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Abstract

The subject of this thesis is the Quantum-Inspired Evolutionary Algorithm (QIEA), a meta-
heuristic optimization algorithm that incorporates principles of quantum mechanics and quantum
computing into the classical evolutionary algorithm. The aim is to investigate the performance
of this alternative version of the evolutionary algorithm in numerical optimization problems and
to assess the extent to which the use of this different approach can contribute to and benefit the
advancement of the field of optimization.

It is worth noting that QIEA is not a quantum algorithm in the sense that it runs on a
quantum computer. It is an algorithm designed to run on a conventional digital computer,
which draws on ideas from quantum mechanics to formulate an algorithm in the same way that
biological evolution inspired the conception of genetic optimization algorithms.

Initially, an introduction is given to evolutionary algorithms as well as to the fundamental
principles of quantum computing, such as quantum bits (qubits), superposition, the Bloch sphere,
and quantum gates. These notions constitute the foundation upon which the QIEA algorithm
will be formulated.

Next, the algorithmic framework of QIEA is presented. In contrast to classical evolutionary
algorithms, where the population of individuals represents specific candidate solutions, in QIEA
each individual models a probability distribution of the optimal solution in the search space,
through a sequence of quantum binary digits (qubits). The observation of this quantum state, or
sampling from the probability distribution, produces specific actual solutions. The probability
amplitudes of the qubits are adjusted over generations using evolutionary operators that simulate
quantum gates, in order to lead to more promising solutions.

With regard to Multi-Objective Optimization with QIEA (Multi-Objective QIEA - MO-
QIEA), a challenge arises: comparison via Pareto dominance, which is crucial for the operation
of the QIEA, cannot be applied to non-dominated solutions produced by a multi-objective func-
tion, since these solutions are incomparable. To address this difficulty, a new variant of QIEA
is introduced. In this variant, the uncertainty about whether an individual has improved or
deteriorated leads to its duplication. Thus, one copy evolves as if an improvement had occurred
and the other as if a deterioration had occurred. Subsequently, the NSGA-II algorithm is applied
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to rank the overall population in each generation. In this way, the best solutions are preserved,
the population size is controlled, and at the same time the diversity of solutions is ensured.

The work also investigates the extent to which the use of metamodels in QIEA (MAQIEA)
can reduce the number of calls to the exact and computationally expensive evaluation function
and consequently improve convergence speed. Two types of metamodels are examined: standard
Radial Basis Function networks (simple RBF networks) and adaptive Radial Basis Function
networks that use self-organizing maps (Growing SOM RBF networks).

The performance of the algorithm is evaluated using standard benchmark functions, both
for single-objective and multi-objective optimization problems. These results are compared with
those obtained from the classical evolutionary algorithm, which serves as a reference measure for
assessing the performance of the QIEA.
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Abstract

Avtixeipevo tne Simhwpatixhc epyaciog elvon o "Eunvevopévoc and tnv KBavtounyovixr EE-
ehxtinde Ahyopripoc" (Quantum Inspired Evolutionary Algorithm - QIEA), évac peteupetinie
ahyopripoc BekTioTonolnong TOU EVOWUATOVEL 0pYEC NG xBovTtounyavixic xat xBovTtixic utolo-
YO TG 0ToV xhaowd e€ehxTind ahyopriuo. Xxomog elvon 1 Biepebvnon Tne anddoong TNg ouy-
XEXPUWEVNC exB0YTc Tou ahyoplluou ot aptdunTtxd tpoBAfuato BeATioTomolinong xou 1 Slacaghivion
TOU XAt TOCO AUTH 1) EXBOYT| UTOREL Vo CUVELGQEREL Xou Var WPEAoEL oV eEEAET Tou Tedlov Tng
BeltioTomoinong.

AZ{Cer va onuewdet 611 0 QIEA dev eivon Evag xBavtinde ahydprduog utd Ty évvola 6Tt EXTEAEL-
Ton o€ ®Poavtind unoroyloth. Elvon adydpriuog oyedlacuévog OoTe Vo TpEYEL 0 GUUBATIXG BUAOLXO
umohoyio T, o ornolog a&lomotel Wéeg amd TNV xPovtounyovixy) yio T ol TAoY €vog ahyopituou
ue tov Blo teémo mou 1 PBlohoynh| eEEMEN evénveuoe TNV SUAMNYN TV YeVETX®Y olyoplluwmy
BeltioTomoinong.

Apyixd yivetan pio eloaywyn otoug e€elntinoig akyopituoug xodog xou Tig Vepehliddels apyég
xPovtnhc unohoyloTixhc, 6w to xBavtid bit (qubit), n urépdeon, n ogaipa Bloch xat ou xBav-
Tixég moheg. Autég ol évvoieg anotelolv To undPoadpo v oto onoto Vo doundel o alyopriuog
QIEA.

Y1 ouvéyela, topoucidletar To ahyoprduxd miaicio Tou KPoavtixod E&ehixtinol Ahyoplduou
(Quantum-inspired Evolutionary Algorithm - QIEA). Xe avtideon ye touc xhaoixolc e&ehix-
TixoUg alyopliuoug, 6mou 0 TANYUCUOS TV UTOUMY OVATURLOTA GLUYXEXPWEVES LToPHPie ADOELL,
otov QIEA %dde dtouo povterornolel o xatavour) miavotitwy tne BEATIOTNS ADOTE OTOV YWEO
avalnong, péow uiog oxohoudiog xBavtixdy duadixdv Pnpiwy (qubits). H mopathenon autic tne
xBoavtixig xatdotaong, 1 N Serypatolndio and v mHavoTing XoTavour|, ToEdYEL CUYXEXPWEVES
mparypotixég Aboelg. Ta mAdtn miavotntac twv qubits npocapudlovton ye TNy Tdpodo Twv YEVEWY,
YenouomoldvTag eEEMXTIX00E TEAEGTEC TTOU TEOGOUOLOVOLY XPavTixés TUAES, MOTE Vo 001 YooUV
O€ TLO UTIOCYOUEVES AUGELS.

‘Ocov agopd v Tlohuxpitneloxr Behtiotonoinon pe QIEA (Multi-Objective QIEA - MO-
QIEA), avaxintel pla tpdxdnon: n olyxplon péow tne xuptapyiac xatd Pareto, n onoio eivon xpiowun
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yioe T Acttoupyia Tou QIEA, Sev unopel va egapuoc el ot un-xuplapyoueveg AOGELC TOL TEOXUTTOUY
ATO LA OV TLXEWEVIXT) CUVEOTNOT TOAAATAGDY OTOY 0V, Xodog auTég ebvan un ouyxpeiowes. oty ov-
TETOTLON AUTHS TNG dBuoxohiog, elodyeton W véao tapahiayy| Tou QIEA. Ye autiy, n offeBadtnta
Yoo To av éva dTopo Bedtiwinxe 1 emdevadinxe odnyel otov dimhactaoud tou. ‘Etol, to éva av-
Tiypago e€ehiooetan wg va unele Bedtinon xou To dhho cav va utipie emdelvwar. Axololing,
epapuoletar o aryopripog NSGA-II yio tnv to&véunon tou cuvohixol mAnducuol oe xdde yewd.
Me autdv Tov TpbTO, Blatneolvton ol Bértiotee hooelg, teptopllovtag To TANYOC TWV ATOUWY XoL
OtaopahiCovTog TauTOYEOVY TNV TOMAOUOE®L TV ADCEWY.

H epyaoio e€etdlet enlong to xatd né6co 1 yefon uetopoviéhov otov QIEA (Metamodel As-
sisted QIEA - MAQIEA) unopei vo pewdoet tov aptipd twv xAoemv e oxpiBolc o UToAoYLo-
T oxei3nic ouVdETNoNS A€LOAOYNONE Xl GUVETKOS Vo BEATIOOEL TNV TayUTNnTa olyxhong. Xenol-
pomoovvTaL dU0 TUTOL HETUUOVTEAWY: omAd dixtuo axtvixfc Bdong ouvopthoewy (RBF networks)
xou oawEavoueva dixtua axtvixrc fdomng cuVaETAGENY UE aUTO-0pYavVOUEVOUS YdpTe (growing SOM
RBF networks).

H o&ohdynon tne anddoone tou alyopliduou TEoyUoTOTOLE(ToL YE TN YENON TUTIXWOV doXL-
HOOTIXWY GUVORTACEWY, TOCO Yiol TEOPBAAuaT BEATIOTOTOINCNC EVOC GTOYOU OGO Xl TOMATAGDY
otoywv. To anoteréoyata autd cuYXplivovTal UE EXElVA TOU TEOXUTTOLY and TOV XAUCIXO EEENX-
X6 ahyopriuo, o omolog AELTOURYEL WG UETEO aVIPORAS YL TNY EXTIUNGCT) TNG ATOTEAEGUATIXOTNTOG
Tou QIEA.
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Chapter 1

Introduction

Quantum computing has attracted considerable attention from the scientific community in
recent years. The aim of this chapter is to provide a brief, high-level overview of quantum
computing and its core principles. In addition, the chapter reviews the progress achieved
to date, describes some of the domains in which it could be applied, and discusses the
developments anticipated in the near future.

Quantum computing is a different approach to computation. It relies on the principles
of quantum mechanics and leverages quantum effects such as superposition and entan-
glement to encode and process information in a way that differs from traditional binary
computers. The distinct principles on which quantum computers are based may be able
to solve specific problems that challenge classical computers.

The field, however, is still in its early stages. There are several limitations and ob-
stacles that must be overcome before quantum computers can become truly useful for
practical applications [1|. These limitations arise both from hardware restrictions and
from constraints imposed by the quantum nature of these systems, which makes it chal-
lenging to use them for problems that are not inherently governed by quantum-mechanical
principles.

1.1 Motivation for Quantum Computing

Classical computers have driven tremendous progress in science and engineering over the
past half-century. High-performance computing enables simulation, optimization, and
analysis across countless domains. However, they face difficulty handling problems where
the information required to represent the system state or solution space grows exponen-
tially with problem size, quickly exceeding available memory and computational capacity.
Such cases include quantum mechanical simulation, where representing n particles requires
2" complex amplitudes Another example that pushes the limits of traditional computers
is direct numerical simulation (DNS), which involves solving the three-dimensional, time-
dependent Navier—Stokes equations to determine the instantaneous fluid velocity at every
point in space and time. For turbulent flows at high Reynolds numbers, DNS would re-
quire grids with spatial resolutions fine enough to resolve almost every individual eddy.
The resulting demands on memory and computational power exceed the capabilities of a
conventional binary computer.

Representing information in a quantum computer using qubits gives us the ability to
store and process a volume of data that would be practically impossible on a classical
computer. Indicatively, the largest quantum computer that exists today (IBM Condor)



has 1121 qubits. The information that this system can encode corresponds to more than
2-10%7Z B if we attempted to represent it on a classical computer. For comparison, the
total amount of digital information on the internet by the end of 2025 is estimated to be
around 1807 B.

This different way of representing information could, under certain conditions, give us
the ability to solve problems that we are not able to solve with today’s computers.

1.2 Obstacles and Strategies for Addressing Them

While quantum computing holds substantial promise for addressing computationally de-
manding problems, several fundamental technical barriers must be overcome before these
systems can deliver practical advantages for real-world applications. These obstacles arise
from two principal sources: the physical limitations of current quantum hardware, and
the inherent mismatch between quantum computational properties and problems not gov-
erned by quantum-mechanical principles.

Regarding the types of problems for which the quantum computer offers advantages, it
is clear that it is particularly distinguished in solving and simulating quantum mechanical
systems, or systems governed by quantum mechanical properties, such as, for example, the
simulation of molecules. Quantum mechanical systems are inherently linear because they
are governed by the (linear) Schrodinger equation. This intrinsic linearity of quantum
computing poses challenges when attempting to use it to tackle nonlinear problems, like
CFD applications [2] [3].

Regarding the hardware, contemporary quantum processors suffer from noise, lim-
ited qubit coherence times, and imperfect gate operations that introduce errors during
computation. These physical imperfections constrain both the number of sequential op-
erations (circuit depth) that can be reliably executed and the scale of problems that can
be addressed without error correction.

1.2.1 The NISQ Era

Modern quantum computing is currently in what researchers describe as the NISQ era
(Noisy Intermediate-Scale Quantum). This term reflects the present technological land-
scape, quantum processors equipped with a modest to a few thousand qubits (typically
from about 50 to over 1,000), yet still subject to substantial noise and error rates that
constrain circuit depth and overall reliability. Quantum systems are extremely sensitive
to environmental noise, like surrounding particles, electromagnetic fields, and thermal
fluctuations. This environmental interaction causes decoherence, leading to loss of quan-
tum information and computational errors. Each quantum operation introduces errors
that accumulate rapidly across many sequential gates. Current superconducting quan-
tum systems achieve gate fidelities above 99.9% for single-qubit operations and above
99% for two-qubit gates, with near-term targets pushing toward four and three nines of
fidelity respectively [4]. While these percentages appear high, errors accumulate rapidly
across hundreds of operations, and the resulting noise limits current quantum comput-
ers to relatively shallow circuits before accumulated errors compromise computational
results. Additionally, limited qubit connectivity, where each qubit can only directly inter-
act with its nearest neighbors, requires extra operations to move information across the
chip, introducing further errors.



1.2.2 Error Correction and Fault Tolerance

Quantum error correction provides a way to safeguard quantum systems from noise that
arises due to interactions with the environment or from imperfections in the control of the
system. Rather than trying to create flawless qubits, quantum error correction bundles
multiple physical qubits, forming a so-called logical qubit [5], in such a way that the
information is distributed redundantly. The approach resembles redundancy methods
in classical systems, where the same data is stored in several locations so that errors
can be identified and corrected. However, quantum error correction is more challenging
because quantum information cannot be directly duplicated according to the no-cloning
theorem, and observing qubits collapses their quantum states. Specialized techniques such
as the surface code have been developed to work around these constraints, and recent
experiments have demonstrated that these approaches can successfully protect quantum
information.

The resource cost of error correction is substantial. Current estimates suggest that
a single reliable logical qubit may require hundreds or even thousands of physical qubits
working together, depending on how error-prone the physical qubits are. This means
that quantum algorithms requiring thousands of logical qubits to solve practical prob-
lems, such as simulating complex molecules, might need millions of physical qubits in
total. The long-term goal is fault-tolerant quantum computing is systems with enough
error-corrected qubits to perform long, complex calculations reliably [6]. While the basic
principles have been validated in laboratories, building practical fault-tolerant quantum
computers capable of outperforming classical computers on real-world problems remains
a major engineering challenge that likely requires years of additional development.

1.2.3 Addressing the Nonlinearity Challenge

Beyond hardware limitations, the linear nature of quantum computation itself poses chal-
lenges for nonlinear problems. As discussed earlier, the inherent quantum properties
of quantum computers allow them to efficiently simulate quantum systems. For prob-
lems governed by nonlinear equations, unlike quantum systems, it is difficult to simulate
them using quantum computers. One approach that has attracted research interest is
Carleman linearization |7], which transforms nonlinear differential equations into infinite-
dimensional linear systems that can be truncated and solved using quantum linear systems
algorithms. The efficiency of this approach depends critically on the degree of linearity.
For strongly nonlinear systems, such as turbulent flows at high Reynolds numbers, the
case where DNS becomes computationally prohibitive, the method fails to produce reliable
results.

1.2.4 Hybrid Quantum-Classical Approaches

Considering the constraints of current hardware and the inherent difficulties associated
with the principles that govern quantum systems, another option is to employ a hybrid
approach that combines quantum and classical computing. Rather than attempting to
run entire algorithms on quantum hardware, hybrid methods partition computational
tasks between classical and quantum processors. Classical computers manage problem
setup, optimization loops, and post-processing, while quantum processors handle specific
subtasks where quantum effects might provide advantage.

The Variational Quantum Eigensolver (VQE) exemplifies this hybrid approach. It



was originally developed to find the ground state energy of molecules. The quantum
processor prepares a candidate quantum state and measures its energy. A classical op-
timizer then adjusts the parameters to minimize the energy through repeated iterations.
This hybrid approach does not treat today’s quantum computers as independent problem-
solving devices, but instead as specialized co-processors that can speed up specific types
of calculations when integrated with traditional hardware.

Hybrid quantum-—classical approaches, including the Variational Quantum Eigensolver
(VQE) and the Variational Quantum Linear Solver (VQLS), have been explored for use
in CFD. They have been employed to solve the Poisson pressure equation arising from the
incompressible Navier—Stokes equations, using Chorin’s pressure-based projection method
to decouple velocity and pressure calculations [2]. However, as with other quantum ap-
proaches for CFD, these methods require heavy mathematical simplifications and remain
tailored to specific problem formulations.

1.3 Quantum-Inspired Evolutionary Algorithms

Another strategy for leveraging quantum computing in the NISQ era involves quantum-
inspired algorithms (QIAs), which emulate key concepts of quantum computation while
operating on classical hardware [8]. These approaches aim to exploit the core principles
of quantum computing to develop new classical algorithms that can share and leverage
some of the same beneficial features.

Quantum-Inspired Evolutionary Algorithms (QIEAs) provide a representative exam-
ple of this approach [9] [10] [11] [12]. They are optimization methods that incorporate
concepts from quantum computing into evolutionary algorithms that run on classical
computers.

The key feature of QIEAs is their probabilistic representation. Traditional genetic
algorithms encode candidate solutions as definite binary strings or real-valued vectors.In
contrast, QIEAs use representations that imitate quantum bits (Q-bits), thereby captur-
ing the probabilistic characteristics of quantum mechanics. This probabilistic encoding
enables an individual to encode a linear superposition of all possible states, which may in
turn facilitate more efficient exploration and exploitation of the search space.

QIEASs has been applied to various combinatorial optimization problems including the
knapsack problem, the travelling salesman problem, the N-Queens problem, and job shop
scheduling, demonstrating promising results in these domains.

Adapting QIEAs to continuous optimization problems has proven more challenging, as
there is no obvious way to represent a superposition of real values. Early attempts either
discretized the continuous domain through binary encoding or abandoned the superposi-
tion property by extracting real solutions almost deterministically from Q-bit amplitudes
[13]. A recursive deepening strategy has been proposed in the literature, according to
which superposition is maintained while progressively narrowing the search space, com-
bined with local search methods to improve solution quality [14].

1.4 Thesis Outline

In the following chapters, the theoretical background and the algorithmic framework of
QIEA is introduced. Chapter 2 establishes the theoretical foundation by presenting the
core concepts of quantum mechanics relevant to quantum-inspired algorithms. Topics in-



clude quantum bits (qubits), superposition, the Bloch sphere representation, and quantum
gates. These principles form the basis for the probabilistic representation and evolution
mechanisms employed in QIEA.

Chapter 3 provides a concise overview of classical evolutionary algorithms, while Chap-
ter 4 introduces the QIEA algorithm. This chapter explains how individuals are modeled
as probability distributions using sequences of qubits, and it defines the quantum rotation
operator, which is the primary operator in QIEA. It also presents a proposed method for
solving multi-objective problems that integrates QIEA with NSGA-II.

Chapter 5 examines the incorporation of surrogate models into QIEA to reduce com-
putational costs. It presents radial basis function networks (RBFNs) and presents an
integration method for single-objective optimization problems.

Chapter 6 presents benchmark carried out on both single-objective and multi-objective
optimization problems, while Chapter 7 summarizes the main findings, analyzes the per-
formance characteristics and limitations of QIEA, and suggests possible directions for
future research.

For the purposes of this work, code in the Python programming language was devel-
oped and used.


https://github.com/iagerogiannis/metamodel-assisted-qiea

Chapter 2

Quantum Mechanics & Quantum
Computing Fundamentals

Before proceeding to the description of QIEA, it is useful to explain some concepts from
quantum mechanics and quantum computing that are used by the algorithm. While
most of the theory described is used by QIEA, certain parts are included for the sake of
completeness. The sections that are directly connected to QIEA will be indicated.

2.1 Basic Unit of Information - Qubit

Classical computers encode information using bits, the fundamental unit of data. A bit
exists in one of two discrete states: 0 or 1, which correspond to distinct physical states
such as different voltage levels in an electrical circuit.

Quantum computing uses a different approach to information representation through
the qubit (quantum bit). Qubits leverage quantum mechanical properties to exist in a
quantum state that can be expressed as a linear combination of two computational basis
elements:

e Quantum state 0: ((1])

e Quantum state 1: (g)

This quantum mechanical foundation enables qubits to exhibit properties such as su-
perposition and entanglement. These properties provide quantum computers with com-
putational advantages over their classical counterparts for certain problem classes.

2.1.1 Physical Implementations of Qubits

The abstract qubit model corresponds to any physical two-level quantum system. In
practice, qubits are realized using various physical platforms:

e Spin-1/2 particles: Electron or nuclear spin states, where the two quantum states
are represented by spin-up and spin-down along a chosen quantization axis.

e Photon polarization: Light polarization states, where the two quantum states
are represented by horizontal and vertical polarization.



e Atomic systems: Two selected energy levels of an atom, where the two quantum
states correspond to the ground state and an excited state.

e Superconducting circuits: Distinct charge or flux states in superconducting
quantum devices, such as transmon qubits, where the two quantum states corre-
spond to different macroscopic quantum configurations of the circuit.

Regardless of the physical implementation, all qubits share the same mathematical
structure and can be manipulated using the same quantum mechanical principles.

2.2 Mathematical Representation and Bra-Ket Nota-
tion

To work systematically with quantum states, we represent them as vectors in a two-

dimensional complex vector space C2. Quantum mechanical calculations frequently in-

volve vector operations and inner products between states. The Bra-ket notation,

introduced by Paul Dirac in 1939 [15], provides an elegant framework for these opera-
tions.

2.2.1 Kets

Kets |¢) are column vectors representing quantum states. For a qubit with complex
amplitudes « and f:

) =l + 0 = (§) 1)

The ket notation provides a compact way to denote quantum states without explicitly
writing out the column vector representation.

2.2.2 Bras
Bras (¢| are row vectors obtained by taking the complex conjugate transpose of kets. For

the qubit state [¢)) = <a

ﬁ)’ the corresponding bra is:

(Y| = (a* ) (2.2)

where * denotes complex conjugation.

2.2.3 Inner Product (Bra-ket)
The inner product (¢|¢) computes the overlap between two quantum states, yielding a

complex number. For states ) = (g) and |¢) = (g)

(Ylg) = 'y + B0 (2.3)

The quantity |[(1)|@)|* represents the transition probability between quantum states.
Specifically, it gives the probability of measuring state |¢) given that the qubit is prepared



in state |¢). For example:

0|0y =1 (perfect overlap) (2.4)
(0]1) =0 (orthogonal states) (2.5)
0+ _ L artial overla
o () = 2 paniat overtap) 26)

2.2.4 Outer Product (Ket-Bra)

The outer product [1)(¢| creates an operator that acts on quantum states. In matrix

form:
el = (5) 0 o) =5 55 27

When this operator acts on a state |y), it performs a two-step process:

() {aD)Ix) = 1) {olx) = (bhal¥) (2.8)

First, the inner product (¢|x) measures how much |y) overlaps with |¢), yielding a
complex number. This number then scales the state |¢)) to produce the final result.

A concrete example illustrates this process. The projection operator |0)(0| acts as a
filter that extracts only the |0) component of any state:

10){0] (a]0) + B[1)) = {0]0)|0) + 5{0[1)0) = «[0) (2.9)
The inner products evaluate to (0|0) = 1 and (0|1) = 0, so only the |0) component

survives with its original amplitude a.

2.2.5 Orthonormal Basis and Computational Basis

The computational basis states form an orthonormal basis for the qubit space:

m=(g). m=(3) 2.10)

These satisfy the orthonormality conditions:

(0[0) = (1[1) =1, (0[1) = (1]0) =0 (2.11)

The completeness relation ensures any qubit state can be expressed in this basis:

00 + 1) (1] =T (2.12)

where I is the 2 x 2 identity matrix. This relation guarantees that the computational
basis spans the entire two-dimensional Hilbert space C2, allowing any arbitrary qubit
state [¢)) to be uniquely decomposed as |1)) = «|0) + 5|1) with «, 8 € C.



2.3 Quantum State & Superposition

Building on the concept of qubits introduced earlier, we now formalize what constitutes
a quantum state. Unlike classical bits that exist in definite states (0 or 1), qubits can
exist in a superposition of both basic states simultaneously.

Mathematically, any qubit state [¢)) can be written as a linear combination of the
computational basis states [16]:

) = al0) + B[1) (2.13)

where « and 3 are complex numbers called probability amplitudes. These amplitudes
must satisfy the normalization condition:

o + (8> =1 (2.14)

The physical interpretation is that |a|? gives the probability of measuring the qubit
in state |0), while |3]? gives the probability of measuring it in state |1). This probabilis-
tic framework enables quantum parallelism, allowing quantum operations to process
exponentially many possibilities simultaneously within the quantum state space.

The mathematical representation of the qubit will be used for the formulation of the
individual of the QIEA population. The use of qubits instead of simple bits for encoding
endows the individuals with the property of superposition, turning them into probabilistic
distributions of the candidate solutions in the search space.

2.4 Measurements and Probabilities

2.4.1 Born’s Rule and Quantum Measurement

Born’s rule, formulated by Max Born in 1926 [17] [18], provides the fundamental con-
nection between quantum states and measurement outcomes. For a quantum system in
state |¢)) and a measurement corresponding to eigenstate |¢), the probability of observing
the system in state |¢) is given by:

P(¢) = {ol¥)[* (2.15)

An eigenstate is a quantum state that yields a definite, predictable result when
measured. For computational basis measurements, the eigenstates are |0) and |1), which
when measured produce the classical bit values 0 and 1, respectively, with certainty.

For a qubit state [¢)) = «|0) + f|1), the measurement probabilities are:

P(|0)) = KO)[* = |af? (2.16)
P(|1)) = [{Ly)* = |8[* (2.17)

where the normalization condition || + |S]*> = 1 ensures that the total probability
equals one.

In the QIEA algorithm, we will use the measurement operation in order to obtain can-
didate solutions from the quantum individuals, which represent probability distributions.



2.4.2 Measurement Process and Fundamental Limitations

When measuring quantum states, we face inherent constraints:

e Cannot directly observe superposition
e Only measure definite outcomes (]0) or |1))
e Measurement causes irreversible state collapse to the observed state

e Original superposition information is permanently lost [19]

To reconstruct quantum state information requires multiple measurements on identi-
cally prepared systems and statistical estimation of probability amplitudes.

2.5 Geometric Representation: The Bloch Sphere

Although the vector representation offers a rigorous mathematical framework for qubits,
visualizing quantum operations and state transformations in this form can be challenging.
The Bloch sphere provides an intuitive geometric representation that maps every possible
qubit state to a point on the surface of a unit sphere.

Through the Bloch sphere and Bloch para, the qubits of the individuals in the QIEA
population can, on the one hand, be visualized and, on the other hand, be parameterized
in a more convenient way.

2.5.1 From Complex Amplitudes to Cartesian Coordinates
Starting with the general qubit state:

[¥) = al0) +5[1) (2.18)

where |af* +|8]? = 1.
Since o and 3 are complex numbers, we can express them in polar form:
a = |ale’® (2.19)
B = |8l (2.20)

Substituting into our quantum state:
[) = lale™|0) + |Ble™?[1) (2.21)

Using the distributive property, we can factor out the common phase > from both
terms:

[0) = € (|a]]0) + |Ble"?~*]1)) (2.22)

In this factored form, we can identify two types of phases. The factor e’®= that
multiplies the entire state is called the global phase, while the term e(?s=%) represents
the relative phase between the two computational basis states. The global phase has
no physical significance by the Born rule.

According to Born Rule, all measurement probabilities are given by [(¢|¢)]?.
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Since [(gle )2 = e[ (B[} = |(]) 7, states €[5} and |¢) are physically equiv-
alent for any real a.
Therefore, we can ignore the global phase factor, and the equation above is equivalent

to:
[¥) = [al[0) + |Ble"®=?)1) (2.23)
Let ¢ = g5 — @4, giving us: ‘
[¥) = lal0) +[Ble™1) (2.24)
Applying Euler’s equation e = cos ¢ + i sin ¢:
) = |al|0) + [B[(cos ¢ + isin §)[1) (2.25)
[¥) = |a]|0) + [B] cos ¢|1) +i| 3] sin ¢[1) (2.26)
Now we make the following substitutions to connect to Cartesian coordinates:
z = o] (2.27)
x = |B|cos ¢ (2.28)
y = |B]sin g (2.29)
This gives us:
) = 20) + (z +1y)[1) (2.30)

From the normalization condition (¥|¢) = 1:
2] + |z +ayP =1 (2.31)
Since z = |a] is real, |2|* = z2. For the complex term:
|z +iy]? = (v +iy) (v —iy) = 2° —izy +izy +y* = 2° +9° (2.32)

Therefore:
2t +yt=1 (2.33)

This shows that the coordinates (z,y, z) lie on the surface of a unit sphere!

2.5.2 Converting to Spherical Coordinates

To parametrize points on a unit sphere, we start with the standard spherical coordinates:

x = sinf cos ¢ (2.34)
y = sinfsin ¢ (2.35)
2 = cosf (2.36)

where 6 € [0, 7] and ¢ € [0, 27).
Substituting back into our quantum state |¢)) = 2|0) + (x + iy)|1):

|1)) = cos 0]0) + [sin O cos ¢ + isin 6 sin ] |1) (2.37)
Factoring out sin # and applying Euler’s equation in reverse:

|1)) = cos0]0) + sin f(cos ¢ + isin @)|1) (2.38)

11



[4) = cos ]0) + e sin 1) (2.39)
For this parameterization, we have:
0: [¢)=10) (2.40)
T )
S )y =€?1) =1 (2.41)

0
0

5
To extend the range of ¢ from [0, 7/2] to [0, 7], we set f = 26. This gives us 0 < § <
7/2=0< 6 < 7. Replacing 6 with 9/ 2 in the original equation and renaming 6 — 6, we

obtain:
[4) = cos (g) |0) + €' sin (9) 1) (2.42)

This way we have:

0=0: [¥)=0) (2.43)
O=m: |¢v)=]1) (2.44)

2.5.3 The Bloch Sphere Parametrization

From our previous derivation, we established that any qubit state can be written as:

0 0
|4) = cos (5) |0) + €™ sin ( ) 1) (2.45)
This is the standard Bloch sphere parametrization, where any qubit state is com-

pletely determined by just two angles:

e 0 € [0,7]: the polar angle that controls how much the state "leans" toward |0) or

1)

e ¢ € [0,27): the azimuthal angle that determines the relative phase between the
amplitudes

To visualize this quantum state geometrically, we map it to a point (z,y, z) on the
surface of a unit sphere using the standard spherical coordinate transformation:

x = sinf cos ¢ (2.46)
y = sinfsin ¢ (2.47)
z = cosf (2.48)

This creates the Bloch sphere (Figure 2.1), a unit sphere where every possible qubit
state [¢) corresponds to exactly one point on its surface, specified by the angles ¢ and
6 |20]. The quantum state |0) is located at the north pole, |1) at the south pole, with
superposition states occupying all other points on the sphere’s surface.

Key geometric features:

e When 6 = 0: The state is |0), located at the north pole (0,0, 1)
e When 0 = 7: The state is |1), located at the south pole (0,0, —1)

e When 6 = 7/2: The state is an equal superposition, located on the equator

12



|1)
Figure 2.1: The Bloch Sphere

e The ¢ angle determines which point on the equator (or any latitude circle)

The measurement probabilities are directly related to the sphere coordinates:
5 (0
P(]0)) = cos 3 (2.49)
.o (0
P(|1)) = sin ) (2.50)
This means the higher up on the sphere (larger z), the more likely we are to measure

|0). The lower down (smaller z), the more likely we are to measure |1). Points on the
equator (z = 0) give equal probabilities for both outcomes.

2.6 Multiple Qubits and Tensor Product

For systems containing multiple qubits, we need a mathematical framework to combine
individual quantum systems into composite systems. This is achieved through the tensor
product operation, which allows us to construct multi-qubit states from single-qubit
components.

2.6.1 The Tensor Product Operation

The tensor product 1)) ® |¢) (often written as |1)|@) or [)¢)) combines separate quantum
systems into a composite system. For single qubits |1)) = a|0)+3|1) and |¢) = 7]0)+4|1):

) @[¢) = (|0) + 5[1)) © (v]0) +4[1)) (2.51)

= a|00) + ad]01) + B|10) + B6|11) (2.52)

13



Matrix Representation: If |¢) = (a) and |¢) = <g), then:

B
ay
| ad
v ele) = | 5 (259
8o

Properties of Tensor Products:
e Distributivity: (ali1) + bli)) ® [¢) = alyhr) @ |§) + blv2) @ |¢)
e Associativity: (|¢) ®[¢)) @ [x) = ) ® (|¢) @ [x))

e Mixed Products: ((¢1]| ® (¢1])(|¢2) @ |@2)) = (¢1]12)(1]¢2)

The state space of a system with n qubits has dimension 2". For two qubits, the basic
computational basis states are:

1 0

o0y =[oy@lo)= || 25 wy=mejy=|" @50
0 0
0 0

o) =l @) = |, (2.55) w=me-=|, (2.57)
0 1

where ® denotes the tensor product.
The general state of two qubits is expressed as a linear combination of all computa-
tional basis states:

|\I/> = Qo |00> + a1 ‘01> —+ a0 |10> + a1 |1].> (258)
with the normalization condition:

> gl =1 (2.59)

i,5€{0,1}

2.6.2 Separable and Entangled States

A two-qubit state is called separable if it can be written as a tensor product of two
single-qubit states:
|\Il>separable - |¢> ® |¢> (260)

If a state cannot be written in this form, it is called entangled. A famous example
of an entangled state is the Bell state:

1

|PT) = —(|00) + [11)) (2.61)

Sl

2



2.6.3 Classical vs. Quantum Information Storage

The exponential growth of quantum state spaces reveals a fundamental difference between
classical and quantum information storage requirements.

Quantum State Description: An n-qubit quantum system requires 2" complex
probability amplitudes to fully specify its state:

2.

11,82,...,in €{0,1}

T = (2.62)

ai1i2...in, |i17:2 N Zn>

where each a4, ;, € C is a complex number with real and imaginary parts.
Classical Storage Requirements: To store the complete quantum state information
on a classical computer, we need:

e 2" complex amplitudes

e Each complex number = 2 real numbers (real and imaginary parts)
e Each real number = b bits (e.g., 64 bits for double precision)

e Total bits required: 2 x 2" x b = 2" x b

Comparison Table:

Qubits (n) | Quantum Amplitudes | Real Numbers | Bits (64-bit precision)

1 21 =2 4 256

2 22 =4 8 012

3 93 — 8 16 1,024

10 210 — 1,024 2,048 ~ 16 kB

20 220 ~ 106 ~ 2 x 10° ~ 134 MB

50 250 ~~ 101° A~ 2 x 10% ~ 144 PB

300 2300 ~ 10% ~ 2 x 109 ~ 102 bits

Implications:

e For small n (1-10 qubits), classical simulation is feasible
e Beyond n =~ 50 qubits, classical storage becomes prohibitive

e At n = 300 qubits, the required classical memory exceeds the estimated number of
atoms in the observable universe (~~ 10%°)

2.7 Gates & Operations

Quantum gates are the building blocks of a quantum computer and allow us to manipulate
the state of qubits [21]. Quantum gates implement unitary and, therefore, reversible
transformations. Mathematically, each quantum gate is described by a unitary matrix
U, which satisfies the condition:

U'U=0U"=1 (2.63)

where U' is the conjugate transpose of U and [ is the identity matrix. This property
ensures the preservation of normalization and the reversibility of quantum operations.
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The action of a quantum gate U on a state [¢) is given by:

[¢) = Ulp) (2.64)

The use of quantum gates, and specifically the Hadamard and R, gates presented
below, will allow us to control the quantum state of the qubits both during their initial-
ization and throughout the evolution phase of the QIEA algorithmic process. The rest of
the gates presented are not used in the implementation of the QIEA in this work but are
included for the sake of completeness.

2.7.1 Basic Single-qubit Gates

Pauli Gates The Pauli gates constitute the fundamental set for manipulating individual

qubits:
0 1
X = (1 0) (2.65)

Pauli-X Gate (Bit Flip):

The X gate, also referred to as the NOT gate, flips the qubit state: X|0) = |1) and
X|1) =10). Geometrically, the X gate performs a rotation by 7 around the x-axis of the
Bloch sphere (Figure 2.1).

Pauli-Z Gate (Phase Flip):

7z - (é _01) (2.66)

The Z gate introduces a phase of —1 to the state |1): Z|0) = |0) and Z|1) = —|1).
Geometrically, the Z gate performs a rotation by 7 radians around the z-axis of the

Bloch sphere (Figure 2.1).
0 —i
(0 ) .

Pauli-Y Gate:
The Y gate combines both bit and phase flip operations: Y'|0) = i|1) and Y|1) = —i|0).
Geometrically, the Y gate performs a rotation by 7 radians around the y-axis of the Bloch
sphere (Figure 2.1). It can be expressed as the composition Y = iX 7.
Hadamard Gate The Hadamard gate is crucial for creating superposition:

H= % G _11) (2.68)

with action:

1
H10) = —(0) + 1) (2.69)
HI1) = —— (o) - [1)) (2.70)

V2

The Hadamard gate creates states of maximum superposition from the computational
basis states.
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Rotation Gates Rotation gates perform rotations around the principal axes of the
Bloch sphere through a continuous angle parameter 6:

Rotation-X Gate:
~( cos(8/2) —isin(6/2)
1.(0) = (—isin(9/2) cos(0/2) (2.71)
The R, gate rotates the qubit state around the X-axis of the Bloch sphere (Figure 2.1).
Rotation-Y Gate:
~ [cos(0/2) —sin(6/2)
Ry (9) = (sin(0/2) cos(0/2) (2.72)

The R, gate rotates the qubit state around the Y-axis of the Bloch sphere (Figure 2.1).

Rotation-Z Gate:
6710/2 0
Rz(e) = ( 0 6i9/2> (2-73)

The R, gate rotates the qubit state around the Z-axis of the Bloch sphere (Figure 2.1).
It can be shown that any single-qubit unitary operator can be decomposed as

U= Rz(Oé> Ry(ﬁ) Rz("}/). (2.74)

Here is the refined and expanded section:

2.7.2 Two-Qubit Gates

While single-qubit gates provide the foundation for quantum operations, two-qubit gates
enable interactions between qubits and are essential for creating entangled states.

Controlled-NOT (CNOT) Gate The Controlled-NOT (CNOT) gate is one of the
most fundamental and essential two-qubit gates. It is a controlled operation that acts
on a pair of qubits: a control qubit and a target qubit. The gate applies a Pauli-X
operation to the target qubit if and only if the control qubit is in state |1).

Mathematical Representation: The CNOT gate can be expressed using tensor
products of projectors:

CNOT = [0)(0] ® I + [1){1] ® X (2.75)
In matrix form, acting on the computational basis {|00), |01), |10}, |11)}:
1 0 00
01 00
CNOT = | & o 0 5 (2.76)
0010

Action on Basis States: The CNOT gate transforms the computational basis states
as follows:

CNOT|00) = |00) (control = 0, target unchanged) (2.77)
CNOT|01) = |01) (control = 0, target unchanged) (2.78)
CNOT|10) = |11) (control = 1, target flipped) (2.79)
CNOT|11) = |10) (control = 1, target flipped) (2.80)

Properties and Applications:
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e Reversibility: The CNOT gate is its own inverse, meaning CNOT? = 1.

¢ Entanglement Generation: When applied to superposition states, CNOT can

create entangled states. For example:

exor (0 g ) - 0+

which is the maximally entangled Bell state |®7).

(2.81)

Controlled Phase Gate Another important two-qubit gate is the Controlled-Z (CZ)
gate, which applies a phase flip to the target qubit conditional on the control qubit being

in state |1). Its matrix representation is:

1 00 O
010 O
CZ = 001 0
000 -1

(2.82)

Unlike CNOT, the CZ gate is symmetric with respect to the two qubits, and it preserves

the computational basis while introducing a relative phase.

Other Quantum Gates There exist several other single-qubit gates, such as the T
gate (which introduces a 7/4 phase) and the S gate (which applies a 7/2 phase), as well
as numerous multi-qubit gates, including the SWAP gate (which exchanges the states
of two qubits), the Toffoli gate (a three-qubit controlled-controlled-NOT gate), and the
Fredkin gate (a controlled-SWAP gate) and many more. We include them as a reference;
however, a detailed analysis of them would fall outside the scope of the present work.
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Chapter 3

Evolutionary Algorithms

Consider a continuous optimization problem defined as

in I 1
min F(x), (3.1)
where F' : R™ — R is the objective function to be minimized, x = (z1,Zs,...,2T,)7 is

an m-dimensional decision vector, and D C R™ is the feasible search space. The fitness
of a candidate solution x; is evaluated by computing F'(x;), with lower values indicating
better solutions.

3.1 Description of an Evolutionary Algorithm

Evolutionary algorithms handle populations of solutions. During the evolution, which is
the main procedure of optimal solution search, a population of u evaluated solutions (par-
ents as per genetic terminology) evolves to a population of A offspring. These offspring
are new solutions that arise from the p parents, possibly having better characteristics.
From the A offspring, the u parents of the next generation are selected based on their
fitness. The process continues until some termination criterion is satisfied. Such termina-
tion criteria may be the absence of further improvement of the solution for a number of
evaluations or generations, the homogenization of the population, and/or the exhaustion
of the maximum available computational time.

Encoding of Design Variables Evolutionary algorithms can use either binary or real
encoding of the design variables. In this subsection the binary encoding will be briefly
presented. Given a vector of design variables x with & components 1, xs, ..., T}, binary
encoding requires defining a lower boundary x,,;, an upper boundary z,, and the count
of binary digits m, for every variable ¢,/ € N. The count m, defines the discretization
precision of the /-th variable, given by the equation

Loy — Tyl
Axg = —sz 1 (32)
The combination of the binary arrays of all the variables creates the unified binary
array (chromosome) that completely describes every candidate solution.
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3.1.1 Evolution Operators
Parent Selection Operator

The parent selection operator T}, is responsible for generating the parent set S9*t1# of the
next generation by selecting individuals from the offspring set S9* and the parent set S9*
of the current generation.

The parent selection process gives higher chances to the individuals of S9* with bet-
ter objective function values to participate in the creation of offspring. Conversely, the
worst of the current solutions have lower probabilities of participating in the set S9TLH,
Therefore, selection is based on (mainly relative) values of the objective function. There
are several parent selection methods, some of which are mentioned below.

Roulette wheel selection In roulette wheel selection for minimization problems, the
selection probability is inversely proportional to the objective function value. In the simple
case where F'(x;) > 0, the j-th individual among the A individuals is given a probability

b VPG
’ Z;\zll/F(Xi)

Parents are selected with the aid of a random number generator, taking into account the
above probabilities. Thus, individuals with lower objective function values have a higher
chance of being selected. Nevertheless, there is a risk that the presence of a comparatively
good solution in the initial generations may lead to its premature dominance and therefore
to entrapment in a local optimum.

Rank selection In rank selection, an individual’s chance of being chosen is based not on
its absolute fitness value but on its position in the fitness ranking within the population.
The precise fitness values are not required; a sorting of the individuals is sufficient.

Tournament selection In tournament selection, k individuals are randomly chosen at
a time, they compete with each other based on the value of the objective function, and
the best one is selected as another member of S9+L#,

Crossover Operator

For binary encoding, crossover combines two or more randomly selected parents to create
an equal number of offspring. In the literature, we can also encounter crossover operations
involving more than two parents.

In binary encoding, the so-called single-point crossover first randomly selects a position
between two consecutive binary digits of the chromosome. Then, it randomly selects
two parents from the pool of selected parents using the selection operators presented in
the previous paragraph. The two parent sequences undergo a crossover, meaning their
segments on each side of the crossover point are swapped, resulting in two new individuals.

In the literature we will encounter a variety of crossover schemes. Based on the
above, it is easy to understand two-point crossover (two random crossover positions; the
first offspring is formed from the first and third segment of the first parent and the
second segment of the second parent, etc.), or one-point crossover per variable (a random
crossover point is selected for each variable, and the rest of the procedure is identical).
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Finally, it is worth mentioning that, in the context of a stochastic algorithm, such as
an evolutionary algorithm, crossover is performed with probability P, (usually close to
one, e.g., P, = 0.90). The role of a non-unit crossover probability is to allow, with a small
probability (equal to 1 — P,), the transfer of unaltered characteristics from the parents to
the offspring. With probability P, the crossover proceeds as usual, and with probability
1 — P, the offspring are produced as exact copies of their parents.

Mutation Operator

The mutation operator is applied to every new offspring that has resulted from the ap-
plication of the crossover operator. The purpose of mutation is to introduce new genetic
material into the offspring population, with probability P, (usually very small, for exam-
ple P, = 0.01).

In binary encoding, mutation allows (with the above small probability) the selected
binary digit to be flipped (if it was 0 it becomes 1 and vice versa). In practice, for every
binary digit of each offspring produced by crossover, a random number is generated (in
the interval [0, 1]), and mutation is performed only if this random number is smaller than
P,.

Elitism Operator

The selection operator replaces individuals in the parents’ set S9* with individuals from
the elites’ set S9¢. The elements to be replaced depends on the value of the objective
function (typically the poorest-performing ones), although a subset may also be selected
at random. The elitism operator can be represented mathematically as follows:

S9N = Ty (59 U S9+1) (3.3)

Elitism ensures that no generation will produce solutions worse than those of the
previous generation. At the same time, it rewards and exploits the good solutions that
have been found so far.

3.1.2 Algorithmic Procedure

The whole algorithmic procedure of genetic algorithm is presented.

1. Initialization: Configuration parameters of the algorithm are set (1 and \). Mem-
bers of initial population S are randomly selected

2. Main Evolution Loop: While no termination criterion is satisfied:
(a) Evaluation: \ individuals are evaluated by computing the value of the objec-
tive function

(b) Elites Selection: Elites’ population S%¢ is updated after the evaluation of
the new individuals

(c) Elitism Operator Application: Some members of the parents’ population
S9" are replaced by elites

(d) Offspring Generation: The following sequence of operators is applied until
A offspring have been obtained

i. Parent Selection
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ii. Crossover

iii. Mutation

3.2 Evolutionary Algorithms in Multi-Objective Opti-
mization

A brief presentation is given of the principle by which a single-objective evolutionary
algorithm can be transformed so that it can solve multi-objective problems [22]. The
formulation is made for minimization problems, without this being a limitation.

minF(x),F : R™ — R (3.4)

where M is the number of objective functions.

3.2.1 Pareto Dominance and Pareto Front

A large family of evolutionary algorithms for multi-objective optimization makes use of the
principle of Pareto dominance. Considering two candidate solutions x and y, according
to the definition of Pareto dominance:

Jjef{l,2,...,M}: Fj(x) < Fi(y) '

where the notation x < y means that x dominates on y.

The Pareto front is defined as the subset of candidate solutions that are not domi-
nated by any other solution.

Two solutions of the Pareto front cannot be compared to each other. Therefore, multi-
objective optimization methods that rely on the Pareto concept do not return a single
solution but a set of solutions that form a Pareto front.

When distinguishing between the true Pareto front of a problem and the Pareto front
obtained by an optimization method, there are two primary objectives. First, the com-
puted front should approximate the true front as closely as possible. The second objective
is that the finite set of points that comprise the computed front should be distributed as
uniformly as possible along the true front; in other words, this finite set of solutions should
cover the widest possible range of the true front, with a sufficient presence of solutions in
all segments.

Various Pareto-based multi-objective optimization methods have been developed, which
attempt to satisfy the requirements formulated above. Some of the most well-known and
broadly used ones are the Non-dominated Sorting Genetic Algorithm II (NSGA-II), the
Strength Pareto Evolutionary Algorithm 2 (SPEA2), and the Pareto Archived Evolution
Strategy (PAES). These methods have different ranking schemes, strategies for preserving
diversity, and archiving, but all are based on the Pareto dominance principle for guiding
the search to approximate the true Pareto-optimal front.
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Chapter 4

QIEA

This chapter presents the Quantum-Inspired Evolutionary Algorithm (QIEA), a meta-
heuristic optimization method that incorporates quantum mechanical principles into evo-
lutionary computation. Building upon the quantum computing fundamentals and evo-
lutionary paradigms introduced in previous chapters, we present an algorithm where in-
dividuals represent probability distributions over the solution space through quantum
superposition, rather than discrete candidate solutions. We define how individuals are
represented based on quantum mechanical principles and specify the core components of
the algorithm.

4.1 Solution Encoding and Decoding

While QIEA is predominantly applied to combinatorial optimization problems in the
literature, this work adapts it for continuous numerical optimization. This adaptation
requires an encoding scheme to represent real-valued decision variables as binary strings
that can be processed by the quantum-inspired operators.

4.1.1 Binary Encoding Scheme

We employ a standard binary encoding approach for real-valued variables. Consider
a decision variable z with domain [x;,x,] that is encoded using m bits. The binary
representation is given by the bit sequence:

Lencoded = b= [bObl c. bmfl] 5 bl € {07 1} (41)

To convert the binary sequence b to its decimal representation (Zencoded)10, W€ apply
the standard positional notation formula:

m—1
(xencoded)lo - Z 2m_1_ibi (42)
i=0
The decoding process maps the binary chromosome to a real value by uniformly dis-
tributing all possible binary representations across the variable’s domain. With m bits,
there are 2™ distinct binary strings, yielding 2™ — 1 intervals between the upper bound
b, and lower bound b;. The resulting discretization step size is:

Ty — X

Ar =
T om

(4.3)
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Each binary value, then, corresponds to a real value in the domain according to:

= + Ax - (xencoded)lo (44)

Substituting the expressions for (Zencoded)10 and Az, we obtain the complete decoding
formula:

m—1

— m—i—1
x—xl—|—2 _1;—;2 b; (4.5)

This mapping ensures that the binary string 00...0 corresponds to the lower bound
27, while 11...1 corresponds to the upper bound z,, with uniform spacing between in-
termediate values.

4.1.2 Multi-Variable Encoding

For optimization problems involving k decision variables, the complete binary chromo-
some consists of k concatenated segments, where each segment represents a single design
variable encoded according to the scheme described in the previous section.

Let m, denote the number of bits allocated to variable £. The total chromosome length
is then:

m = ng (4.6)

The bit segment corresponding to variable ¢ is extracted from the complete chromo-
some as:

b, = |b

ZZ %m ’ 1+Z£;} ms? " Tmy =143 " ms

b b - ] (=12 .k (4.7)

where the summation Zs;i m, represents the cumulative bit count of all preceding
variables, determining the starting index of segment ¢ within the chromosome.
Each variable segment is decoded independently using the single-variable formula:
_ me—1
1,0 1
= w4 LT 2me_1 sz“ biysttmy L=1,2, .k (4.8)

where ;4 and z,, ¢, denote the lower and upper bounds for variable ¢, respectively.
The complete solution vector is then constructed as:

X = [21,79,..., 2" (4.9)

4.1.3 Implementation Considerations

In our implementation, the evolutionary algorithm generates solutions directly in binary
form through quantum-inspired operators. The decoding process is applied only when so-
lutions require evaluation by the objective function, which operates on real-valued inputs.
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4.2 Solution Representation

In the Quantum-Inspired Evolutionary Algorithm (QIEA), the representation of solutions
is based on the fundamental principles of quantum mechanics described in Chapter 2. In-
stead of the classical binary sequences of conventional evolutionary algorithms, population
individuals are represented as qubit sequences, exploiting the superposition capability for
simultaneous representation of multiple possible solutions.

Section 2.6 discusses the computational limitations of qubit representations, where
a fully entangled representation of m qubits would require 2™ bits. This becomes pro-
hibitive for real-world problems where m > 100. As a foundational approach in this
work, we therefore design the quantum representation by treating each bit position as
an independent qubit. This choice avoids exponential memory scaling while preserving
quantum mechanical principles through superposition and quantum gate operations. Fu-
ture implementations could explore multi-qubit entangled subsystems per design variable
to potentially capture additional quantum correlations.

4.2.1 Quantum Representation of Individual
An individual q in QIEA is represented as a sequence of m single qubits:
=) () - G) - Gl
Bo B Bi Brn-1
Each qubit ¢ is described by the quantum state:

i) = i]0) + Bi[1)
According to the fundamental theory of qubits, the probability amplitudes «; and j;
satisfy the normalization condition:
|oul” + 6] =1
and their physical interpretation, according to Born’s interpretation, is:
2

e |o;|*: probability of measuring state |0) for the i-th qubit

e |3;|>: probability of measuring state |1) for the i-th qubit

4.2.2 Angular Parameterization and Bloch Sphere

Exploiting the Bloch sphere parameterization (Equation 2.45), we adopt a simplification
suitable for practical implementation of QIEA. Specifically, we restrict the quantum state
to real amplitudes, i.e., a;, 8; € R, which corresponds to setting the azimuthal angle
¢ = 0. Under this constraint, the general state vector reduces to:

) = cos (g) 10) + sin (g) 1), (4.10)

where the polar angle 6 € [0, 7| fully parameterizes the state within the real meridian of
the Bloch sphere.
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Qubit Chromosome Unit Representation
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Figure 4.1: Qubit Chromosome Unit Representation
Next, we introduce the parameterization 6 = 0+ 5. The state becomes:

|Y) = cos (g + %) |0) + sin (g + %) 1)

For simplicity, we rename 6 to 6 and continue with this notation. Using trigonometry,
the measurement probabilities result:

P(|0))(8) = cos® (g + %) = % = %sin(&), 0 e [—g g] (4.11)
P(|1))(6) = sin® (g + %) - % + %sin(@), 0c [—g g} (4.12)

This parameterization preserves the physically interpretable properties:
e 0; =0: P(|0)); = P(|1)); = 3 (maximum superposition - Hadamard state)

o 0;=7: P(|0)); =0, P(|]1)); = 1 (pure state |1))

w3

o 0, =—Z: P(|0)); = 1, P(|1)); = 0 (pure state |0))

The graphical representation of the qubit’s quantum state based on the angular pa-
rameter #, as defined above, is shown in Figure 4.1.
With angular parameterization, an individual ¢ is expressed compactly as:

a=[0 0 -~ 0 - 0]

where each 6; € R completely determines the quantum state of the corresponding qubit.
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This formulation enables the representation of a probability distribution across the
entire search domain using a single quantum individual. Rather than representing a sin-
gle point in the search space, as is the case in the evolutionary algorithm, the quantum
individual simultaneously represents all possible solutions, each with an associated mea-
surement probability. Solutions with higher probabilities correspond to regions of the
search space that are more likely to contain optimal solutions. In this manner, a quan-
tum individual represents the complete set of solution candidates, with the probability
distribution guiding the search toward more promising regions.

4.2.3 Measurement in QIEA

In order to obtain a solution out of a quantum individual, we need to perform a measure-
ment on each qubit of the individual. As already mentioned the measurement probabilities
of |0) and |1) for each qubit are given by relations (4.11) and (4.12). By applying these
relations to a sequence of qubits, we can calculate the probability of measuring a binary
sequence in a quantum individual whose qubits’ quantum state is known.

For a quantum individual q with m qubits, the probability of measuring a specific
binary string b is calculated as:

m—1

P(b) = [ P(b) (@), b€ {01} (4.13)

=0

where P(|0))(6;) and P(|1))(0;) are calculated according to Equations (4.11) and
(4.12).

Based on what we discussed in Chapter 2, when a measurement is performed on a real
qubit of an actual quantum computer, the wave function collapses. This means that the
qubit ceases to be in superposition. Its quantum state has now degenerated into one of
the two basic quantum states, |0) and |1).

However, in QIEA the information about the quantum state of our individual is useful
even after measurement. By repeatedly taking measurements of a quantum individual,
we can evaluate whether the region of the search space on which the individual is focused
yields worthwhile solutions or whether we need to readjust the angles in order to be guided
toward more promising areas of the design space.

It is now evident that QIEA is not designed to run on quantum hardware. Instead,
it is an algorithm intended for classical computers that incorporates quantum-inspired
principles in its operation.

4.2.4 Visualization of Quantum Individual

An example is provided in order to make the nature of the representation of the quantum
individual more comprehensible.

We consider a problem with 2 design variables, each of which is encoded with 5 qubits.
The search space of the problem is a 2D plane with 2° = 32 discrete values for each
variable. Therefore, there are 32 x 32 = 1024 candidate solutions in total.

Let’s assume the following 3 different individuals for this specific encoding with the
following values for the qubit angles.

For each of the above individuals, we will calculate the probability of measuring each
candidate solution and represent these probabilities in diagrams. In the diagrams pre-
sented below, the x and y axes each represent one of the design variables of the problem.
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Qubit Angle Individual 1 Individual 2 Individual 3

B 0 0.0000 -0.3490
0 0 —r/2 -0.0729
0, 0 —r/2 -1.5708
0 0 —7/2 0.4554
04 0 —7/2 -0.3666
0 0 0.0000 -0.9258
0 0 /2 1.1986
0- 0 /2 0.3257
O 0 /2 -0.1874
B 0 /2 0.6692

Table 4.1: Example Individuals

Therefore, the zy-plane constitutes the design space, and the points on the plane are
the candidate solutions. Because we use binary encoding, the candidate solutions are
discrete. The color scale indicates the probability of measuring each candidate solution
by each quantum individual. The results are presented in the Figure 4.2.

Individual 1 has all angles set to § = 0. Based on the above, this corresponds to a
50-50 probability of measuring 0 or 1 for each qubit. Therefore, this is the Hadamard
state. As can also be seen in the diagram, all points in the search space have the same
measurement probability, P = 1/1024 = 9.76562 x 1074,

For individual 2, it appears that all angles except 2 have converged to values of 7
or —5. For these converged qubits, the probability of measuring 1 or 0 respectively is
equal to 100%. The 6y and 05 are equal to 0, which means there is a 50-50 probability
of measuring 0 or 1 for each of them. Therefore, for individual 2 we have 4 candidate
solutions, which can be measured with equal probability. This is reflected in the diagram.

For individual 3, we observe a more disordered arrangement of angles, whose proba-

bility distribution is also shown in the diagram.

4.3 Implementation of Single-Objective QIEA

In this paragraph the basic components of QIEA algorithm will be described as well as
the complete sequence of algorithmic steps.

The current implementation of the QIEA uses three populations of individuals, sim-
ilarly to the classical evolutionary algorithm: one for the parents, one for the offspring,
and one for the elite.

4.3.1 Measurement & Evaluation

Measurement allows us to acquire a binary representation of a candidate solution from a
quantum individual.

For each individual qj-’ at each generation g, the measurement process is performed
independently for each qubit i:

1. Probability Calculation: The measurement probability for state |0) is computed
according to Eq. (4.11):

1 1.
H, = P(O)), = 5 — 5 5in(6?,)
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Figure 4.2: Probability Distributions

2. Stochastic Collapse: A random number r;; ~ U(0,1) determines the measure-
ment outcome:
0 ifri; <pj;
=g T (4.14)
1 if Tii > Dj

After performing the measurement, we can decode the obtained binary candidate
solution according to Eq. (4.8) and evaluate it. The result of the procedure outlined
above is depicted in the following diagram:

? measurement} bjg decodlng/ Xg evaluaﬂ;lon> F(Xg)

Given that the individual q? represents a probability distribution of the candidate
binary solutions, it is clear that if we repeat the operation of measurement on the same
individual, we will obtain different binary representations each time. Also as explained
earlier, although a quantum state collapses after a measurement in a real quantum system,
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in QIEA we retain the quantum state after measurement. This allows us to perform
multiple measurements on a single individual during each measurement phase.

For each individual q? at generation g, the process of measurement and evaluation is
repeated mpi (measurements per individual) times, producing mpi independent solutions:

X9 ={x9" x9%, ... x9m} (4.15)

Among these mp: measurements, the one with the best fitness is selected as the individ-
ual’s latest measurement, which is then used for the comparison and rotation operations
which we will describe in the following sections.

Xiqatest,j = arg )136%% F(X) (416)

The number mpi of measurements per individual is parameterized by the user.

For each individual ¢, in addition to the qubit angles, we also store the most recent
solution Xf’atesm and the best solution found so far xgest,j. Clearly, for solutions that
have been evaluated, the binary encodings by, ; and by, . are likewise available. The
encodings are just as important to us as the quantum angles and the solutions themselves,
for reasons that will be clarified later. Therefore, for simplicity, throughout the remainder
of the description, we will assume that whenever a solution x is stored, its associated

binary encoding b is stored as well, and any mention of this will be omitted.

4.3.2 Initialization

The algorithm begins by initializing the population of n quantum individuals. FEach
individual q; consists of m qubits, where m is the total number of bits required to encode
all design variables.

All qubits are initialized with angular parameter 9?71- =0:

0 . .
0;,=0 Vjie{l,2,...,n}, Vie{0,1,...,m—1}

This initialization establishes the Hadamard state for each qubit, where the measure-
ment probabilities are equal:

P, = P = 5

corresponding to the maximum superposition quantum state:

1
\/5(|0> +11))

The role of the Hadamard gate in the initialization phase closely resembles how we set
up the initial population in a classical evolutionary algorithm. In each case, the starting
candidate solutions are selected randomly.

During initialization, each individual performs its first mpi measurements and eval-
uations. The fittest solutions of each individual are stored as the latest and best-so-far
solutions x9 . and x) .

The global best solution X);,,,; pes; 1S identified as the best among all solutions of all
individuals and also gets stored and updated during the algorithmic procedure.

|¢> initial =
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4.3.3 Q-Gate Rotation

After measurement and evaluation, the current solution xJ,, ; 1s compared with the in-

dividual’s best-so-far solution X‘Z;Si’j. This comparison determines whether improvement
occurred, which in turn guides the rotation strategy for updating the quantum chromo-
some.

For each qubit ¢ of individual j, the rotation angle increment A6, ; is determined from
a configurable rotation strategy table. The table maps three inputs to a rotation direction:
the measured bit value bfatest’ i the best so far solution’s bit value bzgsi’j’i, and whether
improvement occurred (F(x7,;. ;) < F' (Xi’; ;))- In literature the rotation strategy shown
in Table 4.2 is commonly used.

blgatestyjyi bg;;,j}i F<quatest j) S F(Xge;;j) Aejvi

0 True 0

0 1 True 0

1 0 True 0

1 1 True 0

0 0 False 0

0 1 False +0

1 0 False —0

1 1 False 0

Table 4.2: Standard rotation strategy table for QIEA

The table’s values are interpreted as follows. When improvement occurs, no rotation
is applied (Af;; = 0). When deterioration occurs, rotation increases the probability of
the best solution’s bit value: positive rotation (+9) if b’;" = 1, negative rotation (—9) if
b;;l = 0, or no rotation if xgl = b;;l. The magnitude § is the base rotation angle and is
parameterized during the algorithm’s configuration.

b?atest,j,i bg;ei,j,i F(Xlgatest j) S F(Xge_silf,j) Agjvi

0 True a
0 1 True ao
1 0 True as
1 1 True Qy
0 0 False as
0 1 False ag
1 0 False ar
1 1 False as

Table 4.3: Configurable rotation strategy table for QIEA

In this work, we examined to what extent different choices for the rotation angles can
help improve convergence. For this purpose, the table above was parameterized as shown
in Table 4.3. In the parameterization we use, each of the 8 entries that result from the
above table is allowed to take one of the following values:

e a fixed number (typically 1, but in principle any constant),

e a random integer in the range [—1, 1], (for every gate operation we call a random
number generator)
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e a uniformly distributed random real number in the range [—1,1], (for every gate
operation we call a random number generator)

In addition to the 8 parameters of the rotation table, we also introduce an angular
parameter A6, which is multiplied by each of the table entries described above.

Once the angle Af;; = a. - A0 is determined according to which row of the table
describes each qubit’s condition during each gate operation, the qubit’s angular parameter
is updated as follows:

050 < 053" + D03, 055 € [~Omax, +0ma] (4.17)

The bounds [—Omax, +0max| Of each qubit’s angle 6, are also configurable. A qubit
angle equal to m/2 or —m/2 can cause the algorithm to converge prematurely to local
optima, reducing its ability to explore other regions of the search space. To mitigate this
effect, we introduce bounds on the angle 6.

Q-Gate rotation is the fundamental evolutionary operator of QIEA. Its purpose is
to guide individuals toward regions of the search space that appear promising and to
move them away from regions that appear barren. Furthermore, by parameterizing the
values of the rotation table and the angular parameter, we can adjust the balance between
exploration and exploitation.

A direct analogy to some operator or function of the classical evolutionary algorithm
is difficult to identify.

4.3.4 Quantum Crossover

The crossover operator adapts the evolutionary algorithm recombination to the quantum
chromosome representation, exchanging angular parameters between parent individuals
to create offspring that inherit probability distribution characteristics from both parents.
The implementation uses single-point crossover.

Two parents are first selected via tournament selection, where each parent is the best
individual from a randomly selected subset of ¢ individuals. Crossover is performed with
probability p,. A random integer ¢ € {1,2,...,k — 1} is chosen, where ¢ denotes the
crossover point and k represents the total number of design variables. The first ¢ variables
are assigned to the first offspring, while the remaining k — ¢ variables are assigned to the
second offspring. The chromosome-level crossover point ¢ is defined as

d = ng, (4.18)
(=1

where my denotes the number of bits allocated to the ¢-th design variable.

alf = 105",...,09,,6%,...6 ] (4.19)
alg = 10,00 00, o)) (4.20)

If crossover is not performed (with probability 1 — p,), the parents are simply copied
to the offspring population.

It is noted that, in order to be able to apply the Q-Gate rotation operator, we need
an existing solution with which we can compare the solutions that will result from the
new measurements. Therefore, after applying the crossover operator, we can either take
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a new measurement from the new chromosome that was produced and evaluate it, or we
can make use of the best solutions of the parents obtained so far. After trial-and-error
testing, the following implementation was chosen: for each of the offspring, we randomly
select with a 50-50 probability the best solution so far of one of the parents.

The crossover operation is performed at regular intervals of T}, generations, providing
sufficient time for Q-gate rotation to guide the solutions toward more promising regions.

Compared to the crossover operator of the classical evolutionary algorithm, the quan-
tum crossover does not differ significantly. Both of them attempt, in a very similar way,
to exploit the positive traits from two or more individuals. The difference between the
two is that the former operates at the bit level, combining two or more specific solu-
tions, whereas the quantum version operates at the qubit level and combines features of
probability distributions of candidate solutions.

4.3.5 Quantum Mutation

Two mutation mechanisms introduce stochastic perturbations at different stages of the
evolution process, enhancing exploration and preventing premature convergence. The
operation and purpose of the operator do not differ significantly from the mutation in the
classical evolutionary algorithm. In QIEA, we can apply mutation either at the bit level
or at the qubit level, each of which takes place at different stages of the algorithm.

Qubit Angle Mutation During the application of the Q-Gate operator the set of
Af;; is determined for each qubit of an individual. Before adjusting the qubit angle
as previously described, a random number r;; ~ U(0,1), is used to decide whether the
angle will be updated in the standard way or flipped instead, according to the mutation
probability set as configuration parameter.

m (4.21)

gt _(9;;1 + Af;,;) with probability pro*
Jsi 9;:;1 + Ab;; with probability 1 — ptot

This operates at the quantum chromosome level, affecting the probability distribution
for all future measurements from that qubit.

Measurement Mutation After each bit is measured but before fitness evaluation,
measurement mutation may occur with a user defined probability p°**. When mutation
occurs, the bit value is flipped:

m (4.22)

meas
m

phfinal _ {1 - bél with probability p;e®®
7,0

b, with probability 1 — p

This operates at the classical solution level, modifying only the current measurement
without affecting the quantum chromosome.

4.3.6 Migration

Migration mechanisms facilitate information transfer within and across the population
by replacing individuals’ best known solutions with better solutions discovered elsewhere.
Two distinct strategies are implemented with different spatial scopes.
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Local Migration Local migration operates within neighborhoods. The population is
partitioned into non-overlapping neighborhoods of user-defined size. Within each neigh-
borhood, the locally best solution is identified and replaces each individual’s best-so-far
solution X‘Zest7 e This operation occurs every Tjoca generations promoting local convergence
while allowing different neighborhoods to explore different regions semi-independently.

Global Migration Global migration broadcasts the globally best solution Xy pa e
to all individuals in the population. This occurs every Tgiona generations and has a strong
convergence effect, directing the entire population toward the best known solution.

Overwriting the individual’s best-so-far solution affects the outcome of the Q-Gate
operation on the specific individual for the next generations.

Migration operation resembles the distributed EAs (DEA). In both QIEA and DEA,
information is exchanged between groups of the population. However, this exchange of
information occurs in a different way. While in DEA individuals move from one neighbor-
hood to another, in QIEA individuals do not move. Instead, communication takes place
via the individual’s best-so-far solution, which guides the search toward the region where
the fittest solution is observed, either within the neighborhood, in case of local migration,
or within the entire population, in case of global migration.

4.3.7 Elites Selection

As in the standard evolutionary algorithm, so also in QIEA, at the end of each generation
the individuals of the offspring and the current elite populations are ranked, and the
e fittest among them form the updated elite population. The individuals of the elite
population on the one hand constitute the best solutions that have been found at any
given time during the algorithmic process, and on the other hand, can be selected as
parents for the crossover operations.

4.3.8 Elitism

Elitism preserves high-quality solutions by injecting elite individuals into the parent pop-
ulation. With probability peaite, a subset of the elite population is included in parent
selection. The number of elite individuals included in the parent population is given
by multiplying the size of the parent population by the elitism rate re;.. These nete
individuals are randomly sampled from the elite population.

4.3.9 Parent Selection

Parent selection determines which individuals participate in crossover to produce the next
generation. Parents are selected from the combined pool of the previous parent population
and the current offspring population. This is the same standard procedure that is followed
in the EA as well.

In the current implementation two selection methods are available, specified as a
configuration parameter:

Tournament Selection For each required parent, a tournament of size k is conducted.
The method has already been explained in the Quantum Crossover paragraph.
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Linear Weighted Selection Individuals are selected with probability proportional to
linearly decreasing weights based on their fitness rank. The combined pool is sorted
by fitness as {q,q3,...,q%} where F’ (xge;;l) < F(Xg;s}:g) < --.. Each individual ¢; is
assigned a weight:

w;=N—-1+4+1 (4.23)
The selection probability for an individual ¢; is then:
N—-—i+1
SN —j+1)
Once an individual is selected, it is removed from the pool and the weights are recal-

culated for subsequent selections. This is done to promote greater diversity among the
resulting crossover offspring.

pi = (4.24)

4.3.10 Stagnation Mechanism

To prevent premature convergence and enhance exploration when the algorithm becomes
trapped in local optima, a stagnation detection and recovery mechanism is implemented.
Stagnation is monitored by tracking the number of fitness evaluations elapsed since the
last improvement in the best fitness value. Specifically, at each generation, the current
generation’s best fitness is compared against the previously recorded best. If an improve-
ment is detected, the stagnation counter is reset. Otherwise, it accumulates the number
of evaluations performed without progress. When the stagnation counter exceeds a pre-
defined threshold Ny,s, stagnation is declared and recovery procedures are initiated.

Upon detecting stagnation, the algorithm enters a recovery phase consisting of two
sequential actions applied over a limited number of generations. First, immediately after
stagnation detection, a partial renewal of the parent population occurs. Elitism is tem-
porarily disabled, and approximately half of the parent population is replaced by newly
initialized individuals, while the remaining half is selected from the existing parent and
offspring populations via the standard selection mechanism. This ensures a substantial
injection of diversity. Second, during the subsequent generations, crossover operations
are enforced, further promoting genetic mixing and exploration. After the recovery phase
concludes, the algorithm resumes standard operation with the stagnation counter reset,
allowing the process to continue from a diversified state.

4.3.11 QIEA Workflow
The complete single-objective QIEA executes the following sequence of operations:
1. Initialization:

(a) Initialize offspring population with all qubits at 69, =

(c) Set each individual’s best solution to its initial measurement

0

)

(b) Perform initial measurement and evaluation for each individual
)
) global best

(d) Identify global best solution x

2. Main Loop:
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(a) Detect stagnation and set recovery flags if threshold Ny, exceeded
(b) Perform parent selection:

i. Include g - e elite individuals with probability pete (unless in recovery
mode)

ii. If stagnation recovery is active, p/2 new individuals are initialized

iii. Select remaining parents via tournament or linear weighted selection
(¢) Apply quantum crossover (if g mod Tt ossover = 0 Or after stagnation detection):

i. Select parent pairs via tournament selection
ii. Perform single-point crossover with probability p, or clone parent

iii. Assign offspring best solution randomly from one parent
(d) Evolve offspring population:

i. Perform mpi measurements per individual (with measurement mutation)
ii. Select fittest among the new mpi measurement as latest z;4zes
iii. Apply Q-gate rotation based on comparison with best solution xpes
iv. Apply rotation mutation with probability pt

v. Update individual’s best solution . if improvement occurred
(e) Update global best solution X34, pes
(f) Apply migration (if scheduled):

i. Global migration if ¢ mod Tyiopa1 = 0

ii. Local migration if ¢ mod Tjoca = 0

(g) Perform elite selection from combined offspring and elite populations

(h) Update stagnation counter based on cycle best fitness

3. Termination: Output final elite population and global best solution

4.4 Multi-Objective QIEA

Multi-objective minimization problem and Pareto dominance were formulated in Chapter
3 and were described by Equations (3.4) and (3.5)

In this section, we describe how the QIEA algorithm is adapted to address multi-
objective optimization problems.

4.4.1 Challenges in Quantum Gate Application

In single-objective QIEA, the application of the Q-Gate is determined by the condition
F(z) < F(b). In multi-objective problems, however, three possible states arise when
comparing a new solution Xf’atest’ ; with the best-known solution ngest’ Ix

g g . . . .
L. X{ et = Xpest,;+ Lhe new solution dominates (improvement)
g g . . . . .
2. Xjestj < Xiatest ;¢ Lhe best-so-far solution dominates (deterioration)

g g . - :
3. Xitestj % Xhestj¢ Lhe solutions are non-comparable (uncertainty)
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The third case constitutes the main challenge, as it is not clear whether the quan-
tum gate should be applied for individual evolution. To address the uncertainty in non-
comparable solutions, Multi-Objective QIEA uses the following approach. When two
solutions xj ., ; and xj,; . . are non-comparable, the corresponding individual q7 is dupli-
cated:

q/ = {q?!,q?*}

where qj’1 = q?’Q = q] (identical copies). Then the two copies evolve with different
assumptions:

e Individual q]’ Evolves assuming that x{, . = X{ ot ; (improvement)

— Quantum gate is applied using the improvement entries of the rotation table

_ . g g
The new solution Xiatest.j replaces Xiest, j

e Individual qj’ Evolves assuming that xj ., ; < X{ . ; (deterioration)

— Quantum gate is applied using the deterioration entries of the rotation table

— e old solution x . 1S maintaine
The old solut ﬁest ; t d

4.4.2 NSGA-II Selection Algorithm

After the evolution phase, the population size may exceed the original limit n due to
individual duplication. To maintain the size, the NSGA-II (Non-dominated Sorting
Genetic Algorithm II) algorithm is applied [23]:

Phase 1: Non-dominated Sorting All solutions are sorted into levels (Lq, Lo, ...)
where:

e [;: First front (non-dominated solutions)

e L,: Second front (solutions dominated only by L)

Phase 2: Crowding Distance Calculation For each solution, the crowding dis-
tance is calculated:

p z+1 fz 1

Z fmax _ fmln

where fit1 and fi-! are the neighboring solutions of the i-th solution in the m-th
objective.

Phase 3: Survival Selection Selection of the n best individuals is done with the
criteria:

1. Primary criterion: Lower front level (better L;)

2. Secondary criterion: Larger crowding distance (better diversity)
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4.4.3 Complete Algorithm Description

The multi-objective QIEA shares several building blocks with its single-objective coun-
terpart, such as initialization, measurement, Q-gate operations, crossover, and mutation.
However, certain procedures differ because of the specific characteristics of multi-objective
optimization.

To maintain conceptual and implementation simplicity, the multi-objective variant
uses only a single population. This choice is justified because, through the NSGA-II-based
sorting procedure, elite individuals are always available without the need for a dedicated
elite population. The use of NSGA-II also promotes diversity by preferring solutions that
are well distributed in the objective space. Consequently, maintaining separate parent
and elite populations is redundant. We also evaluated a variant that explicitly stored
parent and elite populations for the multi-objective case and observed no improvement in
performance.

Likewise, mechanisms such as global best solution storage and migrations are not
meaningful in the multi-objective context, since there is no unique globally optimal solu-
tion. A stagnation mechanism is also unnecessary. Under the Pareto dominance criterion
used to compare candidate solutions, it is highly improbable that the best individuals will
remain unchanged over time.

Algorithm Pseudocode

1. Initialization:

(a) Initialize offspring population with all qubits at 69, = 0
(b) Perform initial measurement and evaluation for each individual

(c) Set each individual’s best solution to its initial measurement
2. Main Loop: While termination criterion is not satisfied:

(a) Apply quantum crossover (if g mod T, = 0):
i. Select parent pairs via tournament selection
ii. Perform single-point crossover with probability p, or clone parent
iii. Perform an initial measurement for the new offspring individuals
(b) Dominance-Based Evolution: For each individual g} and each measure-

g . g . .
ment X, ;» compare with xy .. . and evolve according to the dominance re-
lation:

o If xlgatesw < Xﬂesw. (improvement): Apply quantum gate using improve-
ment entries of the rotation table; update Xﬂest’ i< Xf’atest’ ;i return single
individual

o Ifx{ . ; < Xfpeq; (deterioration): Apply quantum gate using deterioration
entries of the rotation table; maintain x3 ;i return single individual

o If X, ; 7# Xiest; (NON-comparable): Duplicate individual into {q?’l, q?’Q};
for qj’1 apply quantum gate using improvement entries and set xgeSL ;<
Xfhtest i3 1O 2 apply quantum gate using deterioration entries and main-

tain xj ;i return both individuals

(c) Population Assembly: Collect all evolved individuals into the new popula-
tion
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(d) Duplicate Elimination: Remove individuals with identical chromosomes
(e) NSGA-II Selection: Perform non-dominated sorting

(f) Eliminate overpopulation Removing the less fit individuals that exceed the
population size

3. Return: Pareto front extracted from the final population

39



Chapter 5
Metamodel Assisted QIEA - MAQIEA

5.1 Surrogate Models in Evolutionary Optimization

Metamodels, also referred to as surrogate models, constitute approximate representations
of complex optimization functions. Their primary purpose is to reduce computational
cost during the evolutionary process by replacing expensive exact evaluations with sig-
nificantly more economical approximations. This approach is particularly beneficial in
engineering applications where the evaluation of the objective function requires exten-
sive computational resources, such as computational fluid dynamics (CFD) simulations
in aerospace design, finite element method (FEM) analysis in structural mechanics, and
performance evaluation in turbomachinery systems.

In optimization contexts where a single function evaluation may require minutes to
hours of computation, the cumulative cost of thousands of evaluations becomes pro-
hibitive. Surrogate models address this challenge by learning the underlying input-output
mapping from a limited number of exact evaluations and subsequently providing rapid
approximations for new candidate solutions [24].

5.1.1 Local versus Global Metamodeling

Metamodel construction strategies can be classified into global and local approaches.
Global metamodels are trained using all available data and aim to approximate the ob-
jective function over the entire design space. While conceptually simpler, global models
may exhibit poor accuracy in problems where the objective function has significantly dif-
ferent characteristics in different regions, such as varying smoothness, multimodality, or
the presence of discontinuities.

Local metamodeling addresses these limitations by constructing a specialized model
for each new candidate solution using only data points in its vicinity. This approach offers
several advantages:

e Adaptive accuracy: The model adapts to local function behavior, providing higher
fidelity in regions where the function exhibits specific patterns or anomalies

e Computational efficiency: Training complexity scales with the number of local
points rather than the entire database, which is particularly important for high-
dimensional problems

e Robustness: Local models are less affected by distant outliers or regions with
fundamentally different function characteristics
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The local metamodeling strategy employed in this work constructs a new radial-basis
function network for each candidate solution, using only the nearest points from the
database. The selection of these training patterns is performed using a Minimum Span-
ning Tree (MST) algorithm, which ensures topological compactness and excludes extreme
observations that could degrade model quality.

5.1.2 Low-Cost Pre-Evaluation Technique

The Low-Cost Pre-Evaluation (LCPE) [25] technique is a selective sampling strategy that
combines surrogate-based screening with targeted exact evaluation. The fundamental
principle of LCPE is to evaluate all candidate solutions using a computationally inexpen-
sive metamodel and then re-evaluate only the most promising individuals using the exact
objective function.

The LCPE technique is typically activated after an initial phase of pure exact evalua-
tions. This preliminary phase, usually spanning several generations, serves to construct a
database of sufficient size and quality to train the metamodel. The number of initial ex-
act evaluations must be adequate to capture the essential characteristics of the objective
function landscape, particularly in regions relevant to the optimization search.

The implementation of LCPE involves the following procedural steps:

1. Construction of a metamodel using all available exact evaluations stored in the
database

2. Approximate evaluation of new candidate solutions using the trained metamodel

3. Selection of a subset of candidates for exact evaluation based on predicted fitness
or other criteria

4. Exact evaluation of selected candidates and updating of the database

5. Periodic retraining of the metamodel as additional exact evaluations accumulate

The effectiveness of LCPE depends critically on the quality of the surrogate model and
the selection strategy for exact evaluations. An overly conservative strategy (too many
exact evaluations) diminishes computational savings, while an overly aggressive strategy
(too few exact evaluations) risks convergence to suboptimal solutions due to metamodel
inaccuracies.

5.1.3 Challenges in Multi-Objective Optimization

The efficiency of LCPE-based strategies decreases significantly when extended to multi-
objective optimization. This degradation stems from fundamental differences in how
single-objective and multi-objective algorithms distribute computational effort:

1. Solution distribution: In single-objective problems, the population progressively
converges toward a single optimal solution, creating a dense concentration of eval-
uations in a localized region. This concentration facilitates the training of accurate
local metamodels. Conversely, in multi-objective problems, the population must
maintain diversity along the entire Pareto front, distributing evaluations across a
potentially extensive manifold in objective space.
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2. Dominance sensitivity: Multi-objective selection relies on dominance compar-
isons, which are sensitive to prediction errors. A small error in a single objective
value may alter the dominance relationship between two solutions, potentially lead-
ing to incorrect selection decisions. In contrast, single-objective optimization is more
tolerant to small errors, as ranking is based on scalar fitness differences.

3. Front quality degradation: Inaccurate metamodel predictions can introduce spu-
rious non-dominated solutions or exclude genuinely non-dominated solutions. This
directly impacts both the convergence and diversity characteristics of the approxi-
mated Pareto front.

These challenges necessitate careful adaptation of the LCPE technique for multi-
objective optimization, including modified triggering criteria for exact evaluation and
specialized handling of dominance-based comparisons, as described in subsequent sec-
tions.

5.2 Metamodel-Assisted QIEA

The metamodel-based assistance was developed for the single-objective QIEA, since ex-
tending it to multi-objective problems proved challenging.

The metamodel-assisted single-objective QIEA follows the same procedure as the non-
assisted variant, with a modification in the measurement phase to reduce computational
cost. For each individual in the population, instead of performing m exact evaluations, the
algorithm generates m candidate solutions whose fitness is estimated using the surrogate
model. Among these m surrogate-evaluated candidates, the one with the best predicted
fitness score is selected. This selected candidate is then evaluated using the exact objective
function, and the standard evolution operations (quantum gate rotation) are applied
based on the exact fitness value. The surrogate model is activated only after a minimum
number of exact evaluations have been collected in the database. Before this threshold,
the algorithm operates without the surrogate model.

5.3 Metamodel Implementation Details

This section describes the technical components underlying the metamodel-assisted QIEA,
including pattern selection strategies, radial-basis function network architecture, and
adaptive training procedures.

5.3.1 Local Pattern Selection Using Minimum Spanning Trees

For each new candidate solution requiring metamodel evaluation, a local training set is
constructed from the database. The selection process employs a Minimum Spanning Tree
(MST) algorithm to identify patterns that form a compact topological structure around
the candidate.

The MST-based pattern selection procedure consists of the following steps:

1. Nearest neighbor retrieval: Identify the 100-150 nearest points to the candidate

solution based on Euclidean distance in the design variable space. This initial pool
provides a coarse neighborhood from which the final training set will be refined.

42



1.0 4 1.4 ) Training Patterns
' A Prediction Point
A
1.2 A
0.8 4
1.0 ]
0.6 £0) P
0.8 A @
< < @ @9~
0.4 4 069 @ ,n{j{ &
- @
0.4 b
0.2 8 i
©
N & 024 & @ N
@ Training Patterns - 909 s . g = P
W Selected ® = L P o €0
00 A Prediction Point - 0.0 1 o
v T r T T T T T 1 T T T T v
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
A1 A1

(a) MST structure and selected training pat- (b) MST-based identification of outlier patterns
terns

Figure 5.1: Minimum spanning tree (MST) for training pattern selection and outlier
detection

2. MST construction: Construct the Minimum Spanning Tree connecting all re-
trieved points using standard algorithms such as Kruskal’s or Prim’s algorithm.
The MST is a graph-theoretic structure that connects all points with the minimum
total edge length, ensuring efficient connectivity without redundant connections.

3. Tree traversal and selection: Starting from the candidate solution, traverse the
MST and incrementally add points to the training set (see Figure 5.1a). A point
connected by branch i is included if:

Li<L+k-op (5.1)

where L; is the length of branch i, L is the mean branch length computed over
branches already included in the training set, o; is the corresponding standard
deviation, and k is a tolerance parameter (typically k ~ 2).

4. Tterative statistics update: As each new point is added to the training set,
the statistics L and o, are recomputed to reflect the current topological structure.
This adaptive criterion prevents the inclusion of distant outliers while allowing the
training set to expand naturally in directions where data density is higher.

The final training set consists of points that form a topologically compact cluster
around the candidate solution. It is ensured that way that the metamodel is trained
primarily on data relevant to the local function behavior, excluding observations from
distant regions that may not be representative.

5.3.2 Outlier Detection and Reliability Assessment

Not all regions of the design space are equally well-represented in the evaluation database.
Candidates located in sparsely sampled regions are at higher risk of inaccurate metamodel
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prediction. To identify such outlier candidates, a distance-based reliability criterion is
employed (Figure 5.1b).

After the MST-based pattern selection process, the candidate’s distance to its k£ nearest
training patterns (typically & = 2) is computed. The candidate is considered reliable for
metamodel evaluation if:

dy < L+m-oyp (5.2)

where dj, is the distance to the k-th nearest training pattern, and m =~ 3 is a conserva-
tiveness parameter. Both L and o, are statistics derived from the MST pattern selection
process described above.

The choice of k = 2 (second nearest neighbor) provides robustness against the presence
of a single accidentally close point, which might give a misleading impression of data
density. For candidates identified as outliers, exact evaluation is preferred over metamodel
prediction, as approximations in regions with sparse data can introduce significant errors
that negatively impact algorithm convergence.

5.3.3 Radial-Basis Function Networks

Radial-basis function networks (RBFNs) were selected as the metamodel class due to their
ability to provide local approximations and the simplicity of their training procedure.

Network Architecture

An RBFN consists of three distinct layers (Figure 5.2):

e Input layer: Receives the design variable vector x € RY without performing any
transformation.

e Hidden layer: Contains M neurons, each implementing a radial basis function
centered at c,,, € RY with radius r,,, > 0.

e Output layer: Computes the network output as a weighted linear combination of
hidden layer activations.

The output of the network for input vector x is given by:

y(x) =D Y Gulllx = cnll) (5.3)

where 1),,, € R are the synaptic weights connecting the hidden layer to the output layer,
¢, are the RBF centers, and G, : R>o — R are the radial basis functions. The Gaussian
function is commonly employed:

G(u,r) = exp (—:f—j) (5.4)

where u = ||x — c¢,,,|| is the Euclidean distance from the input to the center, and r = r,,
is the radius parameter controlling the width of the basis function.
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Figure 5.2: RBF Network Architecture

Training Procedure

Given a set of T' training patterns {(X;, 9;)}._,, the training objective is to determine the

optimal synaptic weights ¥ = [y, s, ..., 9n]T that minimize the squared error:
1 M 2
E(y) =35> (z)t - Zmem(H&t—cmH)> (5.5)
t=1 m=1

This objective can be expressed in compact matrix form as:

B@) = 3y~ Gyl (5.6

RTXM

where y = [§1, 92, . - ., §r]” is the vector of desired outputs, and G € is the design

matrix with elements:

Gim = Gn(||Xe —cnl]), t=1,...,T, m=1,....M (5.7)
Explicitly, the design matrix is:
Gi(Ix1 —al]) Go|®i—c2l) -+ Gu(lx—cul)
G |Gl el Gl —cl) - Gl cul) .
Gilllxr —eil) Gollxkr —cafl) -+ Gulxr —cul))

The solution 1™ to this linear least-squares problem is obtained by solving the normal
equations:
G'Gy* =Gy (5.9)
In the special case where the number of RBF centers equals the number of training
patterns (M = T) and each center coincides with a training pattern (c,, = X,,), the
network interpolates the training data exactly. The synaptic weights are then given by:

Gy =y (5.10)
provided that G is invertible.
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5.3.4 Growing RBF Networks with Self-Organizing Maps

When the number of training patterns is large, using all patterns as RBF centers can
lead to overfitting, where the network memorizes training data but generalizes poorly to
new inputs. To address this, a growing network strategy is employed that incrementally
increases model complexity while monitoring generalization performance.

Algorithm Overview

The growing SOM-RBFN algorithm adaptively determines the number of RBF centers
and their locations through an iterative procedure:

1. Initialization: Set the initial number of centers to M = My, (e.g., My = 5).
Partition the available data into training and validation sets to monitor overfitting.

2. Center placement via SOM: Apply a Self-Organizing Map (SOM) algorithm
to determine the positions of the M centers {c,,}}_, based on the distribution of
training patterns. This ensures that centers are placed in regions with higher data
density.

3. Radius calculation: Compute the radius r,, for each center using an MST-based
procedure (detailed below).

4. Weight training and error evaluation: Solve the least-squares problem to obtain
synaptic weights 9*. Evaluate training error Fi,,;, and validation error Fi..

5. Termination check: If the validation error E\.y increases relative to the previous
iteration or if M > M., terminate the procedure. An increasing validation error
indicates overfitting.

6. Center splitting: Identify the center responsible for the largest approximation
errors in the training set. Split this center into two nearby centers to increase model
flexibility in regions with high error.

7. Iteration: Increment M < M + 1 and return to step 2.

Self-Organizing Map for Center Placement

The SOM algorithm positions centers adaptively based on the density and distribution
of training patterns. Figure 5.3a shows the initial random placement of centers, while
Figure 5.3b illustrates the adapted configuration after convergence. The procedure is as
follows:
1. Center initialization: Initialize centers c,(£>, m = 1,..., M, either randomly
within the design space or using results from a previous iteration.

2. Competitive learning: For each iteration n, randomly select a training pattern
x; and identify the nearest center (winner):

i(%) =arg min % — ™| (5.11)

=1,...
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3. Cooperative update: Update all centers according to:

m

where n(n) € (0, 1] is the learning rate and h,,, ;(n) € [0, 1] is a neighborhood function
that determines the influence of the winner 7 on center m. Both parameters decrease
monotonically with n to ensure convergence.

4. Convergence check: If the center positions change negligibly between successive
iterations, terminate. Otherwise, increment n <— n + 1 and return to step 2.
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The neighborhood function h,,;(n) is typically defined as a Gaussian function of the
topological distance between centers m and <.

RBF Width Determination via MST

The radius r,, of each RBF controls the locality of its influence (Figure 5.3c). These radii
are determined using an MST-based procedure:

1. MST construction: Construct the Minimum Spanning Tree connecting all centers
{emn}M_, based on their Euclidean distances.

2. Local neighborhood identification: For each center c,,, identify all centers that
can be reached by traversing at most n;, branches of the MST starting from c,,.
Denote this set of neighbors as C,,.

3. Radius calculation: Compute the radius as the mean distance to neighbors:

1
=g O e el (513

m CiGCm
4. Application: Repeat for all centers m =1,..., M.

A value of n, = 4 typically provides satisfactory coverage of the training patterns.

Center Splitting Strategy

When validation error has not yet increased and M < M., the algorithm identifies the
center requiring refinement. This is done by:

1. Computing the approximation error for each training pattern.
2. Selecting a percentage (e.g., 20%) of patterns with the largest errors.
3. Identifying the center closest to the majority of these high-error patterns.

4. Splitting the center, responsible for the largest number of the most erroneous esti-
mates, into two centers.
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Chapter 6

Benchmark Cases

6.1 Benchmark for Single-Objective Optimization

In order to evaluate the performance of QIEA, we use it on a set of test functions, each
of which exhibits different characteristics.

Modality Modality refers to the number and distribution of optimal and suboptimal
regions in the fitness landscape.

e Unimodal: A single global optimum with no local optima, enabling exploitation-
focused strategies to converge reliably.

e Multimodal: Multiple local optima, necessitating a balance between exploration
and exploitation.

¢ Highly multimodal: An exceptionally large number of local optima, often scaling
exponentially with dimension, requiring sustained population diversity.

Separability Separability characterizes the degree of variable interaction (epistasis).

e Separable: Each variable contributes independently, allowing decomposition into
n independent one-dimensional subproblems.

e Non-separable: Variable interactions couple the decision variables, requiring co-
ordinated multidimensional search.

Conditioning Conditioning quantifies landscape anisotropy, measured by the Hessian
condition number (ratio of largest to smallest eigenvalue).

e Well-conditioned: Comparable eigenvalues (condition number near unity), result-
ing in approximately spherical level sets.

e Ill-conditioned: Eigenvalues differing by orders of magnitude, creating elongated
valleys with highly directional convergence.

e Moderately conditioned: Intermediate anisotropy introducing directional bias
without severely impeding progress.
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Additional Characteristics

e Deceptive: Fitness gradients direct search away from the global optimum.

e Narrow valley:

The optimum resides in a long, narrow region requiring precise

variable coordination.

¢ High-frequency noise: Rapid local oscillations obscure the global structure.

The chosen benchmark functions—Sphere, Ackley, Rastrigin, Griewank, Schwefel, and
Rosenbrock, whose mathematical expressions are shown in Table 6.1—provide compre-
hensive coverage across these characteristics, as detailed in Table 6.2.

Function = Mathematical Expression

) =

Sphere

Ackley F

F(x
(x
Rastrigin F(x
(
(
F(

!

Griewank

)=
)=
X) =
Schwefel F(x) =

)=

Zz 11‘2
—20 exp <—O 20/, xz) —exp (130 cos(2mmz;)) +20 + €
10n + Y0 [#7 — 10 cos(2ma;)]

2006 it L7 — Hllcos(\[>+1
418.9829n — S a;sin(y/|zi])

Rosenbrock x) = S0 100(20 — 22)% + (1 — 2)?)]
Table 6.1: Mathematical Expressions of Benchmark Functions

Function Modality Separability = Conditioning Deceptiveness Primary Test Objective
Sphere Unimodal Separable Well-conditioned Low Baseline convergence speed and exploitation
Ackley Multimodal Non-separable Moderate High Exploration-exploitation balance
Rastrigin Highly multimodal Separable Well-conditioned Low Resistance to numerous local optima
Griewank Multimodal Non-separable Moderate Low Variable interaction and scalability
Schwefel Multimodal Separable Moderate Very high Robustness against deceptive landscapes
Rosenbrock Unimodal Non-separable  Ill-conditioned Low Convergence in narrow, curved valleys

Table 6.2: Characteristics of Benchmark Functions and Properties Tested

All functions were optimized with 10 design variables, each encoded using 10 bits for
binary representation, resulting in a total chromosome length of 100 bits. This yields a
discrete search space of 2'%° ~ 1.27 x 10%° possible solutions. The search bounds for each
variable are function-specific and are detailed in Table 6.3.

Test Function Bounds Dimension Bits per Variable
Sphere [—5.12,5.12] 10 10
Ackley [—32.768, 32.768] 10 10
Rastrigin [—5.12,5.12] 10 10
Griewank [—600, 600] 10 10
Schwefel [—500, 500] 10 10
Rosenbrock [—5, 10] 10 10

Table 6.3: Benchmark test functions and their optimization parameters

The landscape characteristics of the benchmark functions are shown in Figure 6.1.
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6.1.1 Grid Search and Convergence Analysis of Optimal Config-
urations

The QIEA was executed across a grid of parameter configurations to identify the most
effective settings for each benchmark test function. The parameter space explored is sum-
marized in Table 6.4, where all listed parameter values were combined to form the grid of
configurations. Parameters not included in the tested values column were held constant at
the specified value throughout all experiments. All configurations were evaluated over 10
independent runs with different random seeds, and the averaged convergence behavior was
recorded. For each test function, the five configurations yielding the fastest convergence
were identified and documented. Figure 6.2 presents a comparative visualization of the
averaged convergence curves for these top-performing configurations across all benchmark
functions.

To provide insight into the behavior of the algorithm under different initializations,
the individual convergence trajectories of all 10 seeds for the single best-performing con-
figuration on each test function are displayed in Figure 6.3.

Parameter Notation Tested Values
Parent population size W {6,12}
Offspring population size A {4,6,8}
Elites’ population size e {6,12}
Measurements per individual m/i {1,2}
Q-Gate rotation table Custom configuration®
Q-Gate angle of rotation Af 1.0

Qubit bound Ornax {m/2,0.96875 - 7 /2}
Crossover probability Da 0.2
Crossover period T, {10,15}
Mutation probability (rotation) prot 0.0
Mutation probability (measurement) pineas {0.01,0.02}
Neighbourhood size Nobr 2

Local migration period Thoc 30

Global migration period T4iob —
Selection method Linear weighted
Elitism rate Telite 0.2

Elite inclusion probability Pelite 0.2

Table 6.4: QIEA configuration parameters and their tested values. Parameters with a
single value were held constant across all configurations.

Observations In the plots of the different seeds, it is observed that, for the same
parameterization on the same test functions, the number of evaluations required to achieve
convergence of a similar order of magnitude for the different seeds differs significantly. This
observation indicates that the algorithm is susceptible to becoming stuck in premature
convergence, which is obviously related to the small number of populations for which the
algorithm exhibits good convergence.

!The rotation table uses the configuration: [randfloat, —1, 1, randfloat, 0, 1, —1, 0].
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Figure 6.3: Individual seed convergence trajectories for the best-performing QIEA con-

figuration on each test function

Setup p A e m/i Af 0 s Ty pmeas
Setupl 6 4 6 1 1.0 0.968757/2 10 0.01
Setup2 6 4 12 1 1.0 /2 15 0.01
Setup3 6 4 12 1 1.0 0.968757/2 10 0.01
Setup4d 6 4 6 1 1.0 7T/2 15 0.01
Setupb 6 4 12 1 1.0 /2 10 0.01

Table 6.5: 5 Most Performant QIEA Par

ameter Configurations for Sphere Function
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Setup pu A e m/i Af 0 nax Ty press
Setupl 6 6 12 1 1.0 0.968757/2 10 0.02
Setup2 6 8 6 1 1.0 0.968757/2 10 0.01
Setup 3 12 4 12 1 1.0 /2 15 0.02
Setup4d 6 4 6 1 1.0 /2 10  0.02
Setupb 12 6 12 1 1.0 0.968757/2 15 0.01

Table 6.6: 5 Most Performant QIEA Parameter Configurations for Ackley Function

Setup p A e m/i Af 0 nox Ty press
Setup1 12 4 12 1 1.0 7T/2 10 0.01
Setup2 6 6 12 1 1.0 0.968757/2 15 0.01
Setup3 6 4 12 2 1.0 0.968757/2 10 0.01
Setup4d 6 4 6 1 1.0 /2 15 0.01
Setupb 6 6 12 2 1.0 /2 15  0.02

Table 6.7: 5 Most Performant QIEA Parameter Configurations for Rastrigin Function

Setup pu A e m/i Af 0 nox Ty press
Setupl 6 6 12 1 1.0 0.968757/2 10 0.01
Setup2 6 6 6 1 1.0 /2 10 0.01
Setup3 12 4 6 1 1.0 /2 15  0.02
Setup4 12 8 12 1 1.0 /2 15 0.01
Setupb 12 6 12 1 1.0 0.968757/2 15 0.01

Table 6.8: 5 Most Performant QIEA Parameter Configurations for Griewank Function

Setup u A e m/i Al O max Ty pmeas
Setupl 6 4 12 1 1.0 /2 10  0.02
Setup2 12 6 6 1 1.0 /2 15  0.02
Setup3d 12 8 6 1 1.0 0.968757/2 15 0.02
Setup4d 6 6 12 1 1.0 0.968757/2 10 0.02
Setupb 6 4 12 1 1.0 /2 10 0.01

Table 6.9: 5 Most Performant QIEA Parameter Configurations for Schwefel Function

Setup u A e m/i Al O max Ty pmeas
Setup1 12 8 12 1 1.0 7T/2 15 0.02
Setup 2 12 8 12 1 1.0 0.968757/2 10 0.02
Setup3d 12 8 6 2 1.0 0.968757/2 15 0.01
Setup4 6 4 12 2 1.0 71'/2 10 0.01
Setup b 12 8 12 2 1.0 0.968757/2 10 0.02

Table 6.10: 5 Most Performant QIEA Parameter Configurations for Rosenbrock Function
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6.1.2 Parametric Analysis

A parametric analysis was conducted to assess the influence of individual parameters on
algorithm performance. For each test function, the best-performing configuration identi-
fied in the grid search was used as a baseline. Parameters were then varied individually
while holding all other parameters constant.

The parameter values examined in this analysis are summarized in Table 6.11. The
rotation table strategies, which govern the quantum gate rotation behavior, are detailed
separately in Table 6.12.

Parameter Notation Tested Values

Parent population size 1 {4,6,8,12}

Offspring population size A {4,6,8,12}

Elites” population size e {4,6,8,12}

Measurements per individual m/i {1,2}

Q-Gate Angle of rotation A6 {0.8,1.0,1.2}

Mutation probability (rotation) prot 0.0

Mutation probability (measurement) pineas {0.01,0.02,0.04}

Qubit bound Omax  {7/2,0.975 - 7/2,0.96875 - 7/2,0.95 - 7 /2}

Crossover period T, {8,10,12,15}

Table 6.11: Parameter values tested in the parametric analysis

ID a; as ag ay as ag ar ag
RT1 0 0 0 0 0 1 -1 0

RT?2 0 -1 1 0 0 1 -1 0

RT3 | randfloat O 0 randfloat 0 1 -1 0

RT4 randint 0 0 randint 0 1 -1 0

RT5 | randfloat —1 1 randfloat 0 1 -1 0

RT6 randint -1 1 randint 0 1 -1 0
RT7 0 0 0 0 randfloat 1 —1 randfloat
RTS8 0 -1 1 0 randfloat 1 —1 randfloat
RT9 | randfloat O 0 randfloat randfloat 1 —1 randfloat
RT10 | randint 0 0 randint randfloat 1 —1 randfloat
RT11 | randfloat —1 1 randfloat randfloat 1 —1 randfloat
RT12 | randint -1 1 randint randfloat 1 —1 randfloat
RT13 0 0 0 0 randint 1 —1 randint
RT14 0 -1 1 0 randint 1 —1 randint
RT15 | randfloat O 0 randfloat randint 1 —1 randint
RT16 | randint 0 0 randint randint 1 -1 randint
RT17 | randfloat —1 1 randfloat randint 1 —1 randint
RT18 | randint -1 1 randint randint 1 —1 randint

Table 6.12: Rotation table strategies tested in the parametric analysis. Each configuration
defines an eight-element lookup table used to determine rotation direction and magnitude
based on fitness comparisons. Elements denoted as randfloat represent uniform random
sampling from [—1, 1], while randint denotes uniform random sampling from {—1,0, 1}.

Indicative diagrams are presented for some of these parametric analyses.
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Observations It is observed that small changes in the value of a parameter (like for
example the parent population size) lead to significant changes in the convergence speed,
which indicates a strong sensitivity of the algorithm’s convergence speed to the param-
eter values. Furthermore, it is observed that for a value of a parameter for which the
convergence speed may be satisfactory, when the same parameter value is used in a differ-
ent parametrization of the QIEA or in a different optimization problem, the effect of the
parameter changes. This shows that there is a correlation both among the parameters
themselves and between the parametrization and the problem being optimized.

Another interesting observation concerns the rotation table. A total of eighteen dif-
ferent parameterizations were evaluated, and the six that performed best were shown in
each figure of the corresponding parametric analysis diagrams. For all the test cases,
the parameterization RT12? seems to give the best convergence, except in the case of the
sphere. For the sphere, the simplest parameterization RT2% does. Each parameterization
exhibits different characteristics. The first case introduces more exploration, which helps
prevent the algorithm from getting trapped too easily in local optima, or to search for
different solutions even when it has already found a relatively good one. The second and
simpler parameterization is more exploitation-oriented, which is beneficial for a smooth
landscape such as that of the sphere function.

6.1.3 QIEA - EA Comparison

Following the parametric analysis, the rotation table strategies [0,0,0,0,0,1,—1,0] and
[0,—1,1,0,0,1,—1,0] demonstrated enhanced convergence speed on the sphere function.
Based on these findings, the most performant configurations identified in the preliminary
experiments were re-evaluated with metamodel assistance enabled for the Sphere, Ackley,
and Rosenbrock functions.

The metamodel configuration parameters employed for each benchmark function are
summarized in Table 6.13. A simple radial basis function (RBF) metamodel was used
across all test cases, with variations in the minimum number of exact evaluations required
before metamodel training.

Parameter Sphere Ackley Rosenbrock
Metamodel type Simple RBF  Simple RBF  Simple RBF
Minimum number of exact evaluations 100 100 200
Number of training patterns 8 8 8

Table 6.13: Metamodel configuration parameters for benchmark functions.

For the Sphere and Ackley functions, 100 exact function evaluations were used before
metamodel training, while 200 exact evaluations were used for the Rosenbrock function.
These values were selected based on preliminary trials as they provided the fastest con-
vergence for the respective test cases.

In addition to the quantum-inspired evolutionary algorithm (QIEA), a conventional
evolutionary algorithm (EA) was evaluated using the EASY software. A grid search was
conducted over the following parameter space:

The most performant EA configuration, determined by minimum objective function
value over independent runs, was subsequently re-evaluated with metamodel assistance

2RT1: [randfloat, —1, 1, randfloat, 0, 1, —1, 0]
RT2: [0, 0, 0, 0, 0, 1, —1, 0]
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Table 6.14: EA configuration parameters and their tested values.

Parameter Notation Tested Values
Parents’ population size 1 {10, 15, 20, 30,50}
Offspring’s population size A {50, 60,100, 150}
Elitism rate Telite {0.1,0.2,0.3}
Crossover probability Da {0.7,0.9}
Mutation probability Dm {0.01,0.02,0.05}

for the Sphere, Ackley, and Rosenbrock functions. This allowed for a direct comparison
between the QIEA and EA under both standard and metamodel-assisted conditions. The
comparative results are presented in Figure 6.9.

Observatios It should be noted that the results presented here are meant to assess
the behavior of the QIEA algorithm by evaluating it in parallel with a classical EA.
Even if some plots appear to indicate that QIEA converges faster than EA, this should
not be interpreted as evidence of its superiority. In developing QIEA, we tested many
different combinations of methods and parameters, and we report only those settings
that performed best. We did not follow the same exhaustive tuning process for the results
obtained with the EASY software, because our goal was not to rigorously compare the two
algorithms. Instead, we used the performance of the EA, an algorithm with which we were
more familiar, as a baseline for assessing the behavior and convergence speed of QIEA.
Consequently, for the EA we generated a set of results without focusing on achieving the
fastest possible convergence through extensive hyperparameter optimization.

In cases such as the Sphere function or Ackley, we see that for certain configurations
the convergence speed is satisfactory. For cases such as Rastrigin and Griewank, which are
highly multimodal, we observe good convergence speed at the beginning, which then dete-
riorates after a certain number of evaluations, something that suggests that the algorithm
is prone to becoming trapped in local optima, which was also observed from the plots of
the different seeds and is consistent with the small population sizes for which QIEA works
best. In deceptive landscapes such as Schwefel, the algorithm appears to struggle even
more, which further indicates its tendency to get trapped in local optima. For Rosenbrock
we again observe good convergence at the beginning, which however worsens after some
evaluations, indicating that the correlation among the design variables in this particular
problem also made things more difficult for the algorithm.

The effect of the metamodels appears to be quite strong, as it reduces the number of
evaluations to about one third, compared to the non-assisted QIEA, in order to achieve
convergence of a similar order of magnitude.
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Figure 6.9: QIEA - EA comparison plots

64



6.2 Benchmark Cases for Multi-Objective Optimization

For multi-objective optimization, three benchmark functions were selected: ZDT1, ZDT2,
and ZDT3. Table 6.16 summarizes the key characteristics of these functions and the
primary algorithmic capabilities each is designed to test. The mathematical expressions
of the chosen functions are shown in Table 6.15.

Function Mathematical Expression

n—1 P
7ZDT1 Fi(x) = 24
Fy(x) = g(x) { =
g(x)zl"‘n?lziﬁi

7ZDT2 FI(X) =T

7ZDT3 Fi(x) =1

Fy(x) = g(x) {1 _ SRR R g0 x)

9(x)  g(x)

Table 6.15: Mathematical Expressions of Multi-Objective Benchmark Functions

Function Pareto Front Separability Convexity Continuity Primary Test Objective

ZDT1 Convex Separable Convex Continuous  Baseline convergence to Pareto front

ZDT2 Non-convex Separable Non-convex Continuous ~ Handling non-convex Pareto fronts

ZDT3 Disconnected Separable Convex (per segment) Discontinuous Maintaining diversity across disconnected regions

Table 6.16: Characteristics of Multi-Objective Benchmark Functions and Properties
Tested

All benchmark problems were solved for 10 design variables bounded in [0, 1]. Each
decision variable was encoded using a 10-bit binary representation. Experiments were
conducted with a computational budget of 15,000 function evaluations over 3 independent
runs with different random seeds.

For the QIEA, a parameter grid search was conducted across multiple configurations.
Table 6.17 presents the parameter values explored. Parent selection employed a linear-
weighted method, and mutation probabilities for both measurement and rotation opera-
tions were set to 0.0.

Similarly, for the EA, a parameter grid search was performed. Table 6.18 presents the
parameter values explored.

The best-performing parameter configurations identified through the grid search are
presented in Tables 6.19 and 6.20. Figures 6.10, 6.11, and 6.12 compare the best-
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performing QIEA configurations against the most competitive EA configurations iden-
tified through grid search.

Parameter Notation Values
Parent population size 1 {20, 30, 40}
Offspring population size A {20, 30,40}
Elites” population size e {20, 30,40}
Measurements per individual m/i {1,2}
Q-Gate Angle of rotation Af {0.1,0.25,0.5}
Crossover period T {5,6,10}
Crossover probability Dx {0.9,1.0}

Table 6.17: Parameter Grid for QIEA Multi-Objective Experiments

Parameter Notation Values
Parent population size 1 {10, 20, 30}
Offspring population size A {20, 40,60}
Elitism rate Telite {0.1,0.2}
Crossover probability Da {0.9,0.95}
Mutation probability Dm {0.02}

Table 6.18: Parameter Grid for EA Multi-Objective Experiments

Function g X 7. pc  Pm

ZDT1 20 40 0.2 0.90 0.02
ZDT2 20 40 0.1 0.90 0.02
ZDT3 10 20 0.2 0.95 0.02

Table 6.19: Best-Performing EA Configurations for Multi-Objective Benchmark Problems

Function pu X e m/i A0 Ty px

ZDT1 20 20 20 2 025 6 1.0
ZD'T2 20 20 20 2 025 6 1.0
ZDT3 40 40 40 2 025 6 1.0

Table 6.20: Best-Performing QIEA Configurations for Multi-Objective Benchmark Prob-
lems

Observations The results for the multi-objective optimization indicate that its conver-
gence is slower than that of the EA. The EA achieves a comparable degree of proximity to
the true Pareto front and a denser Pareto front than QIEA using only 30% or 50% of the
evaluations required by QIEA. It appears that there is significant room for improvement
in the multi-objective QIEA.
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Figure 6.10: Pareto front approximation for ZDT1 at 33%, 67%, and 100% of total
function evaluations, comparing EA and QIEA
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Figure 6.11: Pareto front approximation for ZDT2 at 33%, 67%, and 100% of total
function evaluations, comparing EA and QIEA
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Figure 6.12: Pareto front approximation for ZDT3 at 33%, 67%, and 100% of total
function evaluations, comparing EA and QIEA
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Chapter 7

Conclusions

We observe that QIEA has a large number of parameters, and the convergence of the
algorithm appears to be sensitive to them. We also observe strong coupling both between
the parameters themselves and between the parameters and the optimization problem.The
small number of populations for which it works well makes it vulnerable to premature
convergence and entrapment in local optima. Nevertheless, in some of the test cases,
such as the sphere and the Ackley functions, its convergence speed was satisfactory and
comparable to that of the EA. In conclusion, it shows some promising results. However,
improvements are needed for it to become more robust and suitable for use in real-world
applications.

In this direction, the following proposals are put forward, which could form the subject
of future research on the QIEA. As we have explained, the different rotation tables are
a good parameterization of how exploratory or exploitative we want the algorithm to
be. Different rotation tables could be used for the various individuals during the same
optimization so that each individual “chases” the solution with a different strategy (in
the same way that the ghosts chase PAC-MAN with different strategies). In this way,
on the one hand we could alleviate the elitist character of the QIEA that was observed,
and on the other hand we could make the QIEA more adaptable to different optimization
problems.

Another possible approach is to apply QIEA to a small population, in combination with
EA rather than as a replacement for it. Evidence suggests that QIEA works particularly
well with small populations. Its strong exploitative behavior and fast convergence could
be effectively utilized if QIEA were employed in a supporting role alongside the classical
EA.

Classical evolutionary algorithms have many more years of research and application
behind them, so we did not anticipate that QIEA would outperform them. Nonetheless,
the results we obtained are encouraging and may potentially contribute to the advance-
ment of the field of optimization.
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Kegdharo 1

Eicaywyn

O topéag e ®PoavTinAc UTOAOYIO TIXY|C EYEL TPOCEAXVCEL AEXETO EVOLAPEEOY A6 TNV ETUC T
HOVIXT| xOLVOTNTAL TOV TEAEUTALO Xapd. Amotehel plor SlapopeTiny| Tpocéyyion oTny avdmTuln
UTIOAOYIG TV CUGTNUATWY Tou Baociloviar oTic apyéc tne xBavtounyovixic. Ou dlapope-
TIXEG WOLOTNTES TWV XBAVTIX®Y UTOAOYLO TGOV OLQUVOVTOL UTOGYOUEVES GTNY AVTLIETOTLON
%o ETEALGT) TOAITIAOXGY XAl UTOAOYLO TIXE ATALTNTIXGY TROBANUATOY, To oTtola To cupBatixd
OLAOLXG UTOAOYIC TIXE CUC TAUATA TOU BLdETOUNE GHUERA ABUVATOLY VoL ETLAOGOUV.

Xopax TneLoTind TapadelyaTo ATOTEAOUY 1) TEOCOUOIGT) XPAVTUUNYOVIXGY GUC TUATWY
1) Ol TPOCOUOUOOELS Hoplaxhc duvouxhAc. ‘Evo dAho amantntind mpoBAnue yla Toug cuy-
Batixolg umohoyiotég etvon 1 evdeior apriunTiny mpocopoinon (DNS) TupPndoug porc. To
XOLVO YORAUXTNELO TIXO QUTWY TWV TROBANUATKY Tou Ta xoho té duoeniluta etvar to péyedog
TOUC %ol Ol UYNAES amaUTACELS GE UVAUT XoL UTOAOYLO T LoY V. LUYXEXQUIEVO TTROXEIEVOU
vor avaroipao Todel €var xBovtounyoavind cOoTnua n poplwy yeetdleton va arodnxedcouue 2"
uyoadxd oprduole. Ouolng yia Ty evdeio tpocopolnwor uiog TupBddoug pofic Ue LPNAG op-
wWuo Reynolds ypeewdleton vo emhboouue tne e€lowoelg Navier-Stokes yio éva mAéypa 1660
TOXVO WOTE VoL UTOPOVY VoL LOVTEAOTIOINDOUY XalL OL O XEES OIVES TN pori¢. Elvon mpoxtixd
adLVATO Vo avomapac Tadoly, Téco pdihov vo emAuloly, Ue yeron EVOS BuadiXoy UTOlO-
YO T, %ot To 0V0 TUEATAVE TEOBAAUATA Yiot OLUC TAOELS %ol CUVUTXES OF EQUQUOYES TOU
TEOYHATXO0 XOGUOU.

To yapaxTneloTind TwV XBoVTIXOY UTOAOYIGTOV TOU UOC XAVEL VO TOTEVOLUE OTL Yo
UTOPOVCE BuVNTIXG Vo ETLAUCEL TETOWOUL EldOLS amonTnTiXd TEOBAYUaTA, clvon 0 TEOTOC avar-
Topdo TaoNS TNE IneLaxhc TAnpopopluc. Exuetahheuduevog xBavtounyovinég ILOTNTES OTWS
n urépdeon, évag xBavtinde LTOAOYIGTIXAG EYEL TN DUVATOTNTO VO AVIUTUQUC THOEL UEYHAO
OYx0 Thnpogopiag Ue yenor Tohd Alywy qubit, To xBavtind avdhoyo twv bit. Yuyxexpyéva
0 peyolitepog xBavtixdg unohoyiothc ofjuepa (IBM Condor) Swardét 1121 qubits. ITpoxewué-
VOU VOl OVATIUROIG THOOUUE TOV (810 6 Y0 TANRo@oplug oe vary Buadixd UToAoYLo TH Vo ypetald-
waoTay xotd mpocéyyion 2 - 10*Y7ZB amodnxeutinol ywpov.  Evdetixd, o ouvolixdc
oyxog melaxhc TAnpogoplag ohdxAneou Tou SladxTiou ot TEAN Tou 2025 utoloyileTon
ota 180ZB.

Av xan 0 xBavtin| unoloyio iy Selyvel twe Yo unopoloe vo yog @ovel yprioudr), amoutel-
Tou 1) €niAUGT) BUOKOALGY XL EUTOBIKY TELY var efvon o€ VEOT Vo EQPUPUOOTEL OE TEOXTIXG ot
TEOYUATXE TeOBAAUATY [1]. H mepiodoc mou dravbouye yopoxtneileton we meplodog NISQ
(Noisy Intermediate-Scale Quantum). Ilpoc to napdyv, 1 eaupuoYY TOUC UTOXELTAL GE TE-
ploptopole mou emPBdrhovton and to UAx6 (hardware). To xBovtounyovixd utohoyiotixd
CUC THUOTA IOV UTERY0UV GHERa DlordéTouy Uepnéc exatovTddeg qubits, ta omola elvon gu-
alodnta og mepBohovtinoig Yoploug. Adyw autey Tekv YoplfBwy utelcépyovtal opdiuaTa
TOLU CUCCWEEVOVTAL XAl OBNYOUY GE UTOAOYLOUOUG e onuavTixeg anoxiicec. H dbpdwon



HBAVTIXWOY CPUAUETWY Elvor Pl TEOGEYYLOT AVTHIETOTICNE AUTOY TV AOUVIHLGDY TOU UAIXOU
UE Yeron ToAGY Quotxwy qubit Ta onola cuviETouy Eva hoyxd qubit, xat” avohoyla ue Tov
TAEOVOOUO TIOL yenoylomoleitar otny aviyveuon xat Slopdwon cQaAudteny 0Toug duadXolg
umohoytoTES. 201660, 1N BLOEVWOT HBUVTIXOY CQANIATLY elvol To BUGXOAN xodnS 1) xBorv-
Toun Y avXr) TANeogopia O umopel var avtrypagel Bdoel Tou Yewphuatog un xiAwvomoinong.

‘Eva dhho eunddio mou mpénel vo EemepaoTel WoTe o xBavTixol UTOAOYIOTES VoL €YOouv
eupela yeron, ebvar 1 TpocupuoYY TV TEOBANUATKOY Tou xaholvTol Vo emAOGOLY oE uio
Hop®n oL UToEoVV Vo dloyelplo ToLY. Ot XBoavTixol UTOAOYIETOUY UTOXEVTAL XAl UTOXOVOUY
0TOUG YOUOUS TNG XPoavTounyavixhc. AuTtéd Toug %o T XaTdhAnhoug xou WlaiTepa 1xavoig
oTnV emlAVOT XA TEOGOUOIWOT) SAAWY HBAVTOUNY VUGV CUG TNUETWY 1| LOPLUXDY QPOUVOUEVLY
Tou OLEnovToL amd Toug [Bloug vououe. H e&iowon Schrodinger 1 omola xplfetan tiow amd
™V opyY| AetToupYlog TV X(BAVIOUNYOVIXGY CUCTNUATWY EVOL YEUUUIXT|, CUVETKOS Xol O
*BavTindg UTOAOYIO THC UTOREL Vo avTIIETWTILEL UE EuyEpelal Ypouuixd cuoThuaTa. AvtideTa
ot Navier-Stokes Adyou ydpwv elvor Un-yeouuxés, xat o xBavtindg UTOAOYIGTHAG OdUVOTEL
vo Tig Olayetplotel. ot autd T0 oxond avantiooovton Yedodol xou ahyopriuol, UECw TwV
onolwv 1 ¥Poavtiny| urtohoyloTixr umopel v Beet epapuoyY| o PeYahlTEQO €0p0C TEOBAN-
udtwy. ‘Eva mapdderyua tétolou aiyopiduou ctvar n puédodog »Bovtinrc yeauuixomoinong
Carleman (quantum Carleman linearization - QCL).

Aedopévewy TV TOEATAVE BUGXOAMY, AVATTUGCOVTOL THUTOYEOVA UBRIBKES TEYVIXES
ol onoleg alomololy Tov ¥PavTnd UTOAOYIOTH Yl To Tufua g enthuong evog meoPAr-
HOTOC 0TO oTolo Elval TLO ATOBOTIXOC, EVG TIC UTOAOLES Olepyaociec Tic Slayeiptleton évag
dLadLx6g uoroyiothc. Tapdderyua autric tng uPeWwrc Teocéyylong clvar o Variational
Quantum Eigensolver (VQE). H pétodoc apyixd avomtdydnxe yio Tov unohoylopd e
evépyelac Yegehlddoue xatdotaone poplwyv. O xPBavtinde enclepyactrhic TeoeToWdleL uio
umodhpor xPavtinr) xatdoToon xan Yeted Ty evépyeld tng. Emeito, évog xhaoixdg oh-
Yopruog Bertiotomoinong puluilel TIC TUPAUETEOUC HOTE VoL EAAYLO TOTOLACEL TNV EVERYELX
uéow emoavahauBavouevwy enavaiipewy. O ahydperduoc unopet vo yenowwonomdel yio tnv
TeocouolwoT Hoplwy, eve ot BiBhoypapla £yel tpotadel we TpdTOC enihucng dlaxpttoToLr-
UEVODY YROUUIXDY UG TNUATWY Tou €youy mpoxUel and tny elowon Poisson oe mpoBifuata
PEVC TOOLVAUUIXTG.

Mio dAAN xatnyoplor ahyopiluwy, Tou emtyelpoly vo alloTolioouy TIC XBavTounyavixég
w16TNTES XOoTd TV Tepiodo NISQ eivon or quantum-inspired ahydprduor (QIA). Autof ol
alyoprduol otoyebouy otny allonolnoT TwV BacA®OY WOTHTOY TGV XBUVTOUNYAVIXOY UT-
ONOYIGTIXWY CUCTNUATLY TEO¢ TNV avdmtuln véwv alyoplduwy ot omolol exteholvton o€
0LABWOUE UTOAOYLIOTEG XAl EVOEYOUEVMS UTOPOVY VOl ETWPEANIOUY amd aUTES TIC IBOTNTEC.
Ye auth) TNV xatnyopla odyopliuwy avixel xou o Quantum Inspired Evolutionary Algorithm
(QIEA) [2] [3]. Kdde dropo tou mAinduouol dev anotehel mhéov io povadixh vtohgie Ao
070 YWEo avalhTNong ahhd xatovopr mavotnTag aviyveuone autig oe plo TeEployY| Tou
Yweou avalhtnone. Auth 1 eyyevic moavoxpatinic xwoixomoinom Yo umopolce dSuvnTxXd
VoL 00NYNoEL GE TO amod0TIXY EEEQEUVNOT XAl EXPETIAAEUST] TOL YWEOoU aval\Tnone.

Mo T avdyxeg tng epyaoctag e€ehlylnxe xar yenoyomofinxe xdoxag oe YAWoou
Python.


https://github.com/iagerogiannis/metamodel-assisted-qiea

Kegdhowo 2

Ocsuelhwong Apyeg
KBavtounyavixne & KBavtixng
Y TOANOYLOTIXNG

2.1 Oeueiidong Movdoa ITAnpogopiag - Qubit

e évay cupfatind Bladd UTOAOYLOTY|, 1) TAEOV GTOLYELOONG HoVAda TAnpogopiag, to bit
urmopel va Bploxeton o pla and tig 600 xatactdoels: 01 1. Autég ol 800 xaTaoTAoELS £Y0OUV
puotxy| onuacta xaL UToEoLY VoL avamaEacTHdolY amd BV BLIXELTES XATACTACELS TAONG O
EVOY NAEXTEXO XOXAWUAL.

Ye évay xBaviixd UToAOYIoTYH, TNV TAEOV GTOLYELOOY HOVAdN TANEOQopias amoTEAE!
T0 qubit, o xPoavuxd avdroyo tou bit. To qubit yapaxtneiletan amd v xPavTiny
AATAC TAOT) AUTOU, 1) OTtolaL EvaL EVOIC YROUUIXOC GUYBLAGUOE TwV 500 ax0AoDWY Baciny
XATUOTACEWV:

xPavtinr| xatdotaon 0 = ((1)) , xPavin| xatdotaon 1 = ((1))

2.2 Moadnuatixry Avanogdo tact xou Xnuetohoyio Bra-
Ket

H podnuortiny neprypagt; twv xBavtindy xataotdocwy Boaciletar otn Yewplo v Slavuo-
potixwy ywewv Hilbert. Kdéde »Bovtinr xatdotaon avamaploTtavton ¢ €vo Stdvuoua
XATAC TAONG (state vector) og évay MY odeo dravuouatied yweo. o eva qubit, autdc o
Y@peog etvar ddidoTatog xar cuVHie oupfoliletar wg C2.

Ynpeworoyia Dirac Ilpog dieuxdiuvorn tng avomopdotaong, oty xPaviix uToloyLo-
T xan YevixoTepa oty xBavtounyoavixy|, yivetar ypron tng onueloloyiog Bra-ket
(Dirac notation), n onofo etofydn and tov guowéd Paul Dirac [4]. Autr n onuetohoyia
Baotleton oTn SLy0TOUNGCT| TOU ECWTERPOU YIVOUEVOU GE BUO UEEN:

o Ta ket vectors |1)) € H avomopotoly Ti¢ ¥PovTinée xaTao ToElS W oTARES Slavio-
HorTaL

e Ta bra vectors (¢| € H* avonoplotodv Toug ypauuxols cuvoptnotoxols (dual
space) w¢ YpouUés dlaviouata



e To bracket (1|¢) avanuplotd 10 EOWTEPKG YLVOUEVO BUO XAUTUCTAGEWDY

«

Madnpotixd, av 1) = (ﬂ)’ 16T€ T0 avtiotolyo bra eivau:

(¥l = (o B) (2.1)
6moL T0 GUPPBONO * BNAGVEL TOV Utyadixd culuYH. To ecewTEEIXS YIVOUEVO BUO0 XATUOTACEWY
|1) xau |p) vroloyileton we:

(¥lg) = (a* BY) (g) =a*y + %6 (2.2)

OpYoxavovixr Bdon xar YTroloyiotix) Bdon Ot 600 Pucixéc xatactdoelg Tou

qubit, avarapioTavton wg:
1 0
m=(g). w=(}) (2.3

Autéc o 800 xartaotdoetg oynuatiouvy pa opBoxavovixn Bdor (orthonormal basis)
YL TOV YORO TWV XUTACTICENY Tou qubit, yvwot| g unohoyioTixy Bdor 1| Z-Bdon.
Or 816N TEC 0pHoNUVOVIXOTNTOS XAVOTIOLOVVTOL Ud TNY UTohOYLo T Bdom xou expedlovTo
we:

(0[0) = (1[1) =1, (0[1) = (1]0) =0 (2.4)

Emm\éov, n Bdon wovornoiel tnv oxéon nAnedtnTag (completeness relation):

10) (O] + 1) (1] =T (2:5)

omou I elvar o TautoTindg mivaxag ddotaong 2 X 2. H oyéon mhnpdtntag e€acpaiilet
o1t omolodAnoTe qubit umopel va exppactel cuvaETYoEL TG UToAOYLIGTIXAS BdoTg.

2.3 TYmrépVeon, KBavtinr Katdotaon xow Métpnon

To qubits €youv tTnv 1BLOTNTA Vo Uy oLy e LTEEYEOT (superposition). Ot xotacTtdoelc
|0) xau |1) Sev omotehodv Tig Hovadixéc xataotdoelg mou unopel vo Beioxeton évor qubit.
H xBavtixy xatdotaocy tou qubit, n onola cuyfoiileton wg |0, exQEAlETUL WS O
YROUUIXOC GLVBLACHOS TWY 8U0 BACIXMY XoTaCTACEWY [5]:

) =al0)+ 511} = (3) (2.6)

6mou o, f € C elvon o tAdTn medavotrTag (probability amplitudes) xou txavomototv
™ cLVOARY xavovixoroinone (normalization condition):

o + 181> =1 (2.7)

H guow onuacia twv miatov v 1 e€ic. O dpog \04\2 exedler v mavoTnTa
wétpnone tne xatdotaong |0) xo o bpoc |S)? expedlel Ty miavdTnTo PETENOTS TNG XUTAO-
Toomne |1).

Me tov 6p0 LETETOY] AVAPEROUAG TE GTNY U1} AVAC TEEPIUT TEAEN VY VOOTC TWY XATACTUCEWY
Twv qubit, 1 omola e€avayxdlet Tic unepTilépEveS, MVAVOXEATIXEC XUUATOGUVARTHOELS TOUG
VOl XOTOPEEVCOUY GE GUYXEXPLUEVY Xhootxd amoteréopata [0) 7 [1).
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|1)
Figure 2.1: H ogaipa Bloch

2.4 T'sopetewxn Avanoapdotaocn: H Xgalpa Bloch

Amodeivieton 6Tt 1) xBavtin xatdotacT evog qubit umopel va exppacTel o€ oQoEES GUV-
TETAYUEVES OTY) HOPYT:

[4) = cos (g) |0) + €™ sin (g) 1) (2.8)

Avtr elvar 1 tume] mopapetporoinon tng ogaipag Bloch, émou onowdrnote
xotdotaon qubit xodopileton TAHpwe uovo and 80o ywvieg, Ty ok yovia 6 € [0, 7] Tou
opiletl xotd néoo 1 xatdotaon «xAivery mpog [0) ¥ [1) xou T ywvia alyovdiov ¢ € [0, 2m)
mou xodop(lel T oyeTXr) PAoT PETUED TWV TAATGY.

Eynuotileton étor ) opalpa Bloch (Xyrua 2.1), wor povadioda opaipa 6mou xdie
duvath xotdotaon qubit |¢) avtiotoiyel oe axpiBde éva onueio oty em@dveld tng, To
omofo xodopiletar omd T ywvieg ¢ xou 6. H xBavtixn xatdotaon |0) Beioxetou atov Bopeto
TOAO, N |1) oTOv VOTI0 TTOAO, EVEO Ol XUTUOTIOELS umépieone xotahauBdvouy dho o GAAa
ornuelor 6TNY ETUPAVELXL TNG CPolpag.

Ov mdovoTnTeg HETENONE CUVAPTHACEL TWY CPUPIXWY CUVTETAYUEVWY UToloyilovTo we

e€hc:
P(]0)) = cos? (g) . P(]1)) = sin? <§> (2.9)

LUVETWS 600 o x0VTd 0To Bopelo TOAO TNg opaipac Peloxduacte 1000 o Tavo elvo
VoL UETRHOOUPE TNV xatdotoo |0), eve avtioTotya ot xatactdoels Tou Bpioxovtal mo xovtd
oto véTIo moho Bivouv yeyohUtepn mioavotnta uétenone tne xatdotaonc |1). To onueio
OTOV LoNUEPLYO Bivouy foeg mbavdTnTeS %ot Yo Tor 0V amoTeAEoUATOL.

2.5 KRoavtixég [TOAeg

O »Pavtixég mOAeg amoTteAolV douixd oTotyelor EVOC XBavTinol UTOAOYLOTY| Xal oG ETULTE-
Touy va yepllbuacte TNy xatdotoon Ty qubit [6]. O xBovuixéc nikeg UAOTOLOVY poVadL-
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oxol¢ (unitary) xou, cUvende, avaoTeéduous petacynuotiopols. Modnuatixd, xdie xBov-
T TOAY TEpLy dpeTon amd i Lovadtaxy| witea U, 1 onola txavorotel tny e€¥ic ouviixn:

UlU=U0U"=1 (2.10)

6mov Ut glvar o avdotpopog culuync Tou U xou [ eivar o povodiotog mivaxag. Autr
1 W0TNTA Blacaiilel TN BlATAENOT TNG XAVOVIXOTONGNG Xal TNV AVTICTREPYWOTNTA TV
HPavTinwy TEdEEwy.

H dpdion wiac xBavinhc toAne U o yio xotdotoo |v) exEAleTon KC:

[¥") = Uly) (2.11)

Trdpyouv mOAeg oL omoleg dpouv ce €va u6vo qubit 1 oe ToAAamAd qubit. Xt mOAeg
evog qubit avrxouy ol mOAeg Pauli, ot mkeg neptotpogric xou 1 mOAN Hadamard xon dhheg
onwe N moieg S xan T'. TapouctdlovTal eVOEXTING XATOLES €C AUTOV.

ITOA Hadamard H miin Hadamard etvon ypriowun yio ) ontoveyla utépieone. Alve-
Tow 1) HodnUoTiX) TS EXPEAOT) XAl TO OTOTEAECUA TN 0pAONC AUTAC OTIC XATACTACEL TNG
uTohoyto T Pdong:

1

\/5(!0> - 1) (2.12)

1 /1 1 1
H=os (1 L) H0 =500 -

ITOAY Pauli-X (Bit Flip) H noin Pauli-X, yvwot xou w¢ moin NOT, avuotpépet
v wBavtixd xotdotaon: X|0) = [1) xou X|1) = |0). Tewpetpnd, n moAn Pauli-X mpory-
watortotel pior teptoTpo@f xatd T YOpw ond tov dova = tne ogaipoc Bloch (Lynua 2.1).

X = ((1) (1)) (2.13)

H nohn Pauli-Z ewodryer @don ton pe —1 oty xatdotaon [1): Z]0) = |0) xa Z|1) = —|1).
H nOhn Pauli-Y ocuvdudler 1600 Tic mpdelg avtiotpogrc bit 600 xau avtiotpognc @donc:
Y'[0) = ¢[1) xou Y|1) = —i]|0). Ot milec neplotpo@hc meaypotonololy TeEploTeo@éc xatd Af
YOpw amd Toug xOploug dfoveg tTng ogaipac Bloch.

Trdpyouv xaw TOAEG oL ontoleg Bpouv ot TeplocdTepa antd €va qubit. H moAn Controlled-
NOT (CNOT) eivon pla omd tig mo Yeyehddelc xon Bacixéc mhheg molhamhodv qubit. Apa
oe éva (ebyoc qubits: éva qubit eAéyyou xa éva qubit otdyou. H miin epopoudlet
wa medln Pauli-X oto qubit otdyou av xa yoévo av to qubit eréyyou Beloxetan otny
xotdotaon |1).

‘Adhec mOkeg modamhédv qubit eivar 1) toAn Controlled-Z (CZ), n onoio e@opudlet o
avaoTEOP! @dong oTo qubit-ctoyo und v mpolndleon 6Tt To qubit eAéyyou PBoloxeTan
oty xatdotaon |1), n noin SWAP, n onola avtodidooet tic xataotdoelc 0o qubit, 1 moAn
Toffoli, o totmhs oA Controlled-Controlled-NOT, n nOAn Fredkin (uia Controlled-SWAP
gate) xou GAAeC.



Kegdhawo 3
EleAuxtixol aAyoprtiuotl

[ éva ouveyée mpoPBinua Bedtiotomoinong mou opiletar we

ine%lF(x), (3.1)
omou F: R™ — R 1 aviixeuevind cuvdptnon Tpog ehoytotononon, X = (21, T, . .., Tm) "

TO M-OLIOTUTO BLEVUOUA PETIPBANTOY oyeEdloouol xou D C R™ o eguxtdg ywpog avalhtnong
Nooewv. H xatodnidtnta pioag utodhgiag Aborng X; allohoyeitar utohoyilovTog T cuVdpTnoT
F(x;), 6mou yu mpdfAnua ehaytotonoinong oL UixedTtepes THuég UTOSNAGVOUY XANITERES AU-
OELC.

3.1 Ilepiypoapn svog E&eAixtinod Alyoplduou

Ou e€ehixtixol olyopripol odyodvTon TEog XUAUTERES AUGELS TOU YMEou aval\TNong UECW
ulac emovohopfBovouevne e€elxtinic dladixaciuc mou eqopudletar ot Evoy TANYuoud unol-
neplwv Aoewv. 'Eva 6Uvolo AIGEWY-YOVEWY 0&IOTOLOOVTOL VLol TNV TORAYWYY| ATOYOVWY
UECK TEAEOTWY EUTMVEUCUEVLY amd 1 Blohoyinn e€éMEn. Ta xatahhnhodtepa dropa and To
oOVORO TWV AMOYOVWY ETAEYOVTAUL WC YOVEIC Yo TNV €XOUEVY YEWIL. AUTOC O ETAVOANT-
T6¢ Bpoyog ouveyiletar u€ypt va cavorouniel Evo xplThplo TEQUATIONOV, K 1) amousia
TEPAUTEPW TEOOBOL, 1 CUYXMOT Tou TANUYUCUOU G TaEoUoLa dToud, 1 1 eEAVTIANCT EVOS
Teoxadoploévou UToAOYLoTIXoU TeoUnohoytlopol. Ou uetoffAntéc oyedlaouol unopoly vo
xwOoToNoLY oe BLUBLXY 1) TEAYHATIXY LoE®T. LT SUABLXY| AVATUEAC TACT), XGVE UETUPBA-
Nt avtiototyel o W ahknhouyta bit mou Aettovpyel W YpwUdoWUN Yo TIC EEEAXTINES
olepyaoiec Tou akyoplduou.

H e&ehixtnr| Bradixaota amoptileton and técoeplc xOploug tTehectéc. O TeAeoTrC EMAOYHC
Yenolomoleiton yia TNy emhoyr) YOVE®Y PAcEL TNG XATIAANAOTNTAS TOUC, YENOHLOTOUDVTAS
TeEYVWEC Omwe 1) roulette wheel selection, 7 rank selection # tournament selection. O
TEAEOTYC CIOSSOVEr OTr GUVEYELX TAPAYEL VEOUS AOYOVOUS, aVTUAAICCOVTAG TUAUAT TWV
YPOUOCWUAT®Y amd Lebyn yovéwy. H petdhhaln nporylaTomolel TUYOES TPOTOTOLAOELS UVUO-
TEéovTog UepoVeUEVa bits e wixpr mdavotnta, Slatne®dvTag 1ot TNV TolxAouop@io xal
UELOVOVTAC TOV %iVOuvo Tpowene oUyxAlone. Téhog, o ehtiopdg dwutnpeel T xopugaieg
ANOGELC OTO TEPUC TWV YEVEWY, OLcPoAlovTag OTL 1 CUVOALXY ToLOTNTA TG AUong OEV uT-
ofoduiletan pe TV mépodo Tou YEAVoL.



3.2 Alyopuduixn Aladixacio
Hapouoidleton 1 oahyoprduxr Swodixacio evog e€elxtixol akyoplduou.

1. Apywornoinoy: Emiéyovron tipéc yio Ty napopetponoinan tou olyoplduou (1 xou
A). Ta uéhn tou apyeol mAnduopot SO emiéyovtan Tuyaia

2. Kbprog Bpoyog EEEMENg: ‘Ooo dev xavomoleitar xovéva xplthiplo TEPUATIONOU:

(a) A&worbymom: AZiohoyolvton A dtopo pe yeNon TNS AV TIXELIEVIXC CLVEETNONC

(b) Emhoy? EAit: O minduoude twy ekt S9° evnuepidveton uetd Ty atohdynon
TOV VEWV ATOUOY

(c) Egapuoy? Tereotry EAtiopon: Opiouéva puéhn tou yovixolh manduouod
S avtixodioTavton omd eniAexto dToua

(d) Anuroveyic Amoyovwy: H oxdhoudn oxolouvdio teheotdv epopudleton
ueypet vo mapaydoly A amdyovol

i. Emihoy? 'ovéwy
ii. Crossover

iii. MetdAhain

3.3 E&shwtixol AAyopiduol otnv moAuXpLTneLax)
BeATioTonoinon

AlveTan 1 podnuotixy SlatiTewon Yo TeoBAHUNTa EAUyLoTOTOINONE TOAAATAGDY GTOYMV.

minF(x),F : R™ — RY (3.2)

6mou M 0 aptduog TV OTOYWY 1 AVTIXEWEVIX®Y CUVIPTHCEWY.

Kuplapyio xatd Pareto xaw Métwno Pareto Mo peydhn owoyévelo eEeMxTiny
alyoplduwy ylor Tohuxpltneloxy BeATioToTolnom xAveL yehon TNe apyfc Tne xuptapyiag
xatd Pareto [7]. EZetdlovtoc 800 unodhpieg AOoEC X X0t y, GUUPLVOL UE TOV 0pLopd TG
xupLapytac xotd Pareto:

Jje{1,2,...,M}: F;(x) < Fy(y) '

omou 1 onuetoypapio X <y onuaiver 6Tt To X xuplopyel ent Tou y.

To wétwno Pareto opiletar ¢ 10 UTOGUVOAO TV LTOPHPLWY AVGEWY TOU BEV XLELIE-
youvTa amd xapior AN Abon. Avo Aoeig Tou petonou Pareto dev pmopolv va ouyxerdoly
petoh Toug. )¢ ex ToUTou, ol moAuxpiTnplaxée uédodol Behtiotonolnong mou Basilovton
otnv évvolr Tou Pareto dev emiotpégouv ula uévo Abor, oAl €va cOVOAO ADGEWY TOU
oynuatiCouy éva yétwno Pareto.

‘Eyouv avartuydel didpopeg moluxpitnplaxéc pédodol Behtiotomoinong Bactopéves 6To
Pareto, ot onoleg emyelp00V VoL IXAVOTIOLGOUY TIG TaEATAVE anonthoels. Mepixég amd Tig To
YVOOTES o EVREWS Yenotponotolueveg eivar 1 Non-dominated Sorting Genetic Algorithm
IT (NSGA-II), n Strength Pareto Evolutionary Algorithm 2 (SPEA2) xou n) Pareto Archived
Evolution Strategy (PAES).



Kegdiowo 4
QIEA

4.1 Avanopdotacn tTou Atopou ctov QIEA

Yty mapoloa epyacta yenowonoteltar duadxr xwdixoroinon. Kdde drouo tou nAnducuo
q avamapioTaton and pia axoroudia and qubit, dmou xdle qubit teptypdpeton and Ty oycon

@@ @) w

Me yprion e nopapetponoinone Bloch (2.8 xat e tv mopadoyr) ottt TAdTn o xou 8
EYOLY UNOEVIXO ULYadIXd UEQOS (p=0) hopfBdvoupe TN e€hc amhomolnuévn oyéon:

o) =cos (5) 100+ (5) 10 (12)

Egapuoélovtag tnv napaucteoroinom ¢ = 0 + 5 nou UETOVOUALOVTOC TN VEO TUPAUETEO 0
oe 0 n oyéon petaoynuotiCetor we e€ng:

1) = cos (g + %) |0) + sin (g + %) 1) (4.3)

H mopomdve mapapetponoinorn dwtneel Tic e€Xc 1OIOTNTES:

e 0;=0: P(|0)); = P(|1)); = % (uéyrotn unépdean - xatdotaon Hadamard)
e 0;=17%: P(|0)); =0,P(|1)); = 1 (xordapr xatdotoon 1))

o 0;=—%: P(|0)); = 1, P(|1)); = 0 (xordopr| xatdotaon [0))

H ypogpur avarapdotaon g xBavtixrc xatdotacng tou qubit pe Bdon tnv ywvion
TOPAUETEO 0, 6w oploTnxe mopamdve, TopouctdleTton 6To Ly rua 4.1.
Me Bdon tny mopamndve yoviox TapaueTeonolnon, éva dTouo g UTopel Vo ex@pacTel wg:

a=1[0 01 - 6 -~ Oui] (4.4)

omou xdle 6; € R xadopiler mAfipne v xBavtin xatdotaoy Tou avtioTtolyou qubit.
Ov mdavoTnTeg PETENOMNG TOV XUTACTACERY BACNS, UECK TNG OYEONS (2.9) xou pe xenon
NG TORUTAVE TapaUETEOTONoTG uTtohoyilovTar we e€XG:

P0)(0) = 5 — 5sin(0),  P(1))(0) = 5 + 5 sin(0),

1 1 1 1 Qe[ﬂﬂ}
2 2 2 2
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Qubit Chromosome Unit Representation

11>
1.0 A
(cos(8), sin(B))
0.5 1
3]
0.0
-0.5
-1.0 1
0=
15 <1 08 0.0 0.5 1.0 15

Figure 4.1: T'pogixry Avanapdotaon Katdotaong Qubit Xewuoohuatog

4.2 Ylormoinorn povoxpeitiptoxol QIEA

O QIEA Swtnpel tpeic mAinduopolc (Yovéwy, amoydvwy xo ehit) xat’ ovahoylo Ye Tov
oo eEEMXTING ahydprdpo. Axoloulel 1 TEpLypapr] TwV X0VPLWY CUVIGTOGEMY TOU AAYO-
elduou.

4.2.1 Meérpnon & A&ioldyrnon

Méow tne wétpnong eldyetan plo )xhaowxr| Suadixr AOon amd To XPavTind YeWUOCWUL TOU
ATOUOU.

Measurement produces a classical binary candidate solution from a quantum individ-
ual. o xdde qubit ¢ evoc atduou qj-’ ™e YEVWS g, 1 mavoTnTa UETENONG TNE XATAOTAONG
|0) urohoyileton Bdon e oyéone (4.5), xou To anotéheopo TN YETenone xooplletar oTo-
YO TG UG TNG oUYXELONG TNE EV AOYW TidoavdTnTog Ue Evay aptdud mou hauBdvouue amnd
ular yevvitota Tuyodwy aprduoy.

0 ifr; <p?.
b;?i — 1 Tji > DPjs T~ U(0,1) (4.6)
’ 1 if Tji > p;],z

H axohoudia bits mou mpoxintel, anoxmdonoteiton xou alohoyelton wg &ng:

? uétpnon\ bg omoxco&%onoinon> X? ocELokéyncn> F(Xf)

Ye avtideon e éva guod xPovtind cloTnua, 1 ¥PovTnt| xatdoTaoT dwtneeiton UETS
™ pétenom, emtpénovtac mpi (measurements per individual) aveZdptnteg yetproes avd
dropo avd yewd. H xatoadhnhdtepn amd autég dwatneeiton w¢ n mo mpoocgoutn AOon tou
aTOUOU:
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g _ g,1 g,mpi g . .
X7 ={x7",...,xi""}, Xiatest,j — AT Min F(x) (4.7)
xer
[N xéde dtopo, o alyodpriuog arnodnxelel Tic ywvieg qubit 0?, TNV O TEOGPATY AJOT)
xf’atesw xaL TNV xaAOTEEN AUom mou €xel Bpelel Ewg Twpa xﬂest,j, woll ye Tic avtioTolyeg

7 7 g g
OLABLXES TOUG XWOWOTOLATELS blatest’ ; xou bbesm.

4.2.2 Apywxoroinon

‘Oho tor n xPBorvTind droua cpyixomoloOvVToL Ue 8?71. = 0 yioe 6Aa Ta qubits, dnuLovpy®VTAC YiaL
x&de qubit pio xotdotaon Hadamard:

P(10);:=P(1))ji =3 [V = 5(|0) +]1))

Avuth 1 apyxonolnon eacpoilel opoldpopen e&epelvnor Tou Yweou avalATnone otTny
apyr Tou ahyoplduou. Xtn cuvéyela, xdle dTouo eEXTEAE! TIC TEWTEC TOU ' UETPNOELS: TO
XUTOMNAOTEPO ATOTENEOUA ATOVMUEVETAL TOOO OC Xippesr OO0 XOL OC Xpes- H OUVOAIXE
XONOTERN OO Xjopal best TPOOOLOPILETOL O 1) XADTERN PETAEY OAWV TGV UTOUGY.

4.2.3 T10An KBavtixhc Ilepiotpogprc (Q-Gate Rotation)

4 4 g ’ gfl ’ ’ 4 ’
MeTd ) PETENON, TO Xiyqeq ; CUYXPIVETOL UE TO Xy o ; WOTE VO DlamioTwiel av EyeL Tpoxiet
Behtiwon. T xdde qubit 4, n yoviag tepiotpogrc Ab;; mou Yo eqopuooctel uéow ToUL
ouyxexptuévou teheotr, avolnteiton oe évay mopaueTeonoiowo mivoxo (Iivaxag 4.1), o

7 7 7 g g—l g g—1 4
onofoc avtiototyiler Ty TEI800 (biiest jir Ohestjir £ (Katest i) < F(Xpest ;) OF ot T Ab; ;.

bl st i ﬂe_si ;i | Improvement A, ;
0 0 True ai
0 1 True as
1 0 True as
1 1 True Qy
0 0 False as
0 1 False ag
1 0 False ar
1 1 False as

Table 4.1: Configurable rotation strategy table for QIEA.

Kéde otovyeto aj tou Ilivaxa 4.1 ymopel va AdBet pla amd Tic oxdroudec Tuée: pio
otadepr| Ty (Tumind 1), évav tuyoio axépono and to shvoro {—1,0, 1} A évav opolbuoppo
xoToveUNuévo Tuyaio mparypatixd aptdud oto didotnua [—1, 1]. "Eva xadolixd Bruo ywviae
Al molamhaoctdletar Ye xdde otoryeio Tou mivoxa, OOTE 1) TEayUoTXr] UETOBOAY Vo lvan
Ab;; = a. - AB. H yovio tou qubit evnuepdvetar otn cuvéyela TeocléTovTag TN Ywvia
A, ; xou ppdlovtog To anotéleoya 0T0 BEGTNU [—bOmax; +Omax):

0;',1' — Chp (0;6;1 + Agj,iu _Qmaxu +€max) (48)
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4.2.4 Teleotic KBavTtixod Crossover

H Swotadpwon axoloudel To tumxd oyfuo crossover evoc onueiou, €QupuolOUEVO OTIC
axoroudiec Yooy Twv qubit. Emicyovtar 000 YOVeElC u€cw ETMAOYHAC TOUPVOUS XoL ava-
ouvoudlovta e mdavotnta p,. To onueio dlactadpwong oplleton oe eninedo petaBAnTAc:
emAéyetan évag tuyotog delxtng petaintic ¢ € {1,...,k — 1}, nou odnyei oe éva onueio
Oldonoong oe eninedo ypwUoonuatog 6T Véon ¢ = Z;Zl My, OOV My €lvol TO UAXOS OE
bits tng petofrnthc £:

1 1 1 2 2
=10, .00, 6% 0% ] (4.9)
gD =10,...,67,, 60, .. o0 (4.10)

Kée andyovoc xhnpovouel tn uéypl otiyunc xahltepn ALom Tou amd €vay ond Toug
0LOo YOVelg, emAeyuevo pe ton miavotnTa, xomg BEV TEUYUATOTOLETAL VEX HETENOT UUECKS
ueTd T Staotadpwor. H diactadpnorn epapudleton xde T, yeviée.

4.2.5 MetdAhogn

Xpnotwonototvton 600 CUUTANEWUATIXO! TEAEGTES UETAANAENC.

MetdAhalr 'wviag Qubit Extehelton xatd v epoappoyr Tou teheotr) Q-Gate. Me
TIVOTNTA Prot 1 EVIUEPWON TNG Ywviag avTtiotpépetar (tolomiaoctdletar ue —1):

s ot (4.11)

t _(9§;1 + Ab;;) e mavoTnTa prot
05 + A, ue mdovotnTo 1 — pio
MetdAhagn Métpnong Metd tn Swdwacio Tne u€tenomng xat Tewy and TNy allohdyno,

x&de bit avtiotpépeton aveldptnra pe pla mdavotnTa pe

4.2.6 Metavdotsuo

Xenowonotobvton 800 GTEATNYIXES UETAVACTEUOTC, Yol T1) UETOPORE TANPOoGopiag oTo dLd-
qopa. droua tou TANYUOUOY, avTixahoTOVTOC TG PEYEL OTYURC Xah0TEpEC AUCEC TWV
aTOULY xot, emneedloviag €ToL To anoTéAeoua TG dpdone Tou TedeoTy| Q-Gate.

Tomuxy, Metavdotevon O miniuoude yweileton oe yertoviég otadepol peyédouc.
Kée Tigeal YEVIES, N xaAUTEEN MDOOT) TNG YELTOVLAG avTiXaroTd TN Xf)esw- x&de péhoug auTrg.

’ ’ 4 7 7 ’, 7 g
Kadohx) Metavdotevon Kdde Tyona YEVIES, 1) GUVOAXE xohDTERT AUOT) Xglobal best
METAODETOL O Ao TaL dTOUAL.

4.2.7 Emloyr xou EAtioudg

H emhoyy| yovéwy mpoyuatomoleital amd TO GUVOUNGUEVO GUYOAO YOVEWY XL ATOYOVWY,
YenoylomolwvTog elte emhoyy| Toupvoud elte ypouuxd otaduopévn emioyy. H ellt em-
Aoy, (elite selection) Swutneel to e xotoAAnhOTERY dToUa omd ToV GUVBUUCUEVO TANGUCUS
amoyovey xan ehit. To droya tng ehit elodyoviar 6T0 6UVOAO YOVEWY e TAVOTNTA Pelite
O€ TOGOGTO AVIAOYO TPO¢ TO YEyedog Tou TANYUGUOL YOVEWY.
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4.2.8 Mnyoviouodg XtoondTNTOS

H otoaocwoétnro evronileton dtav o apriudc Twyv allohoyfoewy ywelc Beitiwon otn Béhtiot
T xotahAnhoTNTaG LTEEPEl v XaTOPA Nitag. AUTO UTOBNAGOVEL OTL 0 0AYOEWIUOS €yl
TorytoeuTel o€ TomXd axpdTATO, OTIOU OE AUTH TNV TEPiTTWOoT evepyoroleitar pla oelpd and
Aertovpyioag mou Yo Bondicouv tov akydprduo va Eepiyer and autd. T xdmolo apriud
Yeveov 1 emhoyy elite amevepyomoteiton mpocwpetvd, mepltou o uiede Yoveixde ThAnduoude
avTixodioToTal amd dToUd TOU JEYIXOTOLOUVTOL €X VEOU, X0l ETLBAARETOL O TEAEGTNHC Crossover
aveLopTATKS TOL BEXTNG YEVVIAC.

4.3 AAlyopuipog QIEA
Hapouoidleton 1 mhfene akyoprduxr dadixacta Tou povoxpttnetaxol QIEA:
1. Apywonoinon:
(a) Apyxornoinon tou TANYuoUol amoydvwy Pe Yovia xotdotaone Ghwy Twy qubit
[ ]
725
(b) Apywxh pétenon xou aflohdynon xdde otbéuou

(c) Exyodpnon tne apyinhc uétenone xou alohdynong otn UETABANTY TNS xohlTeERNC
uEyetl oTiyung Abong xde atépou

(d) Amodixeuon tne xadoluxric péyer otryphic BEATIOTNG ANOONC Xgiopar pest
2. Kdpgrog Bpodyoc:

(a) Emioyrn yovéwyv
(b) Egapuoyn xBavtixol crossover (edv g mod Ty = 0)
i. Emioyn Ceuyddv yovéwy
ii. Eqgopuoyr dwotadpwong wovol onuetou ye mdavotnTa p,
iii. Avéddeon Tuyala 6T0 andyovo Ty xahltepn AT amd Evay YovEa
(c) E&nEn minduouol anoyovev:
i. Ahdm mpi petphioewy avd dtopo (xou eopuoy HETEANAENC oTNV Pétenon)
ii. Emloyr tng xatoAAnhoTepng avdueoa OTIC VEEC UETPNOES Mpi WE 1) TLO
TEOCPUTY Tiatest
iii. Egopuoyt tereotr Q-Gate Bdoet tne obyxplong ue v xahOtepn AOOT Tpest

rot
m

iv. Egopuoy?| petdhialng e ywviag qubit ye mbavotnta p
v. BEvnugpwon tng xahitepng peypt oTiyung AUONG TOU OTOUOU, Tpest, AV EXEL
meoxOel Behtiwon

(d) Avavénmon tng xadohic BérTiotng péypet otiyurc Aoong xglobal_best
(e) Extéheon petavdoteuone (avdhoyo pe Tov BeixTn YEVIAC):

i. Kool yetavdotevon edv g mod Tiyiopa = 0
ii. Tomxt| yetavdoteuon edv g mod Tigeal = 0

(f) Emhoyt ehit and tny évwon twv mhnduoudy anoydvemy xou eAT

13



4.4 Multi-Objective QIEA

To mpdfAnua toAuxpLtnelaxfc eAaytoTonolnomg xat 1 xuplapyio xatd Pareto diaturwvovtal
oto Kegdhao 3, ot E€iowoeic (3.2) xou (3.3). H evomta neprypdger tic ohhoryéc mou
ATOUTOUVTOL YIo TNV TROCUPHUOY T TOU ahyoplluou Yo avTIIETOTLOT TEOBANUATWY TOANATAGY
OTOYWV.

4.4.1 Ilpoocopupoyr Teieotr, Q-Gate

YNy mepinTtewon eVOC oVadLxoU avTxeyevixol xpLtnpelou, 1 amdgaon e tOAng Q avdyeto
oe ua oUyxpton Badunthc wop@ne F(Xiatest) < F(Xpest). Ymo xuptopyia xotd Pareto,
TPOXUTTOLY TEELC TEPITTOOELC TAY OUYXPIVETI 1 XY, ot i BE TNV X o i

g g . 7 7 7 7 ’
L. Xiatest; = Xpestjo PEATIWOT — egoppolovion oL xataywphoele Beitimone tou mivaxo
TEPLOTROPNS, EVIUEPWVETOL 1) xﬁestj

g g . 7 ’ 7 7 g
2. Xpest.j ~ Xlatest - ETUOEIVWOT — €QopUOLOVTOL Ol XUTAUYWEVOELS ETOEIVWOTNC, 1) Kest.j
otatnpeeito

3. Xfatest, i b xﬁest’ Py ouvyxplowee — 1 xatebuvorn evnuépnong etvon acapic

H mepintwon un ouyxetowdtntag avietonileto ye tn onuoupyio 600 TauTOoNUWY
avTLYedpwy Tou (Blou atdpou, T onola eéediccovton und avtiveteg utodéoeic:

,1 ,2 ,1 2
qaj — {4, 97}, q) =q;" =qj

H q?’l e€elMooetan und v unddean Bertiwong (xotoywenoec Pedtinone tou mivaxa
TEQLOTEOPNS, EVNUEPWOT TNG Xpest), EVE N q?’2 elelMooeTon LTd TNV uTeYEoT EMBEVWONS
(xoToywEHoELS ETUBEVWONG, 1) Xpest OLoTnpeiton). Kot tor 800 droua mpowdodviar oto end-
uevo Bruc emAoYrg.

H a0&non tou mAnduouol Adyw dimiactacuod eréyyeton yéow tne emhoyrc NSGA-II,
OTWS TEPLYPAPETOL TAUQUXATE.

4.4.2 To&wopnon xow Awayeipion IIAnduvouod e NSGA-II

Metd ) @don e€éhing, epapuoletar o arydpripuoc NSGA-II yia vo petwdel o mhnduoude
Eavd 670 péyedoc n. Ta dropa xatatdocovion cUUP®VL UE TO ENERESO Un XupLaEYOVUEVOU
UETOTOL (TPOTEVOY XELTAPLO) XL TNV OMOCTACT) CUVWOTIGUOL (BeUTEREDOY XELTHELO):

P i —
N
e EERy

d;

4.4.3 Aopwxéc Atapopég and to Movo-avtixeipevixd QIEA

H nohu-avtixeyevint| mopodhoryt| yenouomolel évay eviafo mAnduoud. Egdcov 1 talvounocn
NSGA-II SracariCer 6T o1 un xuptapyolueveg AIOELS BLaTnEoVTAL TEVTA, EVag EYWELOTOC
ehlt mAnduoudg ebvan mepittéc. Iapoyolnwg, 1 xadohxr UETAVAGTELOT), 1) TOTUXT HETAVEO-
TEUCT) XL O UNYUVIOUOC OTACWOTNTUC TUQUAE(TOVTOL: OEV UTAPYEL UOVOOIXY| Ty XOOULY
BérTioTn Aon mpog duddoo, xo uTtd TNV xuplaeyia xotd Pareto n mdavotnta mopatetouévng
O TUCLUOTNTOS GTO [U1) XUPLAEYOUUEVO PETWTO Elvol oUEATEN.
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4.4.4 Alyoptiuxr Aladixacio
1. Apywonoinon:
(a) Apywonoinon tou mAnduouod e 67, = 0 yio Gl ta qubits
(b) Apywxn uétenon xon aZloAdynon, 1 apy x| uétenomn exyweeitol xat ot YeTaBAnT
X(l))est,j
2. Kbprog Bpodyoc:

(a) Egapuoyt crossover av ¢ mod Toossover = 0 %ot ooyt pétpnon yia xdde véo
andyovo

(b) Egopuoyh teheotr Q-Gate yio xde droyo qf

(c) Agaipeon omd tov TANHuoud aTdUmY UE TOVOUOLOTUTOL YRWIOCHHUOTOL

(d) Katdragn xan emhoyy) ye yeron e NSGA-II dote va Swtnendel to péyedog
Tou TAnduopol n
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Kegdhowo 5

QIEA YTrnoBonvoluevog anod
Metopoviera

To yetapovtéra elvon amhomoinuéveg meooeyYIoeL o GUVIETMY, UTOAOYLOTIXE XOOTOBOEMY
%o axEBOY HOVTEAWY. XENOHIOTOLOUVTAL Yol TN MELWOT) TOU UTOAOYLOTIX0) XOGTOUG XATY T1
oladixaota e Behtiotomoinong, aviixahotovtag oxeBeic ahhd xootofopec alloloyrioelg
UE MYOTERO oxEIBeElc 0AAG omuovTIXd Tio otxovouxés tpooeyyloewc (8] [9)].

O Metamodel-Assisted QIEA (MAQIEA), mou avamtiydnxe axolouvdel tnv iror Si-
adixacio e tov pn unoPondoluevo QIEA ye tnv e€hc tpomonoinon. T xdlde dropo tou
TANYUOUOD xoTd TN PAoT TNG METENONG, TELY EQPUPUOCTEL 0 TEAEGTAC XPavTinig GTEOPYS, ha-
Bdveton évag onuavTind UeYahlTEROS aptiuog PETEHOEWY. Apyixd auTéC oL UETEHOEIC alloh-
oyoUvTaL PE TN YehHon Tou petopovtéhou. H xohitepn €’ autmdv yio xdde dtopo enavallolo-
yelton xan yenowonoteltar xatd TNV eQopupoyT| Tou TeheoTh) oteoric. H undhoinn dadixacio
TopaéVeL (Bla, pe Bdomn ta doa meprypddope mapoamdve. H ypron Tou yetopovtéhou Cexvdet
otav €yel ouyxevtpeel enapxiic apriuog oxeBoy allohoyoenmy o1 Bdor SESOUEVLV.

[Na xdde mpooeyyioTinr) allohdynon xataoxeudleton éva vEo BixTuo oxTivixig Bdong
TO OTOl0 EXTAUDOEVETAL UE TEOTUTL TOU AUUBAVOVTOL GTN) YELTOVIA TNG EXAOTOTE UTOYHPLIC
Aoone. H opyitextoviny| xou 1 dtadacio extaldeuong Tou SiXTOoU TERLYEAPOVTOL TURUXITE.

5.1 Aixtuo Axtivixc Bdorne (Radial-Basis Function
Networks)

Ta RBF dixtua dlongplvovTar yior TNV IXavOTnTd TOUG Vo TOREYOLY TOTUXEC TPOOEYYIOELS,
©xadm¢ xan Yo Ty anAo Tt Tng exmaidevonc toug. ‘Eva RBFN aroteAeiton amd tplo Srompitd
OTEMUATAL

o Ytpopa Ewcddou: Aéyeton To Bidvuoua Twv UETABANTOV OYedlaopod & € RN
Ywelc vo extehel xdmola eneepyacio

o Kpougpd Xrpopa: Ilepthaufdver M veupnveg, xadévag and toug onoloug vhomotel
Hlat cLVAETNOT I TIXAS BAONE HE XEVTPO Cpy XU XTIV Ty

o Ytpapa EE660u: Trohoyilel tnv tehnr| €£000 WG YRUUUIXO GUVBLIOUS TV DMV
TOU XPLPOU G TEWUAUTOS
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H €Z€odoc¢ tou Suxthou Yo éva dedouévo didvuoua elcodou  diveton and T oyéon:

y(@) =Y VGl = cnl) (5.1)

OTOL Yy, elvol T cUVOTTIXG 3PN TOU GUVBEOLY TO XEUPS UE TO GTEOU ECOOOU, Cpy TU
xévtpa Twv RBF xa G, ol cuvoptrceic axtivinic Bdone. H ouvidog yenowonotobuevn
I'xaouciavy) cuvdpetnon optleton we:

G(u,r) = exp(—u®/r?) (5.2)
H exnofdevon evoc RBF 8uctiou, dedopévev twv T mpotinwy exnaidevonc { (4, 9:) oy,

ouvioTotor 6TV glpEST TV BEATIOTWY GUVATTIXGY Pap®y ¥ = [, g, ..., y]T Tou
ENAYLOTOTOLOOY TO GPAAUL

T

Bap) =53 (y =" UGl — cmm) (5.3)

t=1 m=1
H mopomdve exgppaon unopel vo dlatumtwiel xan wg:

Bp) = 51§~ Gl (5.4

omou Yy = 01,92, - - ., Ur]" avTimpocwmreel To didvuopa Twv emduuntov e£6dwv xa G

elvon o mivoxog oyedoopol (design matrix) e otouyela:

Gi(l|l21 —all)  Ga(l|#r —call) -+ Gu(ll21 — enl])
G_ G1(||@2:—01||) G2(||92’2:—02H) GM(||502:—CM||) (5.5)
Gi(l|lzr —al) Gal|lzr —el) -+ Gu(l|l2r — cull)

H edpeom tou ehayioTou Tng cuVdETNONE XOOTOUG ETLTUYYAVETOL UEGHL TNE ETEALCTS TwWY
xovovixov e€lowoewy. Iafpvovtog v napdywyo e E(1)) we mpog ¥ xo 9étovide tny

fon ue undév:

OE(v) Tow
= -G - Gy) = )
9 (y—-G¢)=0 (5.6)
TEOXVTITOUY Ol XAVOVXES EELOWOELS:
GIGy* =GTy (5.7)
uE Ao
¥ = (GTG) Gy (5.8)

U6 TNV TEounddeon bt o mhvoxag GTG elvar avtioteéduuog.

Yny e tepintwon 6mou Ta xévipa twv RBE cuunintouy pe to exnoandeutind npdTuna
(e = Tm yam = 1,2,...,T xu M = T), o nivaxoc G xadiotaton tetporywvixds xou
OUUMETEIXOC UE oToLyelo:

Gij = G||2: — ;) (5.9)

2 aUTAY TNV TEPITTWOT), 1) ETLPAVELXL ATOXELOTG TOU DIXTLOU OLERYETAL axEBOC amd O
ToL EXTIOUBELTIXE TIEOTUTOL (ToEEUBOAY), xou Tar cuvamtixd Bdpen uroroyilovton dueoo amd:

Y =Gy (5.10)
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Kegdhawo 6

A&loNoynon Anodoong xou
2IYONACUOC ATIOTEAECUATWY

ITpoxewévou vo alloroyniel n anddoorn Tou ahyoplduou, yenoiwonoteital ula oelpd amd Soxi-
Moo TES podnuatixée ouvapTthoel. Lo povoxplrnptaxy| Bektiotonoinoy yenowonotodvTal
ot ouvaptioelg Sphere, Ackley, Rastrigin, Griewank, Schwefel xou Rosenbrock, evéy yia
TohuxpLtnplaxt| fehtiotonoinon yenowonotolvtar ou ZDT1, ZDT2 o ZDT3. Ou doxuuéc
epappooTnxoy yioo 10 petoBAntéc oyedioouol e 10 bits avd uetoaBAnTH.

Apywnd, mparypoatomoleiton cuc TNRATIX avalATNOT OTO YWEO TaPUUéTewY Yo Tov QIEA,
(OOTE VoL EVIOTUG TOUV OL TUPUUETPOTIOCELS TIOU OB YOUY GTNY TayLTERY CUYXALOT Yl X
doxylao Tixr) cuvdptnoT. Ev cuveyela, Sieddyeton mapopeToid avdiuon yope and Tig BEATIOTES
OlopoppOoEL;, eEeTdloVToC UEPHOVWUEVH XAVE TUPAUETEO UE TIC UTONOLTES Vo SLUTNEOoUVToL
otadepéc.

Ou mepintidoeic Twv cuvopthoewy Sphere, Ackley xou Rosenbrock a&tohoyolvtan eniong
ue yenon unoPorinone petapoviéhwv (MAQIEA). Tt ouyxprtiny| aliohdynon, o QIEA
ovunoapatiieton ue tov xhoowxd e€ehixtind olyopriyo (EA), o omolog extedeiton péow g
mhat@opupac EASY. Ynueidhveton 6Tt Tal amoTEAEGUATO TTOU ToEOUCLELoVTaL BEV ATOGKOTOUY
otnv e€aywyr ouunepdopatog yio tov av o QIEA uneptepel Tou xhacoixol EA. Xtdyoc
ftav 1 alloAdynon e anddoone tou QIEA o éva oivoho mpoffAnudtwy BeAtioTonolnong
HEoK NG avTLmoEoBoAYg e amoteréopata Tou A@inxay ue yerorn tou Aoytouxol EASY.
Av oe opiopéva duarypduuota @aivetar 6Tt o QIEA ouyxhiver tayOtepa and tov EA, dev
Yo meémel var epunvevdel we anddeln unopoyrc. Kotd tnv avdntuln xou aflohdynon tou
QIEA Soxdotnxe maAndopa cuvdlaoumy Pedodwy xot Tapauétewy. Agv oxohovdRinxe n
(Bl e€ovuytoTinr dradacta avedpeonc Tne PEATIOTNG TapaueTeOTOMONS Yo xdle TEOBANUA
BehtioTonolnong xatd Ty e€aywyT| anoteAeoudtoy Ye Tov EA. Avt’ autol, Ta anoteréopata
Tou EA yenowonowdnxay wg éva onueio avagopds Yo TNy alloAdYnoT TNG CUUTERLPORAS
xou TNg ToyuTNTag ovyxhiong Tou QIEA. Katd cuvénew, yia tov EA mopdyoue éva ohvoro
ATOTEAEOUATOVY Ywpeic va eoTidloude otny entiteudn Tng ToryUTepng duvatrc oOYXAoNG HECK
eXTETOPEVNS BEATIOTOTOIMONC TOUEOUETEMY.

[MapouctdlovTar Tol CUYXELTIXG ATOTEAECUATO oL EVOEXTIXG Widt TOQOUETEIXY| oVEAUOT
Tou Tivaxa otpogrc g Q-Gate. To mhren amoteréopouta xodng xow ol CUVIAXES xaL
TOQUUETPOTOLACELS TIEQLYPAPOVTAL UE AETTOUEQPELN OTO TAYPES XelUEVO.

IMopatneriosig  Kdmown anoteréopata tou QIEA dagaivovtoan unooydueva. Xe meptnto-
OEIC OTKS 1) oLVdETNOT ogalpag 1 1 Ackley, TapaTnEOUUE OTL Yl OPIGUEVEC TORUUETROTOL-
oelg N ToyuTNTo oYxhong ebvan xavoromnt|.  T'ia tepintdoeg 6mwe 1 Rastrigin xou
Griewank, ot ontolec epgaviCouv TOAG TOTXE 0xEOTATY, TOEATNEOVUE XOAT Tary OTNTA GOYX-
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NOTNC GTNV 0pYT, 1 OTolol OTN CUVEYELN ETUBEVOVETOL UETE omd €V OPIGUEVO optdud oL
ONOYHOEMY, XATL TOU UTOBNAGVEL OTL 0 dAYOprlUoC elvon ETpEETAC 0TO Vo ey xABileTon o
Tomxd BéATioTo. Xe mopamhavnTixd Torlo, 6mwe autd e Schwefel, o olydpriuog atveTan
VoL OUOXOAEVETOL X OUT] TEQLOCHTEROD, YEYOVOS ToU ETPBEBaMVEL TEPUTERW TNV TAOT TOU Vi
eyxhofileton oe tomxd Bértiota. o ) Rosenbrock mapoatnpolue xou mdht xohty olyx-
NGT 0TV apyY), 1) OTOLo OUWE ETUBEVOVETOL UETE OO XATOLES OELOAOYTIOELS, UTOOEIXVIOVTOG
OTL 1 ouoyETion UETAC) TV UETUBANTOV OYEBLOUO) OE AUTO TO GUYXEXPUIEVO TEOBANUN
duoxoiede enione Tov alyopriyo.

H enldpoaomn Twv yetopovtéAny golvetar Vo lvor apxeTd 1oy upt|, xong UELOVEL TOV op-
Wuod Twv aflohoyroeny Tepitou oto éva 1eito, oc olyxpeion ue Tov QIEA yweic Bordeia
petopovtédny. Ta anoteréopota yio T PehtioTonolnon TOAGDY GTOY WY UTOBEVUOUY OTL
n olyxhor Tou QIEA, otnv noapoloa poper, ctvar Bpaditepn and auth| tou EA.

Mot GAAT eVBLaPEQOUGHL TURATHENOT) APORE TOV TV OTEOPHC. AOXUUAGTNHOY DEXAOX T
OLUPOPETIXES TUPUUETEOTIOMNCELS. T'tar GAEC TIg TMEPITTWOELS, 1) TUEAUUETEOTOINO RT1! qotve-
Tou VoL Biver Ty xah0tepn oY rALoT, exTOC and TNy TepinTwor Tng ogulpag. o tn cuvdptnon
ogaipac, N amholotepn Tapopetponoinon RT2? anodider xohltepa. Kéde nopopetponoinon
Topouotdlel SlaopeTind yapoxtnotoTxd. H mpwmtn mepintwon xohotd Tov alydprduo mo
elepeuvnTnd, x4t mou Bondd oto va arnogeuy Vel o eyrAnBiondc Tou alyopiluou e Tomxd
Bértiota, f} oty avalATNoN SLIPOEETIXMY AICEMY oXOUT) X0t OTaY €EL o1 Beet Lot oYETIXd
xohr). H deltepn xan amholotepn napapeTeoolnon Tpocdidel Evay AMYOTEQO EEEPEUVNTIXG
XU TEPLOCGOTEQD EXUETAMAEUTIXG YapaxTrpd, X4Tt Tou elvol ETWPEAES Yiol Eval OUaAd ToTo
OTWS aUTH TG oaipac.

'RT1: [randfloat, —1, 1, randfloat, 0, 1, —1, 0]
2RT2: [0, 0, 0, 0, 0, 1, —1, 0]
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ZDT1 - EA (15000 Evaluations)
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Kegdhawo 7

2IVUTERACUATA

Hopatneotue 6Tt o QIEA diordéter ueydho aprdud mopauétpemy xat 6Tt 1 60YXMGOT| TOU oahyo-
olduou gatvetan va ebvon eualointn oe autée. lapatneolue enlong woyver cucyétion téco
HETOEY TOV (BlwV TV TUPUUETEWY 000 ot UETOED TWV TUPUUETEWY Xol TOU TEOBAAUNTOC
Behtiotonoinong. O wxpdc apriuog mAnduoumy Yo Toug omoloug AELToupYel Xahd ToV xo-
Yo Td eudAnTO OE TEOWEN oUYXAoY xau Ttay(deuor o Tomixd BéATiota.  Ilap’ bl autd,
OE OPIOUEVEC A6 TIC DOXYAOTIXES TEQITTWOELS, OIS Ol GLVOPTNHOES opalpag xon Ackley,
1 ToyUTNT OUYHAIGHC TOU NTOY IXOVOTIOINTIXT X0t cuyxployn ue excivny tou EA. Yuvoli-
Covtog, mapouctdlel optopéva eviuppuvTind amoteréouata. 201660, amutolvTal PEATIOCELS
0oTe va Yivel To eVpwoTOg Xal XUTIAANAOG Yol YPY|OT) OF EQPUPUOYES TRUYUXTIXOU XOOUOU.

ITpog awty| TNV xatediuvon), npoteivovtar ol axdlouieg Ttpooeyyioelg, mou Yo uropoloouy
var amoTehécouy avTixeipevo pehhovtinic épeuvag yio Tov QIEA. ‘Onwe ednyrooye, ol ot
agopeTixol Tivaxeg TeploTeoPrc amotehoLY XY TopaueTeoToiNcT Tou Patuod e€epebvnong
1) expeTdAAeVoTC ToL emiupoUUE amtd Tov ahyopriuo. AtagopeTixol tivaxee teploTpoRHC Yo
UT0POUGCAY VO YETCUOTOLOUVTOL Yid Tl Bldpopa dTopo Tou TANUUOUOY xaTd T1) SLdpxeLd TNG
{Bag BertioTonoinong, €Tol Hote xdie dtouo va avalntd T AVoT UE BUPORETINY OTEAUTIYLXN.
Me autdy T0V TpOTO0, aPevOS Vo UTOPOUCUUE VoL UETELIGOUNE TOV EMTIOTIXO YUQUXTARO TOU
QIEA mou moapouctdotnxe, o onolog elvan emppenhic 6ToV eYXxAwPBloud o Tomxd PérTioTa,
xou aetépou Yo pumopoloaue va xdvouue tov QIEA mo eumpocdpuocto oe BlopopeTind
TeoPBhfuata BeATioToNoNoNC.

Mo dAAN mdav mpooéyyion elvon 1) epapuoyy| Tou QIEA oe uwixpolc urominiuouoic,
umofonionviag tov EA xon 6yt w¢ unoxatdotatéd autol. To anotedéopota evBewvhouy
ot o QIEA Aertoupyel wbialtepa xohd pe wixpole manduopote. H woyupr expetoadheutind
TOU ouuTERLPoEd xan 1 Tayelor cOYXALGY Tou oTNY aEyY| TS eCeATixrc Sdtxaoiog, Yo
umopoloay eVOeyouévee v allonotnioly anoteleopatind v o QIEA yernowonotobvtoay
OE UTOCTNEXTIXG OO ToEEAANAaL Ue TOV xhaoixd EA.

O xhaowol e€ehixtixol ahyopriuol €youv TOAG TEPLOCOTERA YPOVLOL EPELVOC XOL EQOP-
Loy Tiow Toug, ETOPEVKS TO avaevopevo tay 6Tt o QIEA dev Yo eppdvile xdmota toyuen
umepoy ) EvavTt Twv xhaooxwy BA. Tlap” 6ha autd, ta amoteréopato mou e€dyoue etvar ev-
YoppuvTind xan eVogyeTon va cUUPBdAoLY TNV TEGodo Tou Tediou Tne BeATioTomolnome.
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