As
shown in Table[d.7] the lift and drag mean values for both the 50-airfoil and 30-airfoil
adjoint-assisted cases are nearly identical to the ni-PCE baseline—with relative er-
rors of 0.06% and 0.11% for the lift mean, and -0.13% and -0.28% for the drag mean,
respectively.

As expected, the analysis with 50 airfoils exhibits better performance, as it has a
larger oversampling ratio and also captures more of the stochastic behavior. Inter-
estingly, the analysis with 30 airfoils also proved to be effective in capturing the mean
values of the Qols very accurately, while struggling a bit more with the standard
deviations.
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Overall, the adjoint-assisted approach yielded very accurate results, with only 10%
of the computational cost of the ni-PCE baseline.

4.3 Case 3: UQ in Supersonic Business Jet Per-

formance Metrics

This section presents a case study on the quantification of uncertainties in the perfor-
mance metrics of a Supersonic Business Jet (SBJ). The SBJ design is characterized
by 12 free variables, encompassing wing parameters, fuel quantity, and geometric
features of both the wing and the tail assembly. These variables are summarized in

Table L9

Symbol Variable Value Units
M., Cruise Mach number 1.8 —
Lo Cruise altitude 15,500 m
S Wing area 150 m?
ArLe Leading-edge sweep (wing) 57.5 deg
Are Trailing-edge sweep (wing) 5 deg
Aw Wing taper ratio 0.2750 —
(t/C)w Max. thickness-to-chord (wing) 0.05 —
ALew Leading-edge sweep (tail) 57.5 deg
Are Trailing-edge sweep (tail) 5 deg
Au Tail taper ratio 0.275 —
(t/c)u Max. thickness-to-chord (tail)  0.07 —
Weael Fuel weight 22,500 kg

Table 4.9: Design variables for the SBJ.

The three performance metrics considered for the SBJ are its range, takeoff length,
and approach speed. Before introducing uncertainties in the design variables and
performing the UQ analysis, we refer the reader to the mathematical framework for
the design presented in Appendix [A] The assumed probability distributions, includ-
ing the mean and standard deviation for each uncertain variable, are summarized

in Table 410
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Uncertain Variable Distribution Type Mean Standard Deviation

M., Normal 1.8 0.025
Ly Normal 15,500 312.5
Sw Normal 150 6.25
Are Normal 57.5 1.5625
Ate Normal 5 1.25
Aw Normal 0.2750 0.0281
(t/c)w Normal 0.05 0.0012
ALe Normal 57.5 1.5625
Ate Normal 5 1.25
Au Normal 0.275 0.0281
(t/c)u Normal 0.07 0.0013
Wil Normal 22,500 937.5

Table 4.10: Distribution characteristics of the uncertain design variables.

Benchmark Analysis: Monte Carlo Simulation

The first step is to perform a benchmark analysis using MC. The goal is to obtain the
statistical moments of the performance metrics (range, takeoff length, and approach
speed) for the SBJ, which will later serve as a reference for the ni-PCE method.
The MC simulation is performed using up to 10® samples, ensuring full convergence
of the statistical moments. The results are presented in Figure [£.§8] and Table

Performance Metric Mean Star.lda}rd
Deviation
Range (km) 2,786.6 392.07
Takeoff Length (m) 4,154.8 546.337
Approach Speed (m/s) 87.477 3.8516

Table 4.11: Statistical moments of the performance metrics using MCS.

Regression-based ni-PCE

As in Case the large number of uncertain variables makes a regression-based
PCE far more suitable than computing the PCE coefficients via GQ. Specifically, if
we were to use a GQ-based PCE with a chaos order of 2, the number of simulations
would be:
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Statistical moments of the performance metrics using different numbers

Total Samples = (2 + 1) = 531,441

In contrast, a regression-based PCE requires significantly fewer samples. Including
an oversampling factor of 2, the number of samples required is given by

1242 14
Samples:2><( 2+ ):2><(2):2><91:182

By sampling the uncertain variables from the distributions in Table the PCE
coefficients can be calculated using regression. The results are presented in Table

The results in Table show that the regression-based ni-PCE method accurately
reproduces the statistical moments of the performance metrics, with relative errors
below 1% for all Qols.
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Performance Metric Mean Rel. Error (%) STD Rel. Error (%)

Range (km) 2,777.8 10.31 402.55 2.67
Takeoff Length (m) 4,149.2 -0.13 547.21 0.16
Approach Speed (m/s) 87.4906 0.02 3.8531 -0.04

Table 4.12: Statistical moments of the performance metrics using ni-PCE, including
relative errors with respect to MC.

Gradient-assisted regression-based ni-PCE

To further reduce the total number of samples required for the regression-based ni-
PCE, the gradient-assisted approach presented in Section [2.1.5|is employed. In con-
trast to the previous cases, in which the governing Euler equations were solved and
the adjoint method was used to compute the derivatives of the Qols w.r.t the uncer-
tain variables, the derivatives of the performance metrics in this case are calculated
using finite differences—and more specifically, central differencing. Consequently,
for each sample, simulations are performed for two additional perturbations of the
uncertain variables to compute all derivatives. Although this approach is more ex-
pensive than the one presented in subsection the objective in this case is to
determine whether the gradient information yields accurate results. In typical CFD
cases, such as Cases and the adjoint method would be used to compute the
gradients, resulting in a total cost for each sample of approximately 2 EFS. For the
needs of the cost comparison, the case will be treated as if the adjoint method was
used.

The results obtained using the gradient-assisted regression-based ni-PCE are pre-
sented in Table To achieve the same oversampling factor of 2 as in the previous
case, the total number of samples required is given by

oversampling factor x PCE coeffs 2 x 91
1 + Number of Uncertain Variables 1412

Samples = 14 (4.8)

Performance Metric Mean Rel. Error (%) STD Rel. Error (%)

Range (km) 2,775.6 -0.39 399.34 1.85
Takeoff Length (m) 4,148.2 -0.16 544.24 -0.38
Approach Speed (m/s) 87.4981 0.02 3.8732 0.56

Table 4.13: Statistical moments of the performance metrics using gradient-assisted
ni-PCE, including relative errors.

As shown in Table the gradient-assisted regression-based ni-PCE method pro-
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duces highly accurate estimates of the statistical moments for the SBJ performance
metrics. All relative errors — except for the standard deviation of the range — are
within 1%, demonstrating excellent agreement with the benchmark MCS results.
When assuming gradient evaluations are obtained via an adjoint method, the total
computational cost corresponds to 28 EFS, representing an 84.6% reduction in cost
compared to the standard regression-based ni-PCE. This highlights the efficiency
and accuracy of incorporating gradient information into the U(Q) process.
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Chapter 5

Conclusions

This diploma thesis has presented a comprehensive investigation into advanced
methodologies for UQ in CFD and engineering systems, with a focus on enhancing
efficiency and accuracy through adjoint-assisted regression-based PCE and arbitrary
PCE frameworks. The work systematically addressed the challenges of quantifying
uncertainties in complex high-dimensional systems, particularly those governed by
non-standard input distributions and geometric imperfections, while significantly
reducing computational costs.

The diploma thesis began by revisiting the foundational ni-PCE method, which
treats the computational solver as a black box, avoiding intrusive modifications to
governing equations. To improve the regression process, the adjoint method was
integrated, leveraging gradient information of the Qol with respect to uncertain
inputs. This adjoint-assisted approach formed an overdetermined system using both
Qol evaluations and their sensitivities, drastically reducing the number of required
CFD simulations, especially for high-dimensional problems. The effectiveness of
this method was demonstrated through benchmark problems, such as the Borehole
function, where it achieved accurate estimates of stochastic moments with far fewer
samples than traditional Monte Carlo simulations.

Recognizing the limitations of classical PCE in handling non-standard input distri-
butions, the thesis adopted,programmed and assesed the aPCE framework. This
data-driven approach constructs custom orthogonal polynomial bases tailored to
unknown input distributions, utilizing the Mysovskikh theorem and moment-based
orthogonalization. The aPCE methodology was rigorously validated, showing its
capability to handle arbitrary probability distributions with high accuracy. Specifi-
cally, the projection-based aPCE quadrature rule was constructed and validated for
up to third-order expansions, using £ + 1 = 4 nodes per input variable. The gen-
erated orthonormal polynomials were verified against known Hermite polynomials
in the Gaussian case, with relative errors of the nodes and polynomial coefficients
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below 1073, The accuracy of the constructed quadrature was assessed using a 2-D
benchmark function for which the aPCE quadrature computed a mean and a stan-
dard deviation with relative errors on the order of 10~%. Also, the same framework
was applied to a 2-D problem with unknown input distributions, yielding similar
accuracy. These results confirm the robustness and precision of the aPCE method-
ology, making it suitable for a wide range of real-world UQ problems involving non-
standard inputs. Additionally, the KLE was employed to model geometric shape
imperfections, providing a compact and mathematically consistent representation of
random fields such as manufacturing deviations.

A comprehensive comparison is summarized in Table presenting statistical
metrics—mean and standard deviation—along with relative errors and computa-
tional costs (expressed in equivalent flow solutions, EFS). The results demonstrate
that the adjoint-assisted regression-based PCE significantly outperforms traditional
regression-based PCE and Monte Carlo Simulation (MCS) in terms of cost-efficiency,
especially in high-dimensional settings.

Error Error Cost
Method Qol Mean Mean (%) Std. Dev. Std. Dev. (%) (EFS)

Case Study 1: NACA 4415 (2 Uncertain Variables)

GQ-PCE Lift 336.54131 - 8.40852 - 9
GQ-PCE Drag 20.21745 - 1.42208 - 9
Reg-PCE (order 2) Lift 336.55 0.0025 8.41011 0.0189 15
Reg-PCE (order 2) Drag 20.2197 0.0111 1.42251 0.0304 15
Adjoint-Reg-PCE Lift 336.55 0.003 8.411 0.03 4
Adjoint-Reg-PCE Drag 20.22 0.0126 1.4282 0.0523 4

Case Study 2: n16103 (18 Uncertain Variables)

Reg-PCE Lift 2262.2 - 93.52 - 600
Reg-PCE Drag 46.58 - 1.07 - 600
Adjoint-PCE (50 samples) Lift 2263.5 0.06 91.4 -2.27 100
Adjoint-PCE (50 samples) Drag 46.52 -0.13 1.10 2.80 100
Adjoint-PCE (30 samples) Lift 2264.7 0.11 89.1 -4.73 60
Adjoint-PCE (30 samples) Drag 46.45 -0.28 1.13 5.60 60

Case Study 3: SBJ (12 Uncertain Variables)

MCS Range 2786.6 - 392.1 - 108
MCS Takeoff 4154.8 - 546.3 - 108
MCS Approach 87.477 - 3.852 - 108
Reg-PCE Range 2777.8 -0.31 402.6 2.67 182
Reg-PCE Takeoff 4149.2 -0.13 547.2 0.16 182
Reg-PCE Approach 87.491 0.02 3.853 -0.04 182
Grad-Reg-PCE Range 2775.6 -0.39 399.3 1.85 28
Grad-Reg-PCE Takeoff 4148.2 -0.16 544.2 -0.38 28
Grad-Reg-PCE Approach 87.498 0.02 3.873 0.56 28

Table 5.1: Quantitative comparison of UQ) methods for the studied case studies.

In the 2D airfoil problem (NACA 4415), the adjoint-regression method reduced the
cost by more than 70% (from 15 to 4 EFS) while maintaining sub-0.05% errors in
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mean and standard deviation compared to GQ-based PCE.

In the 18-dimensional case (n16103 airfoil), the adjoint-assisted PCE achieved sim-
ilar or better accuracy than classical regression PCE, with only 50 or even 30 sam-
ples. This corresponds to an 83%-90% reduction in cost, at the expense of only
0.06%-0.11% error in the mean and up to 5.6% in standard deviation.

For the Supersonic Business Jet case (12 uncertain variables and chaos order 2),
where full Monte Carlo simulation required 100 million calls to the evaluation soft-
ware, the gradient- assisted PCE achieved comparable accuracy (within +£0.5% in
both mean and standard deviation) at a cost that is 6 orders of magnitude lower
(28 EFS vs. 10%).

In conclusion, this thesis explored the integration of adjoint sensitivity informa-
tion and unknown distribution in handling polynomial chaos methods, as well as
the aPCE framework for unknowwn distributions, extending their applicability to
a broader range of real-world CFD problems. The methodologies developed herein
provide a scalable and efficient framework for UQ, balancing accuracy with compu-
tational feasibility.
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Appendix A

Supersonic Business Jet

Mathematical Framework

The SBJ can be divided into seven main disciplines, each with its own set of inputs
and outputs. The outputs of one discipline may serve as the inputs of another,
forming a coupled system that must be solved iteratively. These kinds of problems
are referred to as Multi-Disciplinary Analysis (MDA) problems.

This first discipline addresses the operational conditions during flight. Its inputs are
the cruise altitude z., and cruise Mach number M., while the outputs consist of the
ambient pressure p,, air density p.., temperature T¢,, and the aircraft’s flight speed
Ver.

To compute these outputs, a standard (piecewise) atmospheric model is used. First,

the temperature at the flight altitude is approximated by:

Ty — Bz, for z.,, < 11,000 m
Ty = (A.1)
216.65, for 11,000 < 2., < 10,000 m

where Tj is the sea-level temperature, and B = —Z—Z = 0.0065 K/m is the atmo-
spheric lapse rate.

Next, the pressure at altitude is computed by a corresponding piecewise function:
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wE
p0<1 - Bzcr) , for z,, < 11,000m
Per = TO (AQ)
D11 exp(— BT (Zer — 211>, for 11,000 < z, < 10,000 m

where g = 9.81m/s” is the gravitational acceleration, R = 287.04J/(kg-K) is the
specific gas constant for air, pg is the known pressure at sea level, and py; is the
pressure at 11,000 m.

The air density at altitude is then obtained via the ideal-gas law:

21
Tcr RB
0o (—) ,  Zer < 11000,
Per = TO
DPer
RT.’

(A.3)

11000 < 2z < 10000,

where pg is the air density at ground level.

Finally, the flight speed V., can be computed from the Mach number and the tem-
perature as:

‘/CI‘ = Mcr ’YRTCU (A4>
where v = 1.4 is the ratio of specific heats for air.

The second aspect regards the fuselage geometry, which is idealized as a cylindrical
body capped with cones at both ends. The diameter of the fuselage is fixed at
D¢ = 2.15m. The front cone is assumed to lie within the Mach cone, while the rear
cone has a known half-angle of 12°.

The two input parameters to this discipline are the cruise Mach number M, and
the takeoff fuel weight Wi, while the outputs are the total fuselage length L; and
its outer surface area Sy.

The overall fuselage length is expressed as the sum of four sections:

Ly=Lg+ Lo+ Lyg+ Lys (A.5)

where:

- Ly is the front cone length,

- Ly is the rear cone length,

- L3 is the cabin/passenger section length,

- L4 is the fuel section length.
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The front cone length depends on the Mach number and is given by:

-1
Ly =0.5D; (tan <O.3 arcsin <j\; ))) : (A.6)

while the rear cone length is based on its fixed cone angle:

Ly =0.5D; (tan(12°)) " (A7)

The passenger section is assumed to be a fixed length:

Lz =10m. (A.8)

The fuel section length is computed from the fuel volume at takeoff, which is deter-
mined from the fuel weight and density:

‘/fuel quel
—— .  where Vi =

T2 )
ZDf Pfuel

(A.9)

with Pfuel = 807.5 kg/m3

Finally, the total surface area of the fuselage is given by:

Dj Dj
Sf:ﬂ'Df Lf3+Lf4+O.5 T_’_L%l—i_ T—FL;Q . (AlO)

The next discipline focuses on modeling the geometry of the aircraft’s wing. The
input parameters for this discipline include the wing surface area S, the leading-
edge sweep angle A, g, the trailing-edge sweep angle A, rg, the thickness-to-chord

ratio (%), and the tip-to-root chord ratio A,

The outputs from this model are the mean wing chord c¢,.,,, the span b,,, the aspect
ratio AR,,, the sweep angle at the quarter-chord location A, 25, the exposed wing
surface area Sy exp, and the wetted wing surface area Sy, wet-

The mean aerodynamic chord is calculated using the following equation:

(A.11)

C’I"U}

. Sw (tan Aw,LE — tan Aw,TE)
B 1-22

The wing span is then given by:
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28
b,=—— A.12
0 Lt ) (4.12)

From the span and surface area, the aspect ratio is computed as:

AR, = (A.13)

5

The exposed surface area is calculated by removing the fuselage-interfered portion
of the wing planform:

D D D
Swexp = S — 7f (2% — Tf tan Ay, rp + 7’” tan Aw,TE) (A.14)

The discipline of th vertical stabilizer geometry closely resembles the wing geometry
model. The input variables for this discipline are: the wing surface area .S, the
sweep angle at the leading edge A, g, the sweep angle at the trailing edge A, rg,
the thickness-to-chord ratio (i)v, and the tip-to-root chord ratio A,.

The outputs of the discipline include the surface area of the vertical stabilizer S,,
the height b,, the mean aerodynamic chord c¢,,, the sweep angle at the 25% chord
line A, 95, and the wetted area S, ywet.

The vertical stabilizer surface area is assumed to be 10% of the wing surface area:

S, =0.18, (A.15)

The mean chord of the vertical stabilizer is computed similarly to the wing:

B Sv (tan Av,LE — tan AU,TE)
s s
The height of the vertical stabilizer is derived from:
25,
by = ——— A7
Cro(1 = Ay) ( )

Finally, the wetted surface area of the vertical stabilizer is estimated as:

Sywer = 2 (1 402 (E) ) S, (A.18)
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The next discipline addresses both the operation and geometric sizing of the air-
craft’s engines. The input parameters include all relevant flight condition vari-
ables—namely, cruise altitude z.., Mach number M., temperature T, pressure p,,
density pe, and velocity V... Additional inputs include the wing surface area S,
and the drag coefficient Cp.

The outputs from this discipline are the engine power during flight P, the engine
power at ground level Py, the specific fuel consumption sfc, the nacelle length L.,
and the nacelle diameter D,,..

The power produced by the engine in flight is given by:

1 1
-~ paVECDS,, A.19
Nengine 2p e ( )

P=

where Nepgine = 2 is the number of engines on the aircraft.

If the flight power P is known, the power at sea level is estimated using:

r —1 ﬁ
P=P (0.679—" (1 + VTM2> ) (A.20)

Po

The specific fuel consumption is calculated using:

TCI‘
sfc=2.83107°(0.9 4+ 0.3M ) /?, (A.21)
0

To determine nacelle size, the engine diameter and length must be calculated first.
These depend on the power at ground level Py as follows:

Dengine = 01P(§€17 Lengine = CQP(?Q (A22)
where the constants are:

¢ =0.0062, Ky =0.67, cp=0.025 ko =0.46

The nacelle length is then determined by:

Lpac = 4-l)engine + Lengine (A23)
and the nacelle diameter is:
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Dnac - 1'1l)engine (A24)

The next discipline is responsible for computing the aircraft’s total weight. The

required input variables include: the wing geometry parameters S, (%)w, Ay 25, b,
Aw, and Sy, exp; the vertical stabilizer parameters S,, by, (E)U, and A, o5; fuselage

parameters Sy and Lj; atmospheric pressure at cruise altitude p.,; engine power at
sea level Fy; and the fuel weight at takeoff Wiy

The two outputs from this discipline are the total takeoff weight TOW and the
zero-fuel weight ZFW.

The total weight is calculated as the sum of the zero-fuel weight and the takeoff fuel
weight:

TOW = ZFW + Wi (A25)

The zero-fuel weight is composed of payload and crew weight, operational weight,
and the empty aircraft weight:

ZFW = Wpayload + Wcrew + Woperational + Wempty (A26)

The payload and crew weights are approximated by:

Wpayload + Wcrew - (Npassengers + Ncrew)Wperson - (12 + 3) x 100 = 1500 (A27)

A fixed value is assumed for operational weight:

Wop = 210kg (A.28)
The empty weight is the sum of individual components:
Wempty = Ww + Wv + Wf + Wgear + er + NengineWengine <A29>

The wing weight is given by:

45635 VTOW ZFW (1+2)\,)

W, =20.68, + 5.387 x 107% x ;
(E) COSQ(Aw725) Sw,exp (1 + )\w)

(A.30)
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Similarly, the vertical stabilizer weight is estimated as:

b (8 +0.09TOW )

Sw,exp

W, =12.8S5,+24 x 1076

(1), cos R’

The fuselage weight is calculated using:

Wf = (5.1314 + 0.498 If) Sf,

where the index I; is computed as:

L _[n >
To et if g, < 1,

with the pressure index given by:
[p = 1074<pcr - pcabin>Df
and the buckling index defined as:

45W; Ly

I,=13x10* D2

The remaining terms are calculated as follows:

Wt =ZFW — Ww - Nengine,wWengine

(A.31)

(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

where Nengine,w 15 the number of engines attached to the wing. The engine weight is

estimated via:

Wengine =3.5 X 10*2]3(?.9255

(A.37)

and the weights of the gear and flight electronics are modeled as fractions of the

takeoff weight:

Weaear = 0.04TOW, Wi = 0.08TOW

(A.38)
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The aerodynamics discipline is responsible for evaluating the aircraft’s aerodynamic
performance, specifically by computing the lift and drag coefficients.

The input parameters to this discipline include the wing geometry variables S,
Sw.wets Crws (i)w, bu, Mw, Nw.LE, and AR,,; the vertical stabilizer geometry variables
Sus Sv.wets Cros (ﬁ)y, by, and \A,; the fuselage geometry parameters Ly and Sy; the
nacelle length and diameter L., Dpac; the flight condition variables M., Te:, per,
V.r; and the total weight at takeoft TOW.

The outputs of this discipline are the lift coefficient C';, and drag coefficient C'p.

The lift force is calculated from:

L=0.5ps V2 S, (A.39)

Assuming that the lift equals 95% of the total aircraft weight in flight:

0.95¢TOW
Cp=—_""7-~ A.40
0500 V2 S, (A.40)
The drag coefficient is the sum of parasitic drag and lift-induced drag:
CD = CD70 + CD,i (A41)
The induced drag is calculated using:
Cp;=KC? (A.42)
The value of K depends on the Mach number and is defined as:
— L M, <1
K= {WARwﬁRw (M2,-1) Mo>1 (A.43)
4 ARw+(MZ—1)cos Ay, LE cr =
where e is the Oswald efficiency factor given by:
e =4.61(1—0.045 AR;%) (cos Ay, pp)’" — 3.1 (A.44)
The parasitic drag coefficient depends on Mach number:
C visc C ear Mcr <1
Cpo =4 Pt 5D (A.45)
CYD,visc + C'D,wave Mcr Z 1
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The wave drag coefficient is calculated by:

97 (A 2 TNy LE
= — [ ) Eoal1-0.386(M, —1.2)%7 (1 - —= A4
C’D,wauve 25“} ( Lf ) wd ( 0 386( cr ) ( 100 )> ( 6)

where Eyq = 2 and A, is the maximum frontal area.

The viscous drag is the sum of the friction drag over all wetted surfaces:

Si we
CD,visc = é th’,' (A47)

i

Each surface friction coefficient cy; is computed as:

0.074 r?
i = = A .48
Cf, Re?f R ( )
The "wall” temperature is calculated:
T,y = Toe(1 4 0.178 M2) (A.49)
Air viscosity is computed using:
T, \'°273+110.4
=1715x 107° [ == A.
p= 171510 <273.o) T, + 1104 (A.50)
The correction factors are:
rp =10+ 0.1151M2 (A.51)
rp = 0.5(1.0 + rp)rg® (A.52)
The Reynolds number is given by:
cr‘/crLC ar
Re,,; = Portertchar (A.53)
i

The characteristic length L., for each surface is:
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e L. for the nacelle,
e L for the fuselage,
® Cimean for the wing and vertical stabilizer.

The mean chord for surface 7 is calculated as:

Ci,mean - <A54)
3(1+N\)
In Figure [A.1], a flowchart of the MDA process is presented.
Flight conditions at
cruise level
4 v v ~
Fuselage, wing and Iniatialization / I .
tail geometry Correction of Engine Geometry c::::;:::t;::éw Con;z:::r:‘el;i:i;vne;ght Aerodynamics
calculations Engine Thrust
Y
T )
Performance

Figure A.1: Flowchart of the MDA process for the Supersonic Business Jet.
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Kegpdiawo 1

Eicoaywyn

H Ilocotxonoinon APefaottwv (Uncertainty Quantification - UQ) omotelet Ba-
o6 TEdlo TNG UTOAOYIO TIXTG ETLOTHUNG, xAWG EMXEVIPWVETHL OTY| BLdd00T TWV o-
Befaroth TV El06B0U PECH ATO UN-YEUUUIXE CUOTAUAT UE OXOTO TNV AnoTUNoT Tng
enldpaoric Toug oty €€obo. Ot afeBoundTnTec AUTEC UTOREL VoL TROERYOVTAL UTO QPUOLXN
ueTOBANTOTNTY, opdhuato pétenone 1| mpooeyyioeic woviehomoinong. Ou €€odot Twv
Lo TNUATWY ATV ovopdlovtal IlocodtnTeg Evdiagépovtog (Quantities of Interest -

Qols).

Mo and Tic facinég teyvinéc otny ntocotixonoinorn afeBaotitoy eivon 1 tpocouoinon
Monte Carlo [5], o ototiotixg yédodoc mou Booileton otn derypotolndio yio tny
extiunon e xatavouric Tou Qol. Qotdco, 1 uévodoc auty| amautel Yeydio mAHdog
OELYUATOY Yo aLomoTa amoteAéopota. Lo Tov oxond autd, epoapudlovtal Tapahhoryég
tou ITohvwvuuixol Avartidypoatog Xdoug (Polynomial Chaos Expansion - PCE) [21,
10 omoio exppdlel Tic Qols we avdmTuyua opoxavoVIXGY TOAVWVUULY ETTL TKV TUYaiwY
EL0O0WY.

[Sudtepo evdiopépov mopovotdletl to un encufBatixé PCE (ni-PCE) [I], to onolo yeto-
yetplleton T0 UTOAOYIOTIXG HOVTELD w¢ Yoo xouti. EmnAéov, otn uédodo yoauuixhc
TOAVOEOUNOTS [, evowupatdvovton xot ot evao¥noleg TV TOCOTATWY EVOLUPECOVTOG
uéow g ouluyolg UEVODOU, UEWWVOVTOSC CNUOVTIXG TOV AmatToUNEVO aptiud Oely-
udtov. Iépav twv Tutonoinuévwy xatavouwy ewoodou, to Arbitrary PCE (aPCE) [3]
ETUTEETEL TNV XATAOHELT] TOAVWVUIXTS PACNC TEOCUPUOCUEVNC OE EUTELOIXES 1) Sy V-
OTEC XUTAVOPES, eVioyVovTag TNV evehio xou axpifela Tng pedodou.

H Simhowpotins auth epyacio eMXEVTPOVETOL GTNV avamTuEn xot aElOAGYTOT) AmOBOTL-
%y teYvixeyv UQ oto mhaioto g Trohoyiotixhc Peuotoduvauxrc (Computational
Fluid Dynamics - CFD), e egapuoy oe npofAfuata ye afefoudtntes otn pot| yipw
ATO OEPOTOUES, ATEAEIEG OYAUAUTOS XU EMLOOCELS UTERNYNTIXOV OEROCHBPOUS, XATAUDEL-
®V0OVTAG 1) PElwoT x00ToUG Ywelg amwAeta axpifeloc.



Kegdhaio 2

IToAvwvuuxo Avartuyua XAoug

To Iohuwvuuind Avdmtuyua Xdoug expedlel 0TOYACTIXEG TOGOTNTES EVOLUPEQOVTOG
¢ OVETTUYUOL

Q-1
J(@) ~ ZaiHi(E), (2.1)

omou € etvor ot of3éBouec petaBAnTéc etcddou, H; optoywvixd mohuwvuua Bdong xo a;
ol ouvteleoTéc Tou avantiypatoc. To mhfdoc twv dpwv Q optleton cUVIETACEL TKV
oBéPBouwyv petaBintadv M xon tng tng k tou avamtiyuatog og:

(M + k)!

9= "m 22)

H 16&n ydouc k mpocdlopilet to péyloto Podud twv molunviuwy Bdong.
2.1 Mn ExneuBoatixd PCE

To un enepPotind Hohuvovuud Avdntuyuo Xdoug ni-PCE emitpéner tnv npooeyyt-
O T AVOTHEAIC TUOT) TNE TOCOTNTAG EVOLUPECOVTOG, Ywelc TapéufacT oTic pordnuaTtixég
e€lOMOELC TOL BLETOUY TO GUCTNUAL.

2.1.1 Tpoapuixh ITarwdedunon (Regression)

Y1 YeYodo NG YEUUUIXAG TAAVOROUNOTS, dpyixd ETAEYETAL Vo 6UVOAD N Beryudtonv
and To Tedlo oplopol TV oféBuwy YETABANTGY € ue uedodoug omwe n LHS. ¥to
oUVOho auT, uoAoyileTar AVOAUTIXG 1) TOCHTNTA EVOLAPEEOVTOC J, UE UTOTERECUA X

ue Tt Porden tne e&loworng VoL TeoxVEL TO YRuUUixd GUGTNUL

Had=J (2.3)
To cbotnua ebvon unepxotopiopevo, xang To TARdog Twv derypdtwy N elvon pe-
yYarUTepo Tou TANYoUS TV ayvootwy Q. H Adorn tou cucthpatog emituyydvetar ue
yehon ehaylotwy tetpaywvey (Least Squares). H opdolovovixn Bdon yia xdide of3éBat-
N petaBAnT emhéyeton obupova ue v xatavour tne: Hermite (Normal), Legendre
(Uniform) ».Am.



H péon T xou n Tumx| andxhon tng mtocotntog evilapépoviog unohoyilovton amod
TIC OYEoEL:

py=ap, 05 = Z@?<Hz‘(5)2> (2.4)

2.1.2 Teoppuixn] ITaAwwdpodunon Ue Yerion Topay®YwY

H evowpdtwon mAnpopoplov evacinolug twv ToCoTHTLY EVOLUPEROVTOS (S TR0 TNGS
oPéBatec peToANTéC 0TO CUCTNUA odnyel o dpaocTixY| PElwOT TOU ATUUTOUUEVOU
aprduol derypdtwy. T xdde Selyya, mAéov ol mAnpogopiec TOU GUUUETEYOLY GTO
ocLoTNUo elvau:

(@), g—‘] 2 25)

Cym

Ipogavag, 60 meptocdtepeg etvan o ofSéfoueg YeToSANTES, TOOO TEPLOCHTERES Elval
xou oL TAneoopiec Tou haufdvovton. Mdhiota, e teyvnéc omne 1 ouluyrg pédodoc,
T0 GOVORO OAWY TWV TAPAYWOYWY UTopel Vo UTOAOYIGTEL UE X6GTOC avdhoyo auTol NG
eniluong Tou mpwTtelovTo cuCTHUTOS. Enouévee, aveldptnta and to mAloc Tov
oBEBouwv UETABANTOY, TO x60T0¢ LTOAOYLoHOU Yo xdle Belypa mpooeyyiletou (oo pe
TO OIMAGGLO TOU XOGTOUG UTOAOYLOHOU TNG TOCHTNTIG EVOLAPEPOVTOG.

2.2 Auvdaipeto PCE (aPCE)

To aPCE emitpénel enéxtoon tng mopandve Yewplag yio un-Tumixés XoTovouég, xoto-
oxevdlovtag opdoxavovixr) TOAWVUILXTY BAoT TEOCUQUOCUEVY TNV EXACTOTE XOTO-

vour| tne a3éfoung petaBAnThc.

H moluwvuu Béon PR () = S8 pF¢i TpoxUnTeL and o untewo Hankel M mou
eapTdTon oty WS Ao TIC 0TOY oo TIXES POTES Tou Oelyuartoc Tne puetaBAntic (BA. IIhpeeg
Keluevo). Metd 1 nopayovionoinon tou M ue ) wédodo Cholesky, M = R'R,
oL ouvteAeoTEG NG Bdong amoTtehoLY Tal Uun uUndeVXd oTolyEld TOL dve TELYWVIXOD

untemou R

Metd v xoataoxeur] Tng BAong, oL GUVTEAEGTEG TOU AVATUYUATOS PTOPOLY Vi UTO-
hoyioToUY eite e Yoo mahdpbuno, 6nee mapouctdotixe otny evotna 2] eite
aVOAUTIXG YE TEOBOAY TNG TOCHTNTOC EVOLUPEPOVTOC OTNY ToALLYLULXY Bdom. 3TN
eplnTwon auTh, To amoutouevae detyparta utohoyilovia amd tn oyéon @ = (1 + k)M
, eved o onueior derypatorndiog ( Collocation Points # GQ nodes ) towtilovton ue Tig
wotég Tou ToxwBiavol untewmou tou mivaxa M. Téhog, to avtiotouya Bden ohoxhpe-
ong v xdde tétoto onueio eCapTOVTOL oLy oo Ta Wodtaviopata Tou TaxeBioavod
Tivoncor xS xan amd TIC GTOYACTIXES POTES TOU BelypaTog (B)\ [T\fpeg Ksipsvo).



Kegpdiouwo 3

Avdartuyua Karhunen-Loeve

To xepdhao autd ToEOUGLALEL CUVOTTIXG TO PaINUUTIXG TAGLCLO TOU AVATTUYUATOS
Karhunen-Loeve (KL) yio ) povtehonoinon yewpetpwmy atekewdy. To avimtuyua
KL anocuviéter o tuyodo drodixacio w(x, §) oe yio oeipd opdoydvixdy 181o8Lavu-
OUdTWV:

w(z,0) = (@) + Y &(0)V Aafu(@), (3.1)

omou o {€,(0)} ebvan Tuyaiec petaintéc Tou mEénel va TEocdloploToly, Ta A, Elvor
otadepéc, xou ov { f,,(z)} eivar opYoxavovixéc vietepuvioTixéc cuvapthoelc. Eniong,
n w(x) ex@EdleL TNV Yo T OAWY TV TEAYHATOTOoEwY Tne dtadactac. Ta A,
xou fr,(x) anoteholv Tic WBloTéS X TIC LOLOCLVUPTYHOELS TNG CLVPTNONG CUCYETIONG
C(x1, 22) xou mpoximToLY omd TNy enthuon tng e&iowang

/D Cr, 29) fulwa) ds = A fo(1). (3.2)

H oeipd tne ediowonc ATOXOTITETAL OTOUC TEOTOUS M OpoUC, UE AMOTEAECUN Vol
mpoxUnTouy xou M afiéfoueg petofSAntée, o &,. H ouvdptnom cucyétion mou yer-
OWOTOLElTAL 0T TaPOLCA DIMAWUATIXY €pyacio Yot TN UOVIEAOTOMNGOY] YEWUETEIXOY
atehEldV oe oepotoul), ebvon 1 exdetixd: C(sq,s2) = o2els1—s2l/t, WE | = Smax TO
unxog cuoyétione. O IBLoGUVAPTAHCELS fn(s) TEOXUTTOUV Amd TN ADGT) TNG OLUPORIXTG
e&lowone:

f'(s) +w?f(s) =0, (3-3)



Kegdhawo 4

Eoapuoyeg otn Ilocotixonoinon

AfBeBanotnTog

Y10 mhaiolo tTng SimhwuaTinic epyaoiag, EmAEYUNXOY TEEC TEQITTMOOELS UEAETNG TTEO-
xewévou va allohoyniel n anoteheouaTixdTNTA TRV UeVOdWY TocoTixoTonoNg ofde-
BouwdtnTog mou avantOyUnxay. Kdie tepintwon aviimpocnnelel Eva povadind oeviplo
ofeBardtnTog ot TEOBAUUTH AEPOBUVIXTG, UE OTOYO TN CUC TNUITIXT CUYXELOT) UETO-
&0 TV xhaoxoy Yedodwy ITohvwvuuixod Avantdypatoc Xdoug xot Temv Topohhary ey
TOUC.

H mpodtn nepintwon pehétng eotidlel oe affefoudtntes v cuvinuoy pofc Yipw and
wa agpotoury NACA 4415, Yuyxexpwéva, eletdlovtar ofefardtntee otny en'dmeipo
ToyUTNTA POTC, 1) oTtolar axohoudel xavovixr| xotavour| Ye péon tuy| 240 p/g X0l TUTILXN
anoxhion 0.33 p/g, xS xou 0T Ywvio tpdoTTwone mou axohoudel Beta xatovoun
ue opta petagd 1.6° xon 2.5°. To agpoduvauixd povtého Baotleton otig e€owoeig Euler,
EVK 0L TOCOTNTES EVOLUPEEOVTOG TIERLAUUPBAVOUY TNV dveon xou TNy omo¥élxouca.

H 8e0tepn meplntowon ewodyel pa o tohdmhoxn TyY| oSefondTnTog, UEASTMVTIS YEW-
ueTpixéc ateheleg og pa agpotour) n16103 mou mpoxdnTouy xatd TNV xataoxeur. Ot
oBefoudtnreg poviehonotolvton péow tne uedddou Karhunen-Loeve, ye 18 aveldptn-
TeC Tuyaieg peToBAnTéC Vo meplypdpouy Tic anoxiicelc. To povtého Baoctletan oTic
eClonoeic RANS pe to yovtého topfne Spalart-Allmaras.

H tpitn meplntwon agopd tnv mocotixomoinom offelfaidtntag oc oyedlac Tineg mapo-
UETpoug eVOC uTEPNYNTIXOL ETLyYEIRNUATIXOL ogpooxdpous (SBJ). Addexa xovovixd
HOUTAVEUNUEVES UETOUBANTES TERLYPAPOUY TTUYES OTIWE 1) ETLPAVELX TTEPUYIS, Ol YWVIES
odpwong, xou To Bdpog xavaoipou. O uetpéc anddoone tepthauSdvouy Ty euféieia,
TO UXOG AMOYEIWONE XU TNV ToyUTNTU TPOCEYYIOTC.



[o %dde mepintowon YeAETng EQuouOGTIXUY TEEWC TPOOEYYIoel: apyxd uia uédodog
avapopds (eite MCS eite GQ-PCE), ot ouvéyeta 1 pédodoc ypouuxiic molvdpdunang
(regression-based PCE), xou téhog 1 exSoyY| Ue ypron TAneopoplac Tapoy@ywy Uéow
adVOLVT 1| TEMEQAUOUEVGY DLUPOLEYV.

O embooelg aflohoyolvton we meog oxpifela (oyeTd o@dhua) xou UTONOYLOTIXO

xooto¢ (Equivalent Flow Solutions - EFS). Ta m\fen anotehéopoto cuvolilovton
otov extevi Mivaxa [{.1]

, IMoocétnTo Méon Sepdhpo Turixn SepdApo ,
Médodoc Ev3iagpépoviog TvwA MT (%) Andxiwon TA (%) Kéoroc
IMepintwon Merétng 1: NACA 4415 (2 oféBouesg petofAnTég)
GQ-PCE ‘Avwon 336.54131 - 8.40852 - 9
GQ-PCE Omc¥érrovoa 20.21745 - 1.42208 - 9
Reg-PCE (order 2) ‘Avwon 336.55 0.0025 8.41011 0.0189 15
Reg-PCE (order 2) Omo¥érxouca 20.2197 0.0111 1.42251 0.0304 15
Adjoint-Reg-PCE ‘Avwon 336.55 0.003 8.411 0.03 4
Adjoint-Reg-PCE Onio¥érxouoca 20.22 0.0126 1.4282 0.0523 4
Ilepintworn Mehétng 2: n16103 (18 oféBoues peTtofANTég)
Reg-PCE ‘Avewon 2,262.2 - 93.52 - 600
Reg-PCE Ome¥érxovca 46.58 - 1.07 - 600
Adjoint-PCE (50 delyportor) ‘Avwon 2,263.5 0.06 91.4 -2.27 100
Adjoint-PCE (50 Selyporto) Omo¥érrovoa 46.52 -0.13 1.10 2.80 100
Adjoint-PCE (30 delyporta) ‘Avwon 2,264.7 0.11 89.1 -4.73 60
Adjoint-PCE (30 8elyporor) Omodérxovoa 46.45 -0.28 1.13 5.60 60
Ilepintworn Meiétng 3: SBJ (12 of3éBoueg petof3Antéc)
MCS Eupéleia 2,786.6 - 392.1 - 108
MCS Arovelwon 4,154.8 - 546.3 - 108
MCS Ipocéyyion 87.477 - 3.852 - 108
Reg-PCE Eupérewa 2,777.8 -0.31 402.6 2.67 182
Reg-PCE Anoyelwon 4,149.2 -0.13 547.2 0.16 182
Reg-PCE Ipocéyyion 87.491 0.02 3.853 -0.04 182
Grad-Reg-PCE Eupérewa 2,775.6 -0.39 399.3 1.85 28
Grad-Reg-PCE Arovelwon 4,148.2 -0.16 544.2 -0.38 28
Grad-Reg-PCE Ipocéyyion 87.498 0.02 3.873 0.56 28

ITivaxog 4.1: Anotedéouata mepintidoewy pueAétng toootikoroinons afefaidtnrag.

‘Onwe gotveton and tov Iivoxa 1 uédodoc Adjoint-assisted PCE mopéyel xohn
oxptfBetor ocoua xan pe ehdytota debypata. Eivon wiadtepa yeriown oe mpofAfuoTo u-
g BidoTaong, xodmg UEKOVEL DPUC TIXG Tal ATOUTOUPEVY OELYUATA EVOOUATMVOVTOG
TAnpogopleg evacinolag we mpog Oheg Tic offfeaneg YeETABANTEG, EMTEENOVTOG TNV
ATOBOTIXT| EVOWUATWOT TNE WBERUOTNTUC OTOV AEPOBUVOULXO CYEDLICUO.
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