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Abstract

The need for adapting an existing mesh to displaced boundaries arises in many ap-
plications of Computational Fluid Dynamics. In aerodynamic shape optimization
problems; this is necessary either if a shape parameterization tool is used, in which
case the boundaries of the computational mesh are modified in each cycle of the
optimization loop and a mechanism propagating the surface displacements to the
interior mesh nodes must be devised, or in parameterization-free methods, where
the same mechanism undertakes the displacement of internal and boundary nodes.
Furthermore, in aeroelasticity problems with fluid-structure interaction, structure’s
shape changes at each time-step as the solid body, such as a wing, oscillates. The
mesh must be readjusted to conform to the new geometry. Another instance where
a mesh deformation tool is needed is in flow simulations in the presence of moving
bodies since the mesh should be deformed accordingly every time one or more solid
parts move. In all the above cases, remeshing is extremely costly for industrial-scale
applications, and it might also hinder the continuation of new simulations from
available numerical solutions on the unstructured mesh, for instance, of the previ-
ous domain.

As mentioned above, remeshing is highly costly for large-scale applications. It
may also lead to interpolation errors from the old to the new mesh. Therefore,
an automated algorithm that morphs the existing mesh according to updated solid
geometry is used. The development of such a mesh deformation algorithm is the
main subject of this diploma thesis. On this account, the proposed method syn-
ergistically employs a radial basis function (RBF) network and quaternions. RBF
networks use radial basis functions as activation functions and are extensively em-
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ployed in mesh morphing applications. Quaternions are four-element vectors that
are ideal for modeling rotations in three-dimensional space. This thesis proposes a
hybrid approach that couples the standard RBF method with quaternions in order
to produce a higher quality mesh near the solid boundary, where greater gradients
of pressure and velocity occur. Metrics regarding the quality of unstructured grids
are also presented and used in order to quantitatively assess the deformed meshes.



EO9vixd MetodfBio IloAuteyveio

Eyxorh Mryavohoywy Mryavixdy

Touéag Pevotov

Movdda ITapdAAnAne YroloyioTixrc PeuocTtoduvauixng
& Beltiotonoinong

ITeoyepappationds Meddoou Tlapapdepwong ITAEyuatog
ne 2uvaptnoelg Axtivixng Bdong xow Tetpaddvia

Aimhopotixd epyaoto
Baoiietog I'ewpyodnoviog

EmufBiénwy: Kupdxog X. Tavvdxoyiou, Kadnyntric EMII
Adrva, 2021

H avéryxn mpocopuoyfic evOg UGG TAUEVOU UN-00UNUEVOU TAEYUUTOS OE UETATOTLOUEVA
Oplal TPOXUTTEL O TOAAES egopuoYéc Tne Trohoyiotnhic Pevotoduvouxrc. e mpo-
BAAuarto acpoduvauxric PehtioTonolnong, autd elvon amapaltnTo elte 0TV TopUAlXYY)
OTIOL YENOWOTOLELTOL TOUPUUETEOTOINCT TN TEOG GYEdIOUS HopYTc, 1 oTtola TpoTo-
molel oe xde xOxho g BeAtioTomolnong To dplar Tou LTOAOYIGTIXOU Ywelou xon ou-
T6 Tou ypetdleton efvon Vo TPOCUPUOCTEL XUTIAANAAL TO E0WTEPIXO TAEYUQL, ElTE GTNY
ToEoAAY ) ToU eviaiog unyoviolog avolopfdver, ehhelel napapetponoinong, Ty Tow-
TOYEOVY X GUUPUTY| PETOXIVIOT OAWY TV XOUBWY EVOS UTOAOYLOTIXOU TAEYUATOC,
ouumep aufoavopévey Tov oplov. Emmiéov, oc mpoBAfuato ogpoeAao TIXOTN TS UE
™V ahANAeTidpAoT PEUGTOU-0TEREOD, TO oYM TOU 6TEPE0) ahhdlel o xde yPoVind
Briua xadde 10 0TERES COUA, OTWE Uiot TTEQUY A, TUAUVTWOVETOL XUl TO TAEYUO TEETEL VoL
ovluiotel ex VEou Yo var cuppop@Uel ue T véo YewueTpla. Mia dhin tepintwon émou
amouteiton EQYUAElD TUPUUOPPWONE TAEYUATOS EVOL OE TPOCOUOLOCELS PONG TopoUCia
HWVOUUEVWY COUATWY, POl TO TAEYHN TEETEL VO TUEAUUOLPWVETL OVIAOY A xdUe Qopd
TOL €VaL 1| TEQIOCOTERA OTEPEY PEPT) METOXUVOUVTAL. M€ OAES TIC TOURATIAVE TEQLTTCOELS,
1 enovaTAeypototolnon eivon eotpeTnd damavner Yio EQapUOYES Blounyavixnc xhipo-
%0 xan Umopel emiong vor EUToBIoEL T1 CUVEYLOT] VEWY TEOCOUOLOCEWY Ud OLIECIIES
aprdunTiXéc AOGEC OTO UN-O0OUNUEVO TAEYUA, YLol TOURABELY O, TOU TEONYOUUEVOU Y-
olou.

‘Onoe avagépdnxe mapamdvew, 1 YEVeon TAEYUATOC €lval eEUEETXE Samovnen Yo -
QopUOYES HEYEANG XA laxac xan umopel eniong va odnyfoel oe opdApoTta TapeUSBoAHC
am6 To TaAld 010 VEO TAEyUa. ()¢ ex TOUTOU, YENOWOTOLELTAL EVOC QUTOUATOTONUEVOS
oAy 6pruog TOU BLUUOPP®YVEL TO UTdPY OV TAEYUA cUUPLVa Ue TN véa YewueTtpio. H o-
VAT TUET EVOC TETOOL ahyopiluou TopaUépPeoNE TAEYUATOC elvor TO xUplo avTixeluevo
TS TG dimhwpatinig epyaociac. T'o To Adyo autd, 1 mpotevouevn uédodog yenot-
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womotet dixtua oxtivinric Bdone (RBF) xou tetpadovia. To dixtua (RBF) yenowwonoio-
OV GUVOPTACELS axTIVIXTS BAONC ¢ CUVAPTHCELS EVERYOTOINGNE Xl YENOWOTOLOUVTOL
EVPEWC OE EQUPUOYES HoppoToinong TAéyuatog. Ta tetpadovia ebvar Slaviopato Teo-
odpwv cToLyElwy Tou efval Wavixd Yo HOVIEAOTOINCT] TEQIGTEOPOY GTOV TELOLIC TUTO
yweo. H dimhwpatin auth epyacta tpoteivel piar uBediny| Teocéyyion mou cuVEUALEL
™ Yvooth pébdodo (RBF) pe tetpadovia yio va mopdyet mhéyuo upnidtepne moldtntog
%oVTd 6T0 GTEPES Oplo, 6mou eugaviCovton peyahlTtepeg xhioelg mieong xon oy OTr-
to¢. Emlong, napouvcidlovton xon yenoylonotodvTtal UETEIXES GYETIXG PE TNV TOLOTNTA
TWV UN-00UNUEVLY TASYUSTOVY, TEOXEYWEVOU VoL EXTIUNUEL TOLOTIXG TO TORUUOPPWUEVO
TAEYUOL.
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Chapter 1

Introduction

1.1 Motivation

The advent of computers has allowed the possibility of extensive numerical sim-
ulations of real physical problems. With engineering design trends towards more
complicated structures, computational modeling is currently gaining importance.
Numerical simulations become essentially convenient when experiments become dif-
ficult, dangerous, or are simply too expensive to perform. Additionally, in many
cases, it has the advantage of providing detailed results that are much easier for
humans to process. Computational fluid dynamics (CFD) is a branch of fluid me-
chanics that analyzes and solves such problems, which involve fluid flows. To achieve
that, the continuous geometry space where simulation occurs should be discretized
through a mesh that divides a geometry into many elements. There are many cases
where the structure to be studied has moving boundaries or undergoing deforma-
tions. In such problems, the generated or deformed mesh is crucial to conform to the
new geometry of the structure. The generation of a new mesh every time the struc-
ture’s geometry changes is computationally expensive. Thus, a mesh deformation
technique is used as a much more feasible alternative solution.

Aerodynamic shape optimization consists in maximizing the performance of a given
body by changing its shape. The performance is evaluated using a CFD solver and
the optimization process is iterative: it starts with a given shape and then changes
that shape in every optimization cycle to achieve improved performance. Thus, the
mesh must be adapted to this new geometry in order to be used by the CFD solver
in the following optimization cycle.

Furthermore, in aeroelasticity problems with fluid-structure interaction (FSI), struc-
ture’s shape changes at each time step (e.g., the shape of a wind turbine’s wing



changes due to the time-varying wind force applied on it). In such cases, these de-
formations are often caused from the oscillations of the solid body. Similar to the
aerodynamic optimization process, to solve the flow at the new time step, the mesh
must be readjusted to conform to the deformed geometry of the object.

Another instance where a mesh deformation tool is needed is when the solid struc-
ture contains one or more moving parts (e.g., slats and flaps of a multi-element
airfoil). The mesh should be deformed accordingly every time that one or more
solid parts move. In the above cases, it is considered that the solid geometry is
not excessively deformed at each cycle or time step. If the last is expected for the
aerodynamic optimization and aeroelasticity simulations, that would not be the case
for a simulation involving a geometry with moving parts. Extensive deformations
may lead to a low-quality (i.e., contains irregular elements) or even to an unsuitable
mesh (i.e., contains inverted elements).

As mentioned above, remeshing is extremely costly for large-scale applications, and
it may also lead to interpolation errors from the old to the new mesh [1]. Therefore,
an automated algorithm that morphs the existing mesh according to updated solid
geometry is used. The development of such a mesh deformation algorithm is the
main subject of this diploma thesis. On this account, the proposed method utilizes a
radial basis function (RBF) network and quaternions. RBF networks use radial ba-
sis functions as activation functions and are extensively employed in mesh morphing
applications [2], [3]. They essentially propagate the known displacements of a set of
mesh nodes, typically boundary nodes, into the volume of the mesh. Quaternions
are four-element vectors that are ideal for modeling rotations in three-dimensional
space. Among others, they also used in mesh deformation techniques [4], [5] repre-
senting any known displacement as the composition of a rotation and a translation.
This thesis proposes a hybrid approach that couples the known RBF method with
quaternions in order to produce a higher quality mesh near the solid boundary,
where greater gradients of pressure and velocity occur.

1.2 Other mesh deformation methods

The need to avoid the computationally burdensome re-meshing procedure led to
the development of several methods that modulate the existing mesh according to
the deformation of the solid geometry. Various methods have been proposed to
meet specific requirements emerging from diverse types of simulations or even dis-
ciplines. These methods may be classified as interpolations, control meshes and
physical analogies [6], algebraic vs. partial differential equation (PDE) methods [7],
connectivity-based vs. point-based methods [8], methods for structured or unstruc-
tured meshes |9 and methods that can be parallelized [10]. Surveys [6,11] itemize the
characteristics of mesh displacement methods according to applications and quality.

Spring analogy methods model the mesh as a network of springs and solve the static



equilibrium equations to find the updated locations of mesh nodes. The springs
may be linear [12], torsional [13], semi-torsional [14] or ball-vertex |15]. The above
methods are efficient for meshes used in computational structure mechanics (CSM).
On the other hand, Selim and Koomullil [6] reported invalid elements and high
computational cost when the method dealt with large displacements of CFD meshes
with stretched elements for viscous flow simulations.

Continuum elastic methods have been referred in several papers (i.e., [L6-{18]). They
confront the mesh as a solid elastic body, and they displace it by solving the linear
elasticity equations. Laplacian methods [19] solve the PDEs to diffuse the known
mesh node displacement into the volume. At increased computational cost, solving
the bi-harmonic smoothing equation [20] can attain a better quality of the deformed
mesh. The algebraic damping method [21] move each internal mesh node in terms of
the known displacement of the closest boundary node. The results are satisfactory
for small mesh deformations, and the mesh displacement is very rigid near the
boundaries but, for larger deformations, algebraic smoothing [22] might be necessary
to improve deformed mesh quality.

The Delaunay graph method [23] is based on the generation of a control mesh based
on the Delaunay triangulation of boundary nodes and the mapping of the internal
nodes on the Delaunay graph. The triangulation adapts to boundary displacements,
and the new location of internal mesh nodes is computed using barycentric inter-
polation. The Inverse Distance Weighting (IDW) method [24] relocates the volume
mesh nodes through direct interpolation of the known boundary displacements using
weights that depend on the distance of the internal node from the boundary. Trans-
finite interpolation [25] interpolates the deformations along mesh lines in structured
meshes; hence it is pretty computationally effective but incompatible with unstruc-
tured grids.

1.3 Thesis outline

The present diploma thesis focuses in the development of a mesh deformation algo-
rithm that uses an RBF network and quaternions defined on boundary nodes.

In Chapter 2, the RBF-based interpolation is presented together with some com-
monly used radial basis functions. Both of the above are utilized to form the RBF
mesh morphing method.

In Chapter 3, quaternions are introduced as a handy way to model rotations.

In Chapter 4, the proposed hybrid method that couples RBF networks with quater-
nions is described.

In Chapter 5, the developed software is applied to the mesh around a rotated
sycamore leaf located within a stationary circle.



In Chapter 6, an application to the mesh around a rotated four-element airfoil is
examined.

In Chapter 7, an application to the mesh around the same four-element airfoil,
but this time instead of rotating, slats and flaps of the airfoil move upwards and
downwards.

In Chapter 8, the developed software is applied to the mesh around a 3D aircraft.

In Chapter 9, some aggregate results are presented regarding the previous applica-
tions.

In Chapter 10, a summary of the present diploma thesis is presented.



Chapter 2

Radial Basis Functions Networks

RBF networks use radial basis functions as activation functions. They were first
formulated by Broomhead and Lowe in a 1988 paper [26], [27]. The output of an
RBF network is a weighted summation of the radial basis functions of the inputs
and neuron parameters. Among others, they are extensively used in mesh morphing
applications exploiting their ability to interpolate scattered data or multivariate
functions in multidimensional space.

2.1 RBF-Based Interpolation

An RBF interpolation at a point @ consists in the weighted linear combination of
inter-distance interactions of that point with a given set of source points. The inter-
distance interaction is derived from a basis function ¢ with respect to Euclidean
distance ||.|.

Let Q@ C RY be a Q-dimensional space and a subset X = {z,...,zny} C 0
which contains N data centers (i.e. interpolation sources). Additionally, let y =
(Y1, .oy yN)T be the values of data centers to be interpolated. Assuming h : {2 — R
denotes the kernel interpolation of N data centers, it then takes the following form

h(x) = an[( (x,x,) (2.1)

Here w = (wy, ...,'wN)T, w, € RY n =1,..,N are the so-called interpolation
weights and K : Q x Q — R is the reproducing kernel of the Hilbert space H (K, <)
equipped with an inner product which allows lengths (i.e. norms) and angles to



be defined. For more details on reconstructing kernel Hilbert space (RKHS), refer
to [28].

If there exists a function ¢ : [0,00) — R such that K (x1,25) = ¢ (||z; — x2]|) for
every (1, x;) € Q x (), then K is a radial kernel and ¢ is an RBF kernel. Equation
2.1] then becomes

(@) =Y wad (|2 — z]) (2.2)

The interpolation weights are determined by demanding that h will produce the
exact values of N data centers, i.e.

h(x,) =y, n=1,...,N (2.3)
Equation [2.3] can be written in matrix form as
dw =y (2.4)

where

o1(x1) ... on(x1)

b (@x) .. on (@)

2.2 Radial Basis Functions

Radial basis functions (RBFs) are real-valued functions depending only on the dis-
tance of a point € R? from a given center &, € R%, n=1,...,N.

There are numerous radial basis functions suitable for interpolating functions and
scattered data in Q-dimensional space. The behavior of the interpolation and the
extrapolation strongly depends on the chosen radial function [2]. RBFs can be
divided into two groups according to the interpolation space they cover: ones with
global support and ones with compact support.

2.2.1 Globally supported radial basis functions

RBF's with global support cover the whole interpolation space, so all the cloud points
interact with each other. Therefore, using global support achieves high accuracy but
leads to dense interpolation matrices, making the numerical problem challenging.
In Table four globally supported RBFs are given. Parameter ¢ is the so-called



shape-parameter, and it is used to tune the shape of the RBF.

Name Abbreviation o(r)
Gaussian GS e
Multiquadric MQ 1+ (er)”
Inverse quadratic IQ ﬁ
Inverse multiquadric IMQ ﬁ

Table 2.1: Global supported RBF's
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Figure 2.1: Global supported radial basis functions for several choices of shape pa-
rameter

Shape-parameter tuning

Radial basis functions of Table contain a parameter, ¢, that controls the shape
of the given function. In particular, it regulates their relative flatness or peaked-
ness with the function becoming increasingly flat as ¢ — 0 and vice-versa. As an
example, using Gaussian functions, Figure illustrates above behavior. A flatter
curve essentially means that the function strongly influences a wider area, while a
more peaked RBF tends to have a more localized influence. The choice of € has a
profound impact on both the accuracy and numerical stability of the solution to the
interpolation problem. As seen in Figure[2.1|every RBF is scaled such that ¢(0) = 1.
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Figure 2.2: Shape-parameter impact on the Gaussian’s shape

As a result, the interpolation matrix ® (Equation approaches the identity ma-
trix as € — oo leading to matrices with small condition number and thus numerical
stability when solving the matrix system. However, the resulting interpolant will in
general be a poor approximation of the function, or the scattered data, since it will
sharply peak near the interpolation points and, everywhere else, will be near zero.
An interpolant with the above behavior is the so-called bed-of-nails interpolant and
an example of such an interpolant is depicted in Figure 2.3

1.0
—— function ()

—— rbf
0.5

-
N4

00 02 04 06 08 1.0

Figure 2.3: An RBF interpolant of the function f(x) = e*°53™ — 1 sampled at 15
points, using Gaussians, with a shape-parameter ¢ = 100. The bed-of-nails interpolant

ez



On the other hand, as € — 0, the approximation becomes better, but the condition
number of the interpolation matrix ® will diverge to infinity leading to ill-conditioned
systems. From the above, it follows that a trade-off exists between accuracy and
numerical stability; hence the choice of the shape-parameter must be such that the
interpolation matrix is at the edge of ill-conditioning [30].

2.2.2 Compactly supported radial basis functions

RBF kernels with compact support were introduced in order to reduce the compu-
tational cost of the interpolation [2]. They are piecewise-defined functions which
satisfy the following property

f(rrs) ifr<rg
T, Ts) = 2.6
¢(rrs) {O if r>nr, (2:6)
where r = | — x4,||, « is the position vector of a point in space, s, the position

vector of the n interpolation source point and r, is the support radius, which de-
termines the region of influence of the kernel around each interpolation source. Let
§ = =, the Equation [2.6 can be written in dimensionless form

_[r© ite<t
¢<g>—{0 oo (27

Compactly supported RBFs cover only a specific region which is determined by the
radius of influence r;. Each RBF kernel influences all the points within the cycle (or
sphere in 3-dimensional space) of radius rs. It follows that the smaller the radius of
influence is, the less dense the interpolation matrix is. Therefore, RBF kernels with
compact support may lead to sparse matrices that can be solved more efficiently.
However, a trade-off between the mesh quality and the computational cost exists,
meaning that for large deformations, the radius of influence must be increased, and
the problem becomes similar to one using globally supported RBF's, vanishing the
benefits of compact support [2].

In Table some commonly used RBFs with compact support are presented as
proposed from Wendland [31]. The first four are based on polynomials that are
chosen such that they have the lowest degree of all polynomials that create a C"
continuous basis function with n € {0,2,4,6}. The last four functions are based on
the thin-plate spline which create C™ continuous basis functions with n € {0,1,2}.
There are two possible CTPS C? functions distinguished by subscript a and b.

10



Name $(r) = (&), E=2 <1

CP C° (1—¢)

CP C? (1-&)"(4E+1)

cp ¢! (1-9° (22 +6£+1)

CP (S (1—&)% (3263 42462+ 8¢ 4+ 1)
CTPS C° (1-¢)°

CTPS C*| 14 82 — 4083 + 15¢* — 5&° + 20£2 log (€)

CTPS C2| 1 — 3062 — 103 + 45¢4 — 6£° — 60£3 log ()

CTPS C2[1 — 20£2 + 803 — 45¢4 — 16¢5 + 60¢4 log (€)

Table 2.2: Radial basis functions with compact support

1 \ \ 1 | |
CO CO
0.8 - 7
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¢ 0.6 - e :
C* 2
0.6 - | 04 r il
W W
- - | i
0.4 F : 02
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0.2 r n
—0.2 N
0 \ \ \ —04 | | | |
0 02 04 06 08 1 0 02 04 06 08 1
3 3
(a) Compact supported RBF's based on poly- (b) Compact supported RBFs based on thin
nomials plate spline

Figure 2.4: RBFs with compact support as proposed from Wendland [31]
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2.3 RBF Mesh Morphing

RBFs are nowadays well accepted as one of the most powerful and versatile mathe-
matical tools in mesh morphing applications. When RBFs are used in such applica-
tions, the quantity to be interpolated is the displacement at each node of the mesh,
and the interpolation function takes the form

d(z) =) wud (@ — zon]) (2.8)

where x,, € R3 are the N source nodes in which the displacement values are
known. Typically as source points are chosen, all the boundary points, or part of
them through a sub-sampling algorithm, and as targets, all the points of the field
mesh to be morphed. Alternatively, a sub-sampling algorithm can choose a subset
of the boundary points as sources in favor of computational cost. In the training
phase, the weights w,, € R? are computed, so the Equation exactly reproduce
the known displacements &,, € R3, n = 1, ..., N at each source node. This requires
solving three N x N linear systems, one for each spatial direction.

o1 (xs,) .. On(Ts,) | | W] o]
: . : Sl =1 (2.9)
¢1 (wSN) B (bN (mSN) w}r\f 6}\7
A NV v
D, %% A,

With the appropriate RBF kernel ¢(r), matrix @ is symmetric and positive-definite.
Provided that, for relative small values of N, the matrix can be decomposed using
Cholesky decomposition, which makes efficient the numerical solution of the systems.

From the equation [2.8]it is easily understood that RBF vector field is a point function
with the big advantage to be independent from the mesh itself (i.e., connectivity of
the CFD mesh is not required). Furthermore, the displacement field is uncoupled

for each spatial direction, so each one of them can be interpolated separately, and
the equation [2.8] becomes

N
Os(@s) = D whed (||l — o)) (2.10)
55y(w8) = wa{“’ﬁﬁ(nws - wsn”) (2.11)
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0, (x5) Zw (|zs — Zsnl|) (2.12)

And the Equation is decomposed in three linear systems

W, = A,,
W, = A, (2.13)
OW, = A,

As mentioned above, these three systems can be solved using Cholesky decomposi-
tion once as P, matrix remains the same. However, for large sets of source points,
this approach becomes infeasible due to computational cost. A potential solution
may be the use of an iterative method to solve the matrix like the conjugate gradient
method [32] together with a preconditioner (e.g., incomplete Cholesky [33]) which
is applied to the original matrix.

Reducing the size of the set of source nodes [34] is another possible workaround. A
sub-sampling algorithm is applied to decide which source nodes will be kept, and
hereupon that reduced set is used to complete the training phase and compute the
network’s weights. A similar approach is clustering the group of source points using
the k£ nearest neighbors algorithm. FEach cluster represents a source node. The node
coordinates are computed as the average coordinates of the cluster nodes, and the
node’s displacement is computed as the average displacement of the cluster nodes.
Compared to the sub-sampling procedure, clustering increases the computational
cost. However, it may lead to higher quality deformed meshes as the whole original
set of source nodes contribute to the produced system.

With the calculation of the weights from Equations the training phase comes to
an end. Next the network is utilized to compute the displacement of each internal
node.

Zw (lz — zsnl) (2.14)

= > wlé (@ — zan) (2.15)
o.(2) = Y wid (lz — zenl) (2.16)
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If M is the number of internal nodes, the displacement of which is to be computed,
above equations are written in matrix form

5{ qbl (w1> . QbN (iBl) ’LUI

L= : : : (2.17)
gy Lo(@n) - O (zar) | |wh

A o W

where ® is a M x N matrix, the so-called interpolation matrix.
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Chapter 3

Quaternions

3.1 Introduction

The concept of quaternions was realized by the Irish mathematician W.R. Hamilton
in 1843. Legend says that Hamilton was on his way to the Royal Irish Academy with
his wife when he suddenly came up with the idea of adding a fourth dimension in
order to solve the problem of triples multiplication. Excited with his finding, as the
couple passed the Broome Bridge, he carved the following equation into the stone

of the bridge

it ==k =ijk=—1 (3.1)

Even today, there is a plaque on the Broome Bridge commemorating his break-
through of the above fundamental equation of quaternion algebra, which became
the first non-commutative algebra to be studied.

There are two ways widely used to represent a rotation in three-dimensional space
about an axis through the origin. A 3 x 3 orthogonal matrix, the so-called rotation
matrix, and three angles with respect to a fixed coordinate system, the so-called
Euler angles. However, the above representations have some specific drawbacks.
A 3 x 3 rotation matrix representation seems to store redundant information as
only three of its nine elements are independent. Additionally, the extraction of the
rotation axis and angle requires several calculation steps, which makes the geometric
interpretation of the rotation a bit fuzzy. Euler angles appear to be more memory
efficient than rotation matrix since they only store three numbers and are pretty
intuitive as any rotation is decomposed into three basic rotations. Nonetheless,
when Euler angles are applied, three matrix multiplication is needed. Besides that,
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they also suffer from the gimbal lock phenomenon, which occurs when two of the
three rotational axes become aligned, leading to the loss of one rotational degree of
freedom.

Figure 3.1: lllustration of gimbal lock phenomenon. On the left image there is no
gimbal lock, the three gimbals are independent (i.e., neither of the azis are aligned).
On the right image two out of the three gimbals are in the same plane (i.e., two axis
are aligned) and one degree of freedom is lost

Quaternions strike a nice balance of both being a lightweight, but free from the
gimbal lock phenomenon, way to encode any rotation in three-dimensional space.
A quaternion is essentially a 4-tuple, which is a much more concise representation
than a rotation matrix, and the rotation is applied directly contrary to Euler angles.
These make quaternions ideal for representing rotations. Furthermore, their geo-
metric interpretation is quite distinct as the rotation axis, and angle can be almost
directly recovered.

3.2 Quaternions Background

Quaternions can be regarded as 3D extension of complex numbers. Mathemati-
cally, a quaternion, is a four-element vector which is composed of one real and three
imaginary numbers. The set of quaternions, with the addition and multiplication
operators, form a non-commutative ring which is denoted as H. The standard or-
thonormal basis for R? is given by three imaginary unit vectors

t=(1,0,0), 5 =1(0,1,0), k= (0,0,1)
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which also satisfy the following rules introduced by Hamilton

i = jj = kk = ijk = —1

ik
e (3.2)
1k =—-kj =1
ki=—ik =7
A quaternion () can then be expressed with the following form
Q=qo+qi+qj+taak ¢@peR QeR (3.3)

Similarly with complex numbers, a quaternion, (), can be divided into a real and
an imaginary part. Real part is the scalar part ¢y of the quaternion and the purely
imaginary part is the vector part ¢ = (¢1, ¢2, ¢3) which is expressed like a vector in
the three-dimensional space.

Q@ = [90, 4] (3.4)

3.2.1 Quaternion Arithmetic

Quaternions addition is component wise similar to complex numbers. Consider the
quaternions (), P, then

Q+P=(q+p)+(qu+p)i+(2+p)d+(ez+ps)k (3.5)

It is pretty obvious that subtraction is derived by adding to () the negative quater-
nion of P (—P) with components —p,, =0, 1, 2, 3

Q—P=(q—po)+ (@1 —p1)i+(q—p2)J+(q3—p3)k (3.6)

Product of two quaternions, called Hamilton product, is determined by the product
of the basis elements and the distributive law. The product is given as

QP = qopo — q1p1 — ¢2P2 — G3p3
+ (qop1 + @1po + q2p3 — q3p2)
+ (qop2 — q1p3 + q2p0 + q3p1) J
+ (qops + @1p1 — @2p1 + gspo) k

(3.7)
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Exploiting the vector dot and vector cross product in R?, together with Equation
3.4 Equation [3.7] can be written in a more concise form

Q@ % P = [q0, q] [po, D]

(3.8)
=qopo —q*P+ qP+pqg+qgXxXp

where « denotes the vector dot product, and x denotes the vector cross product.

From Equation [3.8]is easily derived that quaternion multiplication is not generally
commutative. Therefore, instead of a divide operation a multiplication of () by the
inverse P! is used.

Q+P=QP" (3.9)
where P! is given

It is clear that the product of two quaternions is also a quaternion. The same is
applicable to addition and subtraction. Therefore, the set H of quaternions is closed
under addition, subtraction and multiplication.

Based on the above, quaternions have some very useful properties which are pre-
sented bellow and will be used later

Associative: (Q1Q2) Q3 = Q1 (Q3Q3)

Distributive: Q1 (Q2 + Q3) = Q1Q2 + Q1Q3

Not commutative: Q1Qs # Q201

Conjugate of a quaternion Q* = qo — 17 — ¢2J — g3k
Magnitude of a quaternion ||Q| = vVOQ* = /@ + & + ¢3 + ¢3
Inverse of a quaternion: Q™1 = Q*/ (QQ*)

A quaternion ) with real part equal to zero (g = 0) is called a pure quaternion
Q = [0,v]. Thus a standard 3D vector (i.e., a point in R?) can be readily stored
in a pure quaternion. On the other hand, a real quaternion is a quaternion with
a zero vector term (g = 0), and the product of two such quaternions is also a real
quaternion.
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3.3 Quaternions and spatial rotation

As already mentioned, quaternions are ideal for modeling rotations. In three di-
mensional space, according to Euler’s rotation theorem, any rotation or sequence of
rotations of a rigid body or coordinate system about a fixed point is equivalent to a
single rotation by a given angle 6 about a fixed axis, the so-called Euler axis, that
runs through the fixed point. The Euler axis is typically represented by a unit vector
u. Therefore, any rotation in three dimensions can be regarded as a combination of
a scalar 6 and a vector u.

Quaternions are a simple way to encode this axis-angle entity. They can be used to
apply the corresponding rotation to a position vector (a point relative to the origin
in R3). The vector part of a quaternion represents the axis around which rotation
occurs, and the scalar part represents the magnitude of the rotation.

A rotation of a point, p = (x,y, z), about a unit vector, u, by a certain angle, 6,
using quaternions consists of three steps. At first, a pure quaternion P is constructed
expressing the point p as

P =10,p] (3.10)

A quaternion () representing the angle and the axis of rotation is composed as

7

Q = [s,v], 5 = cos 5, v=wusin—- or
(3.11)

0 0
Q= [cos é,usin 5]

Figure depicts the physical interpretation of such a quaternion that its com-
ponents represent the axis of rotation w and rotation angle . The quaternion
essentially represents the orientation of Frame B with respect to Frame A.
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Figure 3.2: A quaternion representing a rotation from Frame A to Frame B. The
components of this quaternion are related to the rotation axis u and angle 6 according

to Equation @]

Finally, the following equation produces the pure quaternion expressing the rotated
pOth Protated - [Oap'rotated]

Protated = QPQil (312>

If the axis of rotation u is normalized (||u|| = 1) then ||Q] = 1 and @ is a unit
quaternion. Exploiting that, Equation|3.12[can be written is a much more convenient
form. From the above set of quaternions properties, it is clear that the conjugate of
a quaternion is obtained more cost-efficiently than its inverse.

Protated = QPQ* (313>

From the above set of quaternions properties, it is clear that the conjugate of a
quaternion is obtained much more cost-efficiently than its inverse. Actually, it is
a commonly used technique to normalize every quaternion that is used to rotate a
vector. The formulas for using quaternions to rotate a vector implicitly assume the
quaternion is of unit magnitude. The errors that result from such operations using
an non-normalized quaternion are proportional to the square of quaternion’s mag-
nitude; hence quadratic error growth is to be avoided. Besides, from a normalized
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quaternion, the angle and the axis of rotation are extracted directly from its ele-
ments as it is demonstrated in Equation [3.11] It should be noted that any operation
that theoretically produces a unit quaternion will still need to be followed from a
normalization as floating-point precision errors will cause it to not be unit length.
A quaternion can be normalized just like a four dimensional vector by dividing each
of the four components by the Euclidean norm.

do a1 q2 g3
Qnormalized = + + + (314>
el el el el

Quaternions also simplify the composition of multiple rotations. Taking into con-
sideration that quaternions are associative but not commutative and the definition
of the inverse of a quaternion, the composite rotation information is expressed by
the following multiplication

Qcomp = QnQn—l ce Q2Q1 (315)

while the subscript also indicates the order of rotation. For example, if ()1 and ()
are unit quaternions representing two successive rotations of point p (P = [0, p]),
the two rotations can be combined as

Protated = QQ (QlPQT) Q;
= (Q20Q1) P (Q1Q3) (3.16)
= (Q2Q1)P(Q1Q2)*

Quaternion coordinates represent rotation as Cartesian coordinates represent trans-
lation as a single vector.
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Chapter 4

The proposed hybrid approach

In this chapter the proposed hybrid method is presented. The goal is to generate
deformed meshes using undeformed meshes and configurations related to the defor-
mation. There are mainly two parts in the hybrid procedure that is proposed in
this diploma thesis. The first part consists in the RBF mesh morphing as presented
in Section In the second part quaternions are determined using comparison of
cell orientation and displacement on boundaries, whose deformed configurations are
known. Then, a weighting function is utilized in order to couple the above parts
and propagate the displacements to volume.

4.1 Construction of quaternions on boundaries

The quaternions which would be used together with the RBF mesh morphing method
are defined uniquely on boundary nodes. Samareh [4] defined a quaternion by cal-
culating orientation on each cell of undeformed and deformed airfoils. He expressed
the displacement of an arbitrary node on a body as a sum of a rotation and transla-
tion and then these two components of transformation information are propagated
to the space nodes to define their displacements values. For the construction of
the boundary quaternions the same approach was used. If x,, x4 are the position
vectors of an undeformed node and its corresponding deformed node respectively
and t a translation vector, then the division of a node’s displacement into a rotation
and a translation is shown bellow

xq = rotation of x, +t (4.1)

Using quaternion algebra, Equation can be written as follows
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Xi=QX.Q +T (4.2)

where X, = [0,x,] and X; = [0,x4] are pure quaternions representing position
vectors. () is the rotation quaternion and 7" = [0, ¢] is a pure quaternion expressing
the translation vector. The deformation information is stored in the rotation and
the translation quaternions. They are determined by geometric considerations which
emerge from the comparison of the segments (or cells in 3D) orientation and the
displacement between undeformed and deformed shapes of boundaries.

The process of determining boundary quaternions is conducted for each node on the
boundaries, while on fixed boundaries, @), T" are defined as @ = [1,0], T' = [0,0]. It
can be divided into three steps as described in [4]. In the first step, the specific mesh
point of the undeformed boundary z,. and its corresponding point of the deformed
boundary x4 are translated to the origin. Following that, normal vectors (1, ng)
are defined on the node using segment or cell composed by neighboring nodes.

In the second step, the undeformed segment is rotated so that the undeformed
boundary normal vector n, aligns with the deformed boundary normal vector ng.
This rotation is modeled with a quaternion (). The axis of rotation is determined
by the normal vector of a plane shared by both undeformed and deformed normal
vectors and is given by the cross product of those two. As noted before, it is
crucial every operation that produce a vector or a quaternion to be followed by a
normalization. Thus, the normal vector w, of the shared plane is normalized before
quaternion construction which leads the quaternion ()7 to be unit length.

Uy = Ny X Ng (4.3)

The angle of rotation is the angle #; between the two normal vectors (12, 124).

01 = cos ! (N, ng) (4.4)

Having determined both axis and angle a quaternion ); is constructed as
0 0
Q= {cos 51, Uy sin 51} (4.5)

The visual interpretation of the above process for a two-dimensional mesh is pre-

sented in Figure [4.1]
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Figure 4.1: Process of boundary quaternion construction in a segment of a two-
dimensional mesh.

In three-dimensional cases, a third step is required. The angle between vectors from
the cell center (origin) to the cell vertices (neighbors of the node) of the undeformed
and deformed cells should be minimized. This is achieved through a rotation around
the deformed boundary normal vector ngy about an optimal angle 6. This angle is
defined as the average angle between corresponding edges of the rotated undeformed
boundary (the boundary that arose from previous steps) and the edges of the de-
formed boundary.

Nvertecc
> (@i — @ue) (Tai — Tac)]

Oy = =1 N (4.6)
vertex

The second rotation is also modeled with a quaternion (), which is constructed
using ng as axis and angle 6,.

0

o
Qs = [cos 32, Nngsin 52] (4.7)

The two rotations can be represented with one quaternion using Equation [3.15]
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Q = Q201 (4.8)

The procedure to obtain the two rotations which finally form the composed quater-
nion () is depicted in Figure |4.2

Ny Ny Ng
A A
B4
P

8
N
<o

-
Saa -
-
. -

LR

2

Figure 4.2: Process of boundary quaternions construction in a cell of a three-
dimensional mesh.

After the rotation parts have been determined, the pure quaternion 7" representing
the total translation vector for the boundary can be defined as

T=Xs—QX.Q (4.9)

4.2 Method description

This proposed hybrid approach couples the aforementioned RBF mesh morphing
method with quaternion algebra. As described above, quaternions are defined on
the boundary nodes, or on the nodes where the displacement is known, modeling any
nodal movement as a sum of a rotation and a translation. The known displacements
are also used to train the RBF network. Following that, every node of the domain
moves according to the move of its closest boundary node (quaternions) and the
move of the whole boundary (RBF). Therefore, each internal displacement is the
weighted sum of the displacement of its closest boundary node and the displacement
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as emerges normally from RBF method.

5’internal = 75RBF + (1 - 7) (sclosest node (410>

where v is the weight of each displacement and it is a function of distance from
boundary d. So

v =7(d) (4.11)

Distance from boundary is defined as the distance from the closest boundary node.
Weight function is deployed in such way that quaternions have high influence near
the boundary which erodes as the distance from boundary increases. Several func-
tions are suitable to be utilized as weight function. The main condition is the output
of the function to decrease smoothly as distance increases. Such functions are pre-
sented bellow.

Name ~(d)
Gaussian e=(cd)?
Exponential el

Wendland C°| (1 —¢)?

Wendland C?|(1 — £)* (46 + 1)

Table 4.1: Possible weighting functions
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(a) Gaussian and Exponential functions with (b) Wendland C° and Wendland C? deployed
e =1 deployed as weighting functions as weighting functions with global support

Figure 4.3: Functions that are suitable to be utilized as weighting functions since
their output decreases smoothly as the distance r increases

Shape-parameter ¢ is used to control the smoothness of the transition from the dom-
inance of the method with quaternions to the dominance of the RBF method. Here,
Wendland functions that where described in Section [2.2] as radial basis functions
with local support, are deployed as global support functions. This is done by defin-
ing £ as the ratio of current distance from boundary to the maximum distance from
the boundary that appears in the whole mesh domain.

¢ = (4.12)
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Chapter 5

Application to the mesh around a

rotated sycamore leaf

5.1 Problem description

In this chapter, the RBF method and the proposed hybrid method are applied to
deform the mesh around a rotated sycamore leaf located within a stationary circle.
Between the leaf and the outer circle, a mesh with triangular elements is generated
using the advanced-front method [36] with a software of PCOpt/NTUA. The mesh
is provided from PCOpt/NTUA in two files (i.e., LTT format: one file with nodes
coordinates and one file with nodes connectivity), and it is then transformed in
VTK file format in order to be compatible with ParaView [37]. For this purpose,
software that converts both 2D and 3D LTT unstructured meshes into VITK format
was developed. Additionally, every element of the mesh is colored according to its
shape quality (see Appendix[A]) through a color-quality mapping. Figure[5.1]depicts
the original mesh as it is visualized in ParaView.

The sycamore leaf rotates around the origin, and subsequently, the internal mesh is
deformed, conforming to the updated boundary nodes locations. The aim is to test
both methods with various activation functions and compare the resulting deformed
meshes. Although this application seems pretty simple and irrelevant with the CFD
field, the complexity of the leaf’s geometry can provide some quite informative
results.
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Figure 5.1: The original mesh with triangular elements around a sycamore leaf as it
was provided from software of PCOpt/NTUA

Two radial basis functions with global support and one with compact support are
chosen as activation functions of the RBF network. Globally supported inverse
quadratic kernel

1

o 5.1
1+ (er)? (5:1)
and inverse multi-quadric kernel
1
(5.2)
1+ (er)?

are employed, where ¢ is the shape-parameter regulating the decay of the kernel. As
compactly supported RBF, Wendland C° (Equation and Wendland C? (Equa-
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tion [31] were preferred

(1-¢* ife<t
= 5.3
66 {0 I (53
(1-9)'(46+1) if¢<t
= 5.4
5 {O et (54
where ¢ = . For the compact support RBF the radius of influence r,, was selected

thus every rnesh node of the domain will be influenced by at least one source node.
Therefore, it is equal to the maximum distance between a domain node and its
closest boundary node.

5.2 Results

At first the original RBF method will be tested using two activation functions of
global support and two activation functions of local support as already described
previously. For the compactly supported RBF's various support radius will be tested.
The RBF that achieves the best results in relation to the quality of the deformed
mesh and the angle of rotation at which inverted elements appear will be used
subsequently in the hybrid method. The latter will be tested with the weighting
functions that were presented in Section

5.2.1 Inverse quadratic

In this section the globally supported inverse quadratic function (Equation [5.1))
was chosen as activation function of the RBF network. The shape-parameter, &,
was selected to be equal to 1 in order to achieve a smooth decay of the kernel.
The sycamore leaf is repeatedly rotated in increasing angles until inverted elements
appear. The average value (fs), the standard deviation (of,) and the minimum
value (fssmin) Of the mesh quality metric that is introduced in Appendix |A|for each
angle of rotation are presented in Table [5.1]
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o(r) 5 10 15 20
fs 10934 | 0.897 | 0.850 | 0.798
o, | 0.052 | 0.083 | 0.127 | 0.176

Fosmin | 0.359 | 0.359 | 0.220 | 0.043

Table 5.1: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Inverse quadratic is the selected

RBF kernel
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(a) 5 degrees angle of rotation (b) 10 degrees angle of rotation
(c) 15 degrees angle of rotation (d) 20 degrees angle of rotation

00 o005 01 015 02 025 03 035 04 045 05 055 06 0465 07 075 08 08 09 09 10

(e) Size-shape metric

Figure 5.2: Application of the typical RBF mesh deformation method around a
sycamore leaf. The leaf rotates 5, 10, 15 and 20 degrees around the origin. Inverse
quadratic function was chosen as the activation function of the RBF network. Colour

corresponds to size-shape metric fss. For angles of rotation greater than 22 degrees
inverted elements appear
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5.2.2 Inverse multi-quadric

Next, the globally supported inverse multi-quadric function (Equation was cho-
sen as activation function of the RBF network. The shape-parameter, ¢, was selected
to be equal to 1. Similar to the previous section, the sycamore leaf is repeatedly
rotated in increasing angles until inverted elements appear. The average value ( fs),
the standard deviation (o) and the minimum value (fsmin) of the mesh quality
metric, which is introduced in Appendix [A] for each angle of rotation are presented
in Table 5.2

¢ (degrees) 15 20 25 30
Fus 0.887 0.849 0.807 0.762
or. 0.087 0.118 0.152 0.187

Jss min 0.359 0.295 0.196 0.080

Table 5.2: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Inverse multi-quadric is the selected
RBF kernel.
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(a) 15 degrees angle of rotation (b) 20 degrees angle of rotation

(c) 25 degrees angle of rotation (d) 30 degrees angle of rotation

00 o005 01 015 02 025 03 035 04 045 05 055 06 0465 07 075 08 08 09 09 10

(e) Size-shape metric

Figure 5.3: Application of the typical RBF mesh deformation method around a
sycamore leaf. The leaf rotates 15, 20, 25 and 30 degrees around the origin. Inverse
multi-quadric function was chosen as the activation function of the RBF network.

Colour corresponds to size-shape metric fss. For angles of rotation greater than 33
degrees inverted elements appear.
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5.2.3 Wendland C° (R, = 2)

Following the above functions with global support, in this section compactly sup-
ported function Wendland CV is selected as RBF kernel. At first a relative small
support radius, R, = 2 is used. The procedure is the same as previously. In Ta-
ble 5.3|the average value (f.s), the standard deviation (o, ) and the minimum value
(fss,min) Of the mesh quality metric for three angles of rotations are presented. As the
support radius R, is relative small, for angles greater than 12 degrees the deformed
mesh develops inverted elements.

¢ (degrees) 5 8 10
Fus 0.918 0.881 0.854
o5 0.070 0.108 0.138

Jss,min 0.359 0.239 0.067

Table 5.3: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Wendland C° with support radius
R, = 2 is the selected RBF' kernel.
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(a) 5 degrees angle of rotation (b) 8 degrees angle of rotation

(c) 10 degrees angle of rotation
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(d) Size-shape metric

Figure 5.4: Application of the typical RBF mesh deformation method around a
sycamore leaf. The leaf rotates 5, 8 and 10 degrees around the origin. Wendland
C° function with support radius Ry = 2 was chosen as the activation function of the
RBF network. Colour corresponds to size-shape metric fss. For angles of rotation
greater than 12 degrees inverted elements appear.
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5.2.4 Wendland C° (R, = 5)

In this section compactly supported function Wendland C? is selected once more as
RBF kernel but with a greater support radius Ry = 5. The procedure is the same
as previously. In Table 5.4/ the average value (fs), the standard deviation (o, ) and
the minimum value (fssmin) of the mesh quality metric for three angles of rotations
are presented. As the support radius R, is relative small, for angles greater than 26
degrees the deformed mesh develops inverted elements.

¢ (degrees) 10 15 20 25
Fes 0.908 0.867 0.819 0.765
o 0.065 0.091 0.122 0.157

Jss,min 0.359 0.359 0.253 0.046

Table 5.4: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Wendland C° with support radius
R, =5 is the selected RBF' kernel.
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(a) 10 degrees angle of rotation (b) 15 degrees angle of rotation
(c) 20 degrees angle of rotation (d) 25 degrees angle of rotation
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(e) Size-shape metric

Figure 5.5: Application of the typical RBF mesh deformation method around a
sycamore leaf. The leaf rotates 10, 15, 20 and 25 degrees around the origin. Wendland
C° function with support radius R, = 5 was chosen as the activation function of the
RBF network. Colour corresponds to size-shape metric fss. For angles of rotation
greater than 26 degrees inverted elements appear.
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5.2.5 Wendland C° (R; = 11)

Lastly, Wendland C° is selected as RBF kernel but with a relative big support radius
Ry = 11. The procedure is the same as previously. In Table the average value
(fss), the standard deviation (o) and the minimum value (fimm) of the mesh
quality metric for three angles of rotations are presented. For angles greater than

48 degrees the deformed mesh presents inverted elements.

¢ (degrees) 15 30 40 45
s 0.911 0.811 0.724 0.677
o 0.064 0.113 0.153 0.175

Jss,min 0.359 0.276 0.133 0.034

Table 5.5: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Wendland C° with support radius

R, = 11 is the selected RBF kernel.
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(a) 15 degrees angle of rotation (b) 30 degrees angle of rotation

(c) 40 degrees angle of rotation (d) 45 degrees angle of rotation
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(e) Size-shape metric

Figure 5.6: Application of the typical RBF mesh deformation method around a
sycamore leaf. The leaf rotates 15, 30, 40 and 45 degrees around the origin. Wendland
C° function with support radius Rs = 11 was chosen as the activation function of the
RBF network. Colour corresponds to size-shape metric fss. For angles of rotation
greater than 48 degrees inverted elements appear.
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5.2.6 Wendland C? (R, = 11)

Following Wendland C?, in this section the also compactly supported Wendland C?
is utilized as RBF kernel. As is is shown above, the bigger the radius of support
the better the quality of the deformed mesh. Therefore, for this case a relatively
big radius of support, R; = 11 is applied from the beginning. Similarly to previous,
in Table m the average value (f), the standard deviation (o) and the minimum
value (fssmin) Of the mesh quality metric for three angles of rotations are presented.
For angles greater than 69 degrees the deformed mesh appears inverted elements.

¢ (degrees) 15 30 45 60
Fus 0.922 0.843 0.734 0.624
o;. 0.064 0.120 0.191 0.260

Jssmin 0.359 0.177 0.088 0.054

Table 5.6: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Wendland C? with support radius
R, =11 is the selected RBF kernel.
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(a) 15 degrees angle of rotation (b) 30 degrees angle of rotation

(c) 45 degrees angle of rotation (d) 60 degrees angle of rotation
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Figure 5.7: Application of the typical RBF mesh deformation method around a
sycamore leaf. The leaf rotates 15, 30, 45 and 60 degrees around the origin. Wendland
C? function with support radius Rs = 11 was chosen as the activation function of the
RBF network. Colour corresponds to size-shape metric fss. For angles of rotation
greater than 69 degrees inverted elements appear.
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5.2.7 Wendland C? (R; = 11) with Gaussian (¢ = 0.5) as

weighting function

At this stage the proposed hybrid method is applied. Wendland C? function with
a support radius Ry = 11 is used as the activation function of the RBF network.
Gaussian function with a shape-parameter € = 0.5 is used as the weighting function.
In Table [5.7| the average value (f.;), the standard deviation (o) and the minimum
value (fssmin) Of the mesh quality metric for three angles of rotations are presented.

¢ (degrees) 15 30 45 55
Fes 0.919 0.839 0.738 0.671
- 0.069 0.139 0.225 0.279

Jss,min 0.359 0.177 0.088 0.010

Table 5.7: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Wendland C? with support radius
Rs; = 11 is the selected RBF kernel and Gaussian with € = 0.5 is the weighting

function.
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(a) 15 degrees angle of rotation (b) 30 degrees angle of rotation

(c) 45 degrees angle of rotation (d) 55 degrees angle of rotation
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(e) Size-shape metric

Figure 5.8: Application of the hybrid RBF mesh deformation method around a
sycamore leaf. The leaf rotates 15, 30, 45 and 55 degrees around the origin. Wend-
land C? function with support radius Ry = 11 was chosen as the activation function
of the RBF network, while Gaussian function with € = 0.5 was the selected weighting
function. Colour corresponds to size-shape metric fss. For angles of rotation greater
than 58 degrees inverted elements appear. 45



5.2.8° Wendland C? (R; = 11) with Gaussian (¢ = 1) as

weighting function

The proposed hybrid method is applied once more. Wendland C? function with
a support radius Ry = 11 is used as the activation function of the RBF network.
Gaussian function with a shape-parameter € = 1 is used as the weighting function.
In Table [5.8] the average value (f.;), the standard deviation (o) and the minimum
value (fssmin) Of the mesh quality metric for three angles of rotations are presented.

¢ (degrees) 15 30 45 60
Fes 0.920 0.839 0.734 0.626
o, 0.066 0.129 0.209 0.288

Jss,min 0.359 0.177 0.088 0.009

Table 5.8: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Wendland C? with support radius
Rs = 11 is the selected RBF kernel and Gaussian with € = 1 is the weighting function.
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(a) 15 degrees angle of rotation (b) 30 degrees angle of rotation

(c) 45 degrees angle of rotation (d) 60 degrees angle of rotation
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(e) Size-shape metric

Figure 5.9: Application of the hybrid RBF mesh deformation method around a
sycamore leaf. The leaf rotates 15, 30, 45 and 60 degrees around the origin. Wendland
C? function with support radius Rs = 11 was chosen as the activation function of the
RBF network, while Gaussian function with e = 1 was the selected weighting function.
Colour corresponds to size-shape metric fss. For angles of rotation greater than 64
degrees inverted elements appear. a7



5.2.9 Wendland C? (R; = 11) with Wendland C° as weight-

ing function

Lastly the proposed hybrid method is applied with Wendland C° function as the
weighting function.. Wendland C? function with a support radius R, = 11 is used
as the activation function of the RBF network. In Table the average value (f),
the standard deviation (o) and the minimum value (fsmin) of the mesh quality
metric for three angles of rotations are presented.

¢ (degrees) 15 30 45 60
s 0.924 0.857 0.775 0.692
o 0.072 0.140 0.217 0.289

Jssmin 0.272 0.067 0.029 0.008

Table 5.9: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of sycamore leaf. Wendland C? with support radius
R, = 11 is the selected RBF kernel and Wendland C° is the weighting function.
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(a) 15 degrees angle of rotation (b) 30 degrees angle of rotation

(c) 45 degrees angle of rotation (d) 60 degrees angle of rotation
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(e) Size-shape metric

Figure 5.10: Application of the hybrid RBF mesh deformation method around a
sycamore leaf. The leaf rotates 15, 30, 45 and 60 degrees around the origin. Wendland
C? function with support radius Rs = 11 was chosen as the activation function of the
RBF network, while Wendland C° function, deployed as globally supported function,
was the selected weighting function. Colour corresponds to size-shape metric fss. For
angles of rotation greater than 61 degrees inverted elements appear.
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5.3 Comments

Regarding the typical RBF mesh morphing method, it is observed that compactly
supported functions, with a big enough radius of support (not big enough to enclose
the whole mesh domain), have a more robust behavior than functions with global
support. The deformed mesh is of higher quality for the same angle of rotation,
while inverted elements appear in much greater angles. That is the case when the
radius of support is big enough to influence all the internal mesh nodes. For smaller
radius the deformed mesh presents inverted elements for considerably smaller angles
of rotation. When Wendland C?, with R, = 11, is used as RBF kernel the mesh can
accommodate angles of rotation above sixty degrees. However, it should be noted
that at these angles there are cells with fi near to zero. Even though the mesh does
not present inverted elements, in practice it may be unsuitable for simulations since
some cells are close to degeneration.

The hybrid RBF mesh morphing method achieves similar results when Gaussian
with € = 1 is used as weighting function. The deformed mesh in each angle of
rotation does not present an improvement regarding the average size-shape metric
compared to typical RBF method. The main asset of the hybrid method is the fact
that near the boundary, where greater gradients of pressure and velocity occur, the
mesh preserves its quality as it is shown in above figures. It is observed that cells
with low quality appear farther from the boundary in comparison with typical RBF
method.

50



Chapter 6

Application to the mesh around a

rotated four element airfoil

6.1 Problem description

In this chapter, the RBF method and the proposed hybrid method are applied to
deform the mesh around a rotated four element airfoil within a stationary bounding
contour. Between the airfoil and the outer contour, a mesh with triangular elements
is generated using the advanced-front method [36] with a software of PCOpt/NTUA.
The mesh is provided from PCOpt/NTUA in two files (i.e., LTT format: one file with
nodes coordinates and one file with nodes connectivity), and it is then transformed
in VTK file format in order to be compatible with ParaView [37|. For this purpose,
software that converts both 2D and 3D LTT unstructured meshes into VITK format
was developed. Additionally, every element of the mesh is colored according to its
shape quality (see Appendix[A]) through a color-quality mapping. Figure[6.1]depicts
the original mesh as it is visualized in ParaView.

The airfoil rotates around the origin, and subsequently, the internal mesh is de-
formed, conforming to the updated boundary nodes locations. The aim is to test
both methods with locally supported activation functions and compare the resulting
deformed meshes.
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(a) Whole mesh around the four-element airfoil

(b) Zoomed view of the mesh around the four-element airfoil
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(c) Size-shape metric

Figure 6.1: The original mesh with triangular elements around a four-element airfoil
as it was provided from software of PCOpt/NTUA
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6.2 Results

At first the original RBF method will be tested using one activation function of
global support and two activation functions of local support.

6.2.1 Exponential

In this section the globally supported exponential function (Equation|6.1]) was chosen
as activation function of the RBF network. The airfoil is repeatedly rotated in
increasing angles until inverted elements appear.

e (6.1)

In order to understand the way that the decay of the kernel affects the resulted mesh
two shape-parameters, ¢, are utilized.

Shape parameter € = 0.1

Here ¢ of Equation is set equal to 0.1. The average value (fs), the standard
deviation (oy.) and the minimum value (fsmin) of the mesh quality metric that
is introduced in Appendix [A] for each angle of rotation are presented in Table [6.1]
For angles of rotation greater than 60 degrees the resulted mesh presents inverted
elements.

é(r) | 15 | 30 | 45 | 60

fs 1 0.960 | 0.930 | 0.883 | 0.822
o, | 0.048 | 0.068 | 0.102 | 0.150

Sss,min | 0.088 | 0.075 | 0.060 | 0.045

Table 6.1: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the airfoil. Exponential with € = 0.1 is the selected

RBF kernel.

Shape-parameter € = 1

Next, € of Equation is set equal to 1. The average value (E), the standard
deviation (os,) and the minimum value (fsmin) of the mesh quality metric, that
is introduced in Appendix [A] for each angle of rotation are presented in Table
[6.2] For angles of rotation greater than 55 degrees the resulted mesh presents inverted
elements.
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o(r) | 15 30 45 55
Fss | 0.949 | 0.900 | 0.831 | 0.777
o, | 0.057 | 0.099 | 0.160 | 0.205

Fesmin | 0.075 | 0.052 | 0.030 | 0.014

Table 6.2: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the airfoil. Exponential with € =1 is the selected

RBF kernel.
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(a) e=0.1
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(c) Size-shape metric

Figure 6.2: Application of the original RBF mesh deformation method around a
four-element airfoil. The airfoil rotates 45 degrees around the origin. FExponential
function with € = 0.1 and ¢ = 1 was chosen as the activation function of the RBF

network.
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6.2.2 Wendland C°

In this section the locally supported Wendland C° function (see Table was
chosen as activation function of the RBF network. The airfoil is repeatedly rotated in
increasing angles until inverted elements appear. The activation function is deployed
using two different radius of support, Ry = 5 and R = 19.

Support radius R; = 5

Now, the support radius is increased to R, = 19 in order to see if the deformed mesh
is of higher quality. The average value (fs), the standard deviation (o) and the
minimum value (fs min) Of the mesh quality metric that is introduced in Appendix
[A] for each angle of rotation are presented in Table [6.3] For angles of rotation greater
than 55 degrees the resulted mesh presents inverted elements.

d(r) | 15 30 45 60

Fs | 0958 | 0.923 | 0.872 | 0.807
op. | 0.050 [ 0.073 | 0.112 | 0.164

Sss,min | 0.085 | 0.069 | 0.052 | 0.036

Table 6.3: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the airfoil. Wendland C° with support radius
R; =5 is the selected RBF' kernel.

Support radius R; = 19

Now, the support radius is increased to Ry = 19 in order to see if the deformed mesh
is of higher quality. The average value (fs), the standard deviation (o) and the
minimum value (fs min) Of the mesh quality metric that is introduced in Appendix
[A] for each angle of rotation are presented in Table [6.4l For angles of rotation greater
than 55 degrees the resulted mesh presents inverted elements.

d(r) | 15 | 30 | 45 | 60

Fs | 0961 | 0.931 | 0.885 | 0.825
os. | 0.048 | 0.067 | 0.101 | 0.147

Sssmin | 0.088 | 0.075 | 0.061 | 0.046

Table 6.4: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the airfoil. Wendland C° with support radius
Rs; = 19 is the selected RBF kernel.
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(c) Size-shape metric

045 05 085 06 065 07 075 08

Figure 6.3: Application of the original RBF mesh deformation method around a
four-element airfoil. The airfoil rotates 45 degrees around the origin. Wendland C°
function with Rs = 5 and Rs = 19 was chosen as the activation function with compact

support of the RBF network.
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6.2.3 Wendland C?

In this section the locally supported Wendland C? function (see Table was
chosen as activation function of the RBF network. The airfoil is repeatedly rotated in
increasing angles until inverted elements appear. The activation function is deployed
using two different radius of support, Ry = 5 and R, = 10.

Support radius R; = 2

The support radius is set to a relative small value, R; = 2. The average value (E),
the standard deviation (o) and the minimum value (fsmin) of the mesh quality
metric that is introduced in Appendix [A] for each angle of rotation are presented in
Table[6.5] For angles of rotation greater than 50 degrees the resulted mesh presents
inverted elements.

é(r) | 15 | 30 | 45 | 50

fs | 0967 | 0.954 | 0.939 | 0.934
or. | 0.049 | 0.068 | 0.093 | 0.103

Sssmin | 0.093 | 0.088 | 0.042 | 0.005

Table 6.5: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the airfoil. Wendland C? with support radius
R, = 2 is the selected RBF kernel.

Support radius R, = 10

Now, the support radius is increased to Ry = 10 in order to see if the deformed mesh
is of higher quality. The average value (f), the standard deviation (o) and the
minimum value (fs min) Of the mesh quality metric that is introduced in Appendix
[A] for each angle of rotation are presented in Table[6.6] It is observed that Wendland
C? with a big enough support radius (i.e. R, = 10) can achieve deformed meshes
with zero inverted elements even for angles of rotation equal to 90 degrees as it is

depicted in Figure [6.5]

é(r) | 15 | 30 | 45 60 75 90

fs 10976 | 0.974 | 0.971 | 0.966 | 0.961 | 0.956
or. | 0.043 | 0.045 | 0.052 | 0.063 | 0.078 | 0.097
Sssmin | 0.098 | 0.098 | 0.097 | 0.097 | 0.096 | 0.096

Table 6.6: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the airfoil. Wendland C? with support radius
Ry =10 is the selected RBF kernel.
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(a) Rs =

(b) R, = 10
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(c) Size-shape metric

Figure 6.4: Application of the original RBF mesh deformation method around a
four-element airfoil. The airfoil rotates 45 degrees around the origin. Wendland C?
function with Rs = 2 and Rs = 10 was chosen as the activation function with compact

support of the RBF network.
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(a) Size-shape metric

Figure 6.5: Application of the original RBF mesh deformation method around a
four-element airfoil. The airfoil rotates 90 degrees around the origin. Wendland C?
function with Ry = 10 was chosen as the activation function with compact support of
the RBF network.

6.2.4 Wendland C? (R, = 2) with Gaussian as weighting

function

At this stage the proposed hybrid method is applied. Wendland C? function with
a support radius R; = 2 is used as the activation function of the RBF network.
Gaussian function with € = 0.5 and € = 2 is used as the weighting function.

Shape-parameter of weighting function € = 0.5

Shape-parameter of the weighting function is set equal to 0.5 in order to achieve
a smooth transition. In Table the average value (fs), the standard deviation
(0,.) and the minimum value (fs min) of the mesh quality metric for four angles of
rotation are presented.
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o(r) 15 30 45 60

fs 10975 | 0,973 | 0.969 | 0.966
op. | 0.044 | 0.053 | 0.067 | 0.084

Sssmin | 0.099 | 0.099 | 0.099 | 0.003

Table 6.7: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the airfoil. Wendland C? with support radius
Rs = 2 is the selected RBF kernel and Gaussian function with shape-parameter e = 0.5
is the weighting function.

Shape-parameter of weighting function € = 2

Shape-parameter of the weighting function is increased to 2 and thus the transition
is less smooth. In Tablethe average value (fi), the standard deviation (o) and
the minimum value (fssmin) of the mesh quality metric for three angles of rotation
are presented.

o(r) | 15 30 45

fs | 0.974 | 0.970 | 0.965
os. | 0.046 | 0.060 | 0.079

Sssmin | 0.099 | 0.099 | 0.009

Table 6.8: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the airfoil. Wendland C? with support radius
Rs; = 2 is the selected RBF kernel and Gaussian function with shape-parameter € = 2
is the weighting function.
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Figure 6.6: Application of the original RBF mesh deformation method around a
four-element airfoil. The airfoil rotates 45 degrees around the origin. Wendland C?
function with Ry = 2 was chosen as the activation function with compact support of
the RBF network. Gaussian function with € = 0.5 and € = 2 is the selected weighting
function.
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6.2.5 Wendland C? (R; = 2) with Wendland C° as weight-

ing function

Following, the proposed hybrid method is applied using Wendland C° function as
the weighting function, but deployed with global support. Similarly to previous test,
Wendland C? with R, = 2 is deployed again as the activation function of the RBF
network. The average value (fy), the standard deviation (o) and the minimum
value (fssmin) Of the mesh quality metric that is introduced in Appendix [A| for each
angle of rotation are presented in Table [6.9]

o(r) | 15 30 45 60
fs 10976 | 0.975 | 0.973 | 0.970
0. | 0.043 | 0.044 | 0.048 | 0.055

Fsmin | 0.099 | 0.099 | 0.099 | 0.099

Table 6.9: Average value, standard deviation and minimum value of the mesh quality
Wendland C? with support radius
R, = 2 is the selected RBF kernel and Wendland C° function deployed with global
support is the weighting function.

metric for each angle of rotation of the airfoil.
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(a) 15 degrees angle of rotation (b) 30 degrees angle of rotation

(c) 45 degrees angle of rotation (d) 60 degrees angle of rotation
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(e) Size-shape metric

Figure 6.7: Application of the hybrid RBF mesh deformation method around a four
element airfoil. The airfoil rotates 15, 30, 45 and 60 degrees around the origin. Wend-
land C? function with support radius Ry = 2 was chosen as the activation function of
the RBF network, while Wendland C° function with deployed with global support was
the selected weighting function. Colour corresponds to size-shape metric fs.

6.3 Comments

The mesh around the airfoil has the peculiarity that it is quite sparse away from
it. Using an appropriate activation function the mesh does not present inverted
elements even for extremely large angles of rotation. For that reason exponential
function with smaller shape-parameter, ¢ (smoother decay), achieves better results.
Similarly, compactly supported Wendland C° and Wendland C? produce meshes
of higher quality as radius of support R, increases. For instance, when Wendland
C? with R, = 10 is utilized as the activation function of the RBF network the
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method can support angles of rotation greater than 90 degrees. Even though such
big angles are not often encountered in an optimization cycle, that is not the case
for aeroelasticity problems or flow simulations in the presence of moving bodies.

The hybrid RBF mesh morphing method achieves similar results when Wendland
C? is used as weighting function. The deformed mesh in each angle of rotation does
not present an improvement regarding the average size-shape metric compared to
typical RBF method. At this case, the accomplishment of the hybrid method is the
fact that can produce deformed meshes of good enough quality but using relative
small support radius for the RBF kernel.
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Chapter 7

Application to the mesh around a
four element airfoil with moving

slats and flaps

7.1 Problem description

In this chapter, the RBF method and the proposed hybrid method are applied to de-
form the mesh around a four element airfoil, which contains moving slats and flaps,
within a stationary bounding contour. Between the airfoil and the outer contour,
a mesh with triangular elements is generated using the advanced-front method [36]
with a software of PCOpt/NTUA. The mesh is provided from PCOpt/NTUA in two
files (i.e., LTT format: one file with nodes coordinates and one file with nodes con-
nectivity), and it is then transformed in VTK file format in order to be compatible
with ParaView [37]. For this purpose, software that converts both 2D and 3D LTT
unstructured meshes into VIT'K format was developed. Additionally, every element
of the mesh is colored according to its shape quality (see Appendix through a
color-quality mapping. Figure depicts the original mesh as it is visualized in
ParaView.

The flaps and the slats of the airfoil move up or down while the main element of the
airfoil remains stationary. An instance of this movement is depicted in Figure [7.1]
Subsequently, the internal mesh is deformed, conforming to the updated boundary
nodes locations. The aim is to test both methods with locally supported activation
functions and compare the resulting deformed meshes.
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(a) Initial four element airfoil configuration

T —_—_y,, ( —y,,
-\ \
(b) Slats and flaps move upwards (c) Slats and flaps move downwards

Figure 7.1: Slats and flaps movement

7.2 Results

At first the original RBF method will be tested using one activation function of
global support and two activation functions of local support.

7.2.1 Exponential

In this section the globally supported exponential function (Equation|6.1]) was chosen
as activation function of the RBF network. Slats and flaps of the airfoil move as
described above.
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Shape parameter € = 0.1

Here ¢ of Equation is set equal to 0.1. The average value (fs), the standard
deviation (o) and the minimum value (fsmin) of the mesh quality metric that
is introduced in Appendix [A] for each movement of the elements of the airfoil are

presented in Table

movement | upwards downwards
T 0.923 0.933
o, 0.094 0.066
Jss,min 0.106 0.106

Table 7.1: Average value, standard deviation and minimum value of the mesh quality
metric for each movement of airfoil’s elements. Exponential with e = 0.1 is the selected

RBF kernel.
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(a) Slats and flaps move upwards

(b) Slats and flaps move downwards
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(c) Size-shape metric
Figure 7.2: Application of the original RBF mesh deformation method around a

four-element airfoil. Slats and flaps of the airfoil move upwards and downwards.

Exponential function with € = 0.1 was chosen as the activation function of the RBF
network.
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Shape parameter € = 2

Following, ¢ of Equation [6.1]is increased to 2 and thus the RBF decays more sharply.
The average value (fs), the standard deviation (o) and the minimum value ( fi min)
of the mesh quality metric that is introduced in Appendix [A] for each movement of
the elements of the airfoil are presented in Table [7.2]

movement | upwards downwards
fes 0.901 0.924
oy 0.147 0.085
Jssmin 0.099 0.098

Table 7.2: Average value, standard deviation and minimum value of the mesh quality
metric for each movement of airfoil’s elements. Exponential with € = 2 is the selected
RBF kernel.
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(a) Slats and flaps move upwards

(b) Slats and flaps move downwards
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(c) Size-shape metric
Figure 7.3: Application of the original RBF mesh deformation method around a

four-element airfoil. Slats and flaps of the airfoil move upwards and downwards.

Exponential function with ¢ = 2 was chosen as the activation function of the RBF
network.
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7.2.2 Wendland C°

In this section the locally supported Wendland C° function (see Table was
chosen as activation function of the RBF network. Slats and flaps of the airfoil
move as described above.

Radius of support R, =1

Here radius of support of the RBF kernel is set equal to 1. The average value (fs),
the standard deviation (o) and the minimum value (fsmin) of the mesh quality
metric that is introduced in Appendix [A] for each movement of the elements of the
airfoil are presented in Table [7.3]

movement | upwards downwards
fes 0.917 0.932
ot 0.098 0.070
Fssmin 0.071 0.115

Table 7.3: Average value, standard deviation and minimum value of the mesh quality
Wendland C° with Ry = 1 is the

metric for each movement of airfoil’s elements.

selected RBF kernel.
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(a) Slats and flaps move upwards

(b) Slats and flaps move downwards

00 o005 01 015 02 025 03 035 04 045 05 055 06 0485 07 076 08 08 09 08 10

(c) Size-shape metric

Figure 7.4: Application of the original RBF mesh deformation method around a four-
element airfoil. Slats and flaps of the airfoil move upwards and downwards. Wendland
C° with Ry = 1 was chosen as the activation function of the RBF network.
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Radius of support R, =5

Here radius of support of the RBF kernel is increased to 5. The average value (E),
the standard deviation (o) and the minimum value (fsmin) of the mesh quality
metric that is introduced in Appendix [A] for each movement of the elements of the

airfoil are presented in Table [7.4]

movement | upwards downwards
fes 0.921 0.934
oy, 0.095 0.067
Jss,min 0.081 0.108

Table 7.4: Average value, standard deviation and minimum value of the mesh quality
Wendland C° with Ry = 5 is the

metric for each movement of airfoil’s elements.

selected RBF kernel.
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(a) Slats and flaps move upwards

(b) Slats and flaps move downwards

00 o005 01 015 02 025 03 035 04 045 05 055 06 0485 07 076 08 08 09 08 10

(c) Size-shape metric

Figure 7.5: Application of the original RBF mesh deformation method around a four-
element airfoil. Slats and flaps of the airfoil move upwards and downwards. Wendland
C° with Ry = 5 was chosen as the activation function of the RBF network.
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7.2.3 Wendland C?

Lastly, the locally supported Wendland C? function (see Table was chosen as
activation function of the RBF network. Slats and flaps of the airfoil move as

described above.

Radius of support R, =1

Here radius of support of the RBF kernel is set equal to 1. The average value (fs),
the standard deviation (o) and the minimum value (fsmin) of the mesh quality
metric that is introduced in Appendix [A] for each movement of the elements of the
airfoil are presented in Table [7.5]

movement | upwards downwards
fes 0.904 0.928
oy, 0.141 0.084
Fssmin 0.090 0.103

Table 7.5: Average value, standard deviation and minimum value of the mesh quality
Wendland C? with Ry = 1 is the

metric for each movement of airfoil’s elements.

selected RBF kernel.
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(a) Slats and flaps move upwards

(b) Slats and flaps move downwards

00 0605 01 015 02 025 03 035 04 045 05 055 06 065 07 075 08 08 09 09 10
(c) Size-shape metric

Figure 7.6: Application of the original RBF mesh deformation method around a four-
element airfoil. Slats and flaps of the airfoil move upwards and downwards. Wendland
C? with Ry = 1 was chosen as the activation function of the RBF network.
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Radius of support R, =5

Here radius of support of the RBF kernel is increased to 5. The average value (E),
the standard deviation (o) and the minimum value (fsmin) of the mesh quality
metric that is introduced in Appendix [A] for each movement of the elements of the

airfoil are presented in Table [7.6]

movement | upwards downwards
fss 0.903 0.925
o, 0.143 0.084
Jss,min 0.099 0.099

Table 7.6: Average value, standard deviation and minimum value of the mesh quality
Wendland C? with Ry = 5 is the

metric for each movement of airfoil’s elements.

selected RBF kernel.
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(a) Slats and flaps move upwards

(b) Slats and flaps move downwards

00 0605 01 015 02 025 03 035 04 045 05 055 06 065 07 075 08 08 09 09 10
(c) Size-shape metric

Figure 7.7: Application of the original RBF mesh deformation method around a four-
element airfoil. Slats and flaps of the airfoil move upwards and downwards. Wendland
C? with Ry = 5 was chosen as the activation function of the RBF network.
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7.2.4 Wendland C° (R, = 5) with Exponential weighting

function

At this stage the proposed hybrid method is applied. Wendland C° function with
a support radius R; = 5 is used as the activation function of the RBF network
while exponential is the selected weighting function. As it is depicted in Figure
inverted elements appear between moving and stationary bodies. This is the case
for all combinations of activation and weighting functions that were tested.
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(a) Between moving and stationary elements inappropriate elements appear

(b) Region between the main element and the first flap

00 005 01 015 02 025 03 035 04

045 05 0585 06 065 07 075 08 08 09 09 10

(c) Size-shape metric

Figure 7.8: Application of the hybrid RBF mesh deformation method around a four-
element airfoil. Slats and flaps of the airfoil move downwards. Wendland C° with
Rs = 5 was chosen as the activation function of the RBF network and exponential

function was the selected weighting function. The hybrid method fails to deform the
mesh appropriately.
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Chapter 8

Application to the mesh around

an aircraft

8.1 Problem description

In this chapter, the RBF method and the proposed hybrid method are applied to
deform the mesh around an aircraft within a stationary bounding sphere. Between
the aircraft and the outer sphere, a mesh with tetrahedral elements is generated
using the advanced-front method [36]. The mesh is provided in two files (i.e., LTT
format: one file with nodes coordinates and one file with nodes connectivity), and it
is then transformed in VTK file format in order to be compatible with ParaView [37].
For this purpose, software that converts both 2D and 3D LTT unstructured meshes
into VTK format was developed. Additionally, every element of the mesh is colored
according to its shape quality (see Appendix through a color-quality mapping.
Figure depicts the original mesh as it is visualized in ParaView.

An increasing pitch angle is applied to the aircraft, and subsequently, the internal
mesh is deformed, conforming to the updated boundary nodes locations. Original
RBF method using Wendland C° and Wendland C? as activation functions (see

Table 2.2).

The unstructured mesh around the aircraft consists of 87965 nodes, of which the
5836 are boundary, and form 511888 tetrahedra. The whole set of the 5836 boundary
nodes constitute the set of the centers that train the RBF network.
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Figure 8.1: The original mesh with tetrahedral elements around an aircraft
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(a) Size-shape metric

Figure 8.2: Sectional view of the aircraft and its mesh from a different viewpoint
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8.2 Results

8.2.1 Wendland C°

In this section the locally supported Wendland C° function (see Table was
chosen as activation function of the RBF network. The aircraft rotates along pitch
axis for 5 degrees. The activation function is deployed with a radius of support
equal to 40. For pitch angles greater than 5 degrees inverted elements appear on
the deformed mesh. The average value (fs), the standard deviation (o) and the
minimum value (fsmin) of the mesh quality metric that is introduced in Appendix
[A] for pitch angle equal to 5 degrees are presented in Table [8.1]

é(r) | 5
fs | 0.368
oy, | 0.216

Sssmin | 0.002

Table 8.1: Awverage value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the aircraft. Wendland C° with support radius
Ry = 40 is the selected RBF kernel.
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(a) Initial mesh

00 0605 01 015 02 02 03 035 04 045 05 055 06 065 07 075 08 08 09 09 10
[

(c) Size-shape metric

Figure 8.3: Application of the original RBF mesh deformation method around an
aircraft. The aircraft rotates 5 degrees around the pitch axis. Wendland C° function

with Rs = 40 was chosen as the activation function with compact support of the RBF
network
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8.2.2 Wendland C?

Hereupon the locally supported Wendland C? function (see Table was chosen
as activation function of the RBF network. The aircraft is repeatedly rotated along
pitch axis until inverted elements appear. The activation function is deployed with
two radius of support Ry = 21 and R, = 40.

Support radius R; = 21

At first radius of support is set equal to 21 in order to enclose at least the whole
boundary of the aircraft. The average value (fs), the standard deviation (o7y.,)
and the minimum value (fsmin) of the mesh quality metric that is introduced in
Appendix [A] for pitch angles equal to 5, 8, 10 and 12 degrees are presented in Table
8.2

o(r) 5 8 10 12

fs ] 0.367 | 0.365 | 0.363 | 0.362
op. | 0215 ] 0.213 | 0.212 | 0.211

Sssmin | 0.002 | 0.002 | 0.002 | 0.002

Table 8.2: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the aircraft. Wendland C? with support radius
Ry, = 21 is the selected RBF kernel.
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(b) Deformed mesh for rotation of 10 degrees along pitch axis
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shape metric

(c) Size

Application of the original RBF mesh deformation method around an

aircraft. The aircraft rotates 10 degrees around the pitch azis. Wendland C? function

.
.

Figure 8.4

with Rs = 21 was chosen as the activation function with compact support of the RBF

network
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Support radius R; = 40

Here radius of support is increased to 40 in order to achieve a greater angle of
rotation. The average value (fs), the standard deviation (o) and the minimum
value (fssmin) Of the mesh quality metric that is introduced in Appendix [Alfor pitch
angles equal to 5, 10, 12 and 15 degrees are presented in Table [8.3] For angles
greater than 15 degrees inverted elements appear.

op(r) | 5 10 12 15
fs | 0.369 | 0.367 | 0.367 | 0.367
o, | 0.216 | 0.216 | 0.215 | 0.215

Fesmin | 0.002 | 0.002 | 0.002 | 0.002

Table 8.3: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the aircraft. Wendland C? with support radius
R, = 21 is the selected RBF kernel.
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(a) Initial mesh

(b) Deformed mesh for rotation of 15 degrees along pitch axis
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shape metric

(c) Size

Application of the original RBF mesh deformation method around an

aircraft. The aircraft rotates 15 degrees around the pitch axis. Wendland C? function

.
.

Figure 8.5

40 was chosen as the activation function with compact support of the RBF

s =

with R,

network
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8.2.3 Wendland C? (R; = 40) with Gaussian as weighting

function

At this stage the proposed hybrid method is applied. Wendland C° function with a
support radius Ry = 40 is used as the activation function of the RBF network while
exponential is the selected weighting function. The average value ( fi), the standard
deviation (o) and the minimum value (fimin) Of the mesh quality metric that is
introduced in Appendix [A] for pitch angle equal to 3 degrees are presented in Table
B.4] For angles greater than 4 degrees inverted elements appear.

é(r) 5
Fs 0.369
o5 0.217
Foomin | 3.99 107°

Table 8.4: Average value, standard deviation and minimum value of the mesh quality
metric for each angle of rotation of the aircraft. Wendland C? with support radius
Rs = 40 is the selected RBF kernel and exponential function is the weighting function.
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(a) Initial mesh

TS 7 KN NS } A \\,.f \ SN
(b) Deformed mesh for rotation of 3 degrees along pitch axis

00 o005 01 015 02 025 03 035 04 045 05 055 06 0485 07 076 08 08 09 08 10

(c) Size-shape metric

Figure 8.6: Application of the original RBF mesh deformation method around an
aircraft. The aircraft rotates 3 degrees around the pitch axis. Wendland C? function
with Rs = 40 was chosen as the activation function with compact support of the RBF
network while exponential was the selected weighting function.
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Chapter 9

Aggregate results

This chapter compares the two methods together with the various activation and
weighting functions that were deployed previously.

9.1 Rotated sycamore Leaf

In this section the two methods together with the various activation functions are
compared. In Table the average value (fss), the standard deviation (o) and the
minimum value (fsmin) of the mesh quality metric, for an angle of rotation equal
to 30 degrees, are presented.

Function fss Ofee | Sssymin
Inverse quadratic 0.696 | 0.258 0
Inverse multiquadric 0.762 | 0.187 | 0.080
Wendland C° (R, = 11) 0.811 | 0.113 | 0.276
Wendland C? (R, = 11) 0.843 | 0.120 | 0.177
Wendland C? (R, = 11) (hybrid) | 0.857 | 0.140 | 0.067

Table 9.1: Average value, standard deviation and minimum value of the mesh quality
metric for angle of rotation of the sycamore leaf equal to 30 degrees.
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It is seen that compactly supported RBFs achieve better results. Regarding the
hybrid method, the deformed mesh is slightly of a better quality. It should be noted
that the main asset of that approach is that near the solid boundary the deformed
mesh is almost of similar quality of initial mesh. This is quite important as at that
regions great gradients of pressure and velocity occur and thus the mesh should be
as of higher quality as it gets in order the flow to be simulated properly.

9.2 Rotated four-element airfoil

Hereupon, the same procedure is followed for the mesh around a rotated four-element
airfoil. This time the angle of rotation is set to be equal to 60 degrees as the present
mesh can conform to bigger angles of rotation.

Function fss Ofee | fssmin
Exponential 0.822 | 0.150 | 0.045
Wendland C° (R, = 5) 0.807 | 0.164 | 0.036
Wendland C° (R, = 19) 0.825 | 0.147 | 0.046
Wendland C? (R, = 10) 0.966 | 0.063 | 0.097
Wendland C? (R, = 2) (hybrid) | 0.970 | 0.055 | 0.099

Table 9.2: Average value, standard deviation and minimum value of the mesh quality
metric for angle of rotation of the four-element airfoil equal to 60 degrees.

Regarding the typical RBF method, Wendland C? presents the most robust behav-
ior. Even for angles of rotation equal to 90 degrees the mesh does not presents
inverted elements. The hybrid RBF method achieves similar results when Wend-
land C? is used as weighting function. Although the deformed mesh does not present
an improvement regarding the average size-shape metric compared to typical RBF
method, the accomplishment of the hybrid method is the fact that can produce de-
formed meshes of same or better quality but using a relative smaller support radius
for the RBF kernel. The latter leads to sparse interpolation matrices which can be
solved more computationally efficiently than dense ones.
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9.3 Aircraft

Lastly the results that derive from the application to the mesh around a three-
dimensional aircraft are presented. At this case the mesh contains a quite large
number of elements (511888 tetrahedra). Therefore it does not make sense to com-
pare its quality metrics as they arise after the application of the various functions
and methods. It is more meaningful to see the maximum angle of rotation that a
method can achieve without inverted elements appear as it is shown in Table 9.3

Function ¢crit
Wendland C° (R, = 40) 5°
Wendland C? (R, = 21) 12°
Wendland C? (R, = 40) 16°

Wendland C? (R, = 40) (hybrid) 4°

Table 9.3: Critical angles of rotation

The standard RBF method with Wendland C? as activation function is clearly the
most robust. Especially when it is applied with a sufficiently large radius of influence,
it can support angles of rotation equal to 16 degrees.
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Chapter 10

Summary - Conclusion

The present diploma thesis focuses on developing and programming a mesh defor-
mation algorithm that uses an RBF network and quaternions defined on boundary
nodes. The need for adapting an existing mesh to displaced boundaries arises in
many applications (e.g., shape optimization, aeroelasticity problems, flow simula-
tions in the presence of moving bodies). For industrial-scale applications, remeshing
is highly costly, and it might also hinder the continuation of new simulations from
available numerical solutions on the unstructured mesh. Therefore, an automated
algorithm that morphs the existing mesh is used instead.

Quaternions are four-element vectors that are ideal for modeling rotations in three-
dimensional space. RBF networks use radial basis functions as activation functions,
and they are extensively employed in mesh morphing applications. The proposed
hybrid approach couples the known RBF method with quaternions in order to pro-
duce a higher quality mesh near the boundary, where greater gradients of pressure
and velocity occur.

The training of the RBF network requires solving two (for 2D cases) or three (for
3D cases) linear systems. These linear systems have the same coefficient matrix,
which is also symmetric, and thus Cholesky decomposition is applied in order to
solve them. The Quaternions are defined on the source nodes (i.e., boundary nodes)
by comparing the orientation of the boundary normals between undeformed and
deformed mesh. Subsequently, the boundary displacement is propagated into the
internal mesh nodes as a weighted sum of the displacement of the closest boundary
node and the displacement that emerges typically from the RBF method. The
weights on the sum mentioned above are determined from a weighting function.
The weighting function is deployed in such a way that quaternions have strong
influence near the boundary which erodes as the distance increases. Therefore, the
primary condition is the output of the function to decrease smoothly as distance
increases.
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Both methods were tested using various combinations of activation and weighting
functions. The deformed meshes were presented together with their quality metrics.
In order to be able to evaluate the various meshes, each element is colored through
a color-quality mapping.
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Appendix A

Measuring mesh quality

A.1 Impact of mesh quality

Arguably, mesh quality can have a significant influence on the accuracy and efficiency
of numerical simulations. A high-quality mesh can lead to faster convergence of
the solver and accurate simulation results. While increasing the fineness level will
typically yield a higher quality mesh, the computational cost will also significantly
increase. Therefore, it is safe to say that the aim is to achieve an optimal balance
between the computational cost and the level of fineness. Correspondingly, a low-
quality mesh will not only contribute to inaccurate simulation results but might
even cause the solver to produce errors due to instability. Poorly shaped elements
can give rise to ill-conditioned matrices, which tend to slow or even cause divergence
of iterative solvers.

It follows that the use of mesh quality metrics is an essential part of mesh generation.
A minimal requirement for mesh quality is that all the elements be non-inverted.
Beyond that, it is desirable that the elements have a good shape and size to reduce
truncation error. Ideally, the definition of good shape and good size should be tied
to solution error, meaning that the total mesh quality is good enough if the error is
below some acceptable level. In practice, the solution comes after the generation of
the initial mesh, and usually, it is not available to the person who performs the mesh
generation. The absence of comprehensive knowledge about the solution leads to a
priori quality metrics that perform quality control to the produces meshes. This is
done by considering that the geometrical properties of the mesh somehow correspond
to the downstream simulation accuracy. Therefore, numerous geometrically-based
quality metrics have been developed. These quality metrics take into account several
aspects related to the elements of the mesh, such as size, orientation, shape and
skew. The Jacobian matrix plays a central role in the above metrics as it contains
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information on all the above aspects.

A.2 Mesh quality metrics

In the present diploma thesis, mesh deformation methods are studied in order to
avoid the computationally expensive re-meshing procedure. So, it is crucial to be
able to compare the quality of different meshes after mesh movement. For this
purpose, the mesh quality metrics proposed by Knupp [39] are used. It is assumed
that the initial mesh provided from PCOpt/NTUA was generated optimally, and
hence the element shapes should be deformed as little as possible. This means that
both the shape and the size should be preserved. A mixed relative size and shape
metric is introduced in order to measure both of the above quantities.

A.2.1 Triangle relative size metric

The relative size metric detects elements that are unusually large or unusually small
compared to a reference element. As described above, the reference element is
selected to be the corresponding element of the initial mesh; hence it is clear that
the relative size metric measures the change in element size.

Let T be the ratio of the area of the current triangle to the area of the corresponding
triangle of the initial mesh. The relative size metric [39] is then given by

fsize = min (T; %) (Al)

This metric is dimensionless and has the minor drawback that is not everywhere
differentiable with respect to node position. A differentiable workaround have been
also proposed in [39] and is presented bellow for the sake of completeness.

2T

fsize = 1 +T2

(A.2)

From Equation some essential properties arise. Value of f,. equals one if and
only if the deformed triangle has the same area as the initial triangle and fg,. = 0
if and only if the deformed triangle is degenerate. Additionally, it should be noted
that the value of f,. only depends on the change of the area of the current triangle.
It is symmetric with respect to the sign of this change meaning that a diminution is
emphasized as much as an enlargement. To illustrate this point, a deformed triangle
whose area has been doubled will produce the same value of fg,. as a deformed
triangle whose area is half the area of the initial triangle. However, a change in the
shape of the triangle does not affect in any way the relative size metric meaning that
badly deformed elements can preserve their size and hence achieve a value of relative

102



size metric near one. Because of this property, relative size metric is probably not
that convenient when it is used as a standalone. As a more handy approach the
combined size-shape metric is chosen.

A.2.2 Triangle shape metric

Shape quality metric is deployed in order to detect distortions in the shape of a
triangular cell without take under consideration its size. The most common approach
is to assume that the mesh will be used in simulations which contain isotropic
physics, hence the ideal element for the shape metric is the equilateral triangle. A
shape quality metric with this property is presented bellow

3rsind
1 —rcosf + r?

(A.3)

fshape =

where 7 = /A2 /A1 is the ratio of consecutive lengths and 6 is the angle between
the two sides joined at the specific node. Therefore, shape metric is a combination
of both element angles and length ratios.

From Equation some properties specific to the triangle shape metric arise. Value
of fsnape €quals one if and only if the physical triangle is equilateral and, similar to
fsize, fshape = 0 if and only if the deformed triangle is degenerate.

103



EO9vixd MetodfBio IloAuteyveio

Eyxorh Mryavohoywy Mryavixdy

Touéag Pevotov

Movdda ITapdAAnAne YroloyioTixrc PeuocTtoduvauixng
& Beltiotonoinong

ITeoyepappationds Meddoou Tlapapdepwong ITAEyuatog
we 2Xuvaptnoelg Axtivixng Baong xow Tetpaddvia

Extevrc Hepiindn Atmhwpatinic Epyaotog

Baociieiog I'ewpyodmoviog

EmupBiénov
Kugidxog X. Tavvéxoyrou, Kadnyntic EMII

Adrva, 2021

104



Hopapoppwon ITAEyuatog ue Aixtuo RBF

To dixtua cuvoETACENY axTvixg Bdomng (RBF) YENOWOTOLOUVTAL EUQEWS OF Q-
HOYEC OTou elvon amoEalTnTy 1) TEOCUUOPUOYT] TOU LPLC TAUEVOU UTOAOYIC TIXOU TAEY-
potog. To dixtuo autd exmandedeTon BACEL TWV YVOOTOV UETUTOTIOEDY TWV 0QLIXOY
AOUBWY TOU TAEYHATOS XAl XUTOTLY EQPUPUOLETAL OE OAOUC TOUS ECWTERLXOVS xOUPBouC
TOU TAEYHOTOC TwV omolwy 1) yetatémon eivar dyvwotn. H exmaideuor tou dixtiou
yiveTow Ye ToV UTOAOYIOUO TV Bop®V Wy, ..., Wy, £TOL WOTE AUTO VO TOREUBAAEL o-
XEPBOC TIC TYWES TWV PETATOTIOEWY TV oplaxmy x0uBwy. Autd amoutel tnv eniluon
600 (av To mpoPBAnua elvon SBdoToTO) N TEIOY (av To TEOBANUA elvar TEBLECTATO)
Yoouuxwy N X N cuotnudtoy,

§b1 (m81) cee ¢N (msl) wir 5I
: - : L= (4)
¢l (mSN) s ¢N (mSN) w}r\f 6}-\7
R — N ”
D, %4 Ay

To untewo twv otadep®y cuvteheotdv P, elvor cuuPeTEXO, VeTXd 0pLOUEVO Xou GTN
OlorydVIo Tou €yel mavTol Ty {on ye N povddo. Emmiéov, cbvar o (Blo yio xdie
®oTeLVLVOT TEAYHA TOU onuaivel OTL 1) UTOAOYLOTIXA X0GTOBGE Sladacio edpeang
Tou avtioTpogou tou (A.y. ue ) wédodo tou Cholesky) ypetdleton v yiver uévo i
popd. Etol ta Bdpn unohoyilovton

w, =9 1A, w, = A, w, =P A, (5)

Yo

Axohodwe, agol €youv utoroyiotel Ta Bdorn Tou dixtiou RBE, autd equpudleton oe
%ie €06TEPINO XOUPO %ot ETCL TEOXUTTOUY OL UETATOTUOELS 0TO GOVORO TOU TAEYUATOG.

5a(x) = D w6 (1 = ) (6)
(%) = 3wy, (Ix =%, ) (7)

02(x) = > we, o (x — x4, )) (8)

TBelowxr, €V0d0g UE YENOT TETEAOOVIWY

Y Simhouated| auty gpyacta Teoteivetar yior UBEdW pédodog 1 omola cuVOLALEL
Vv TuTiY| pédodo RBE pe tetpadovia ta onola optlovtar méve otoug oplaxols xou-
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Boug Tou mAéypatog. To TETEUBOVIL TOROUCIACTNXAY Yia TEMTN QopEd omd Tov Ip-
Aovo6 podnpotixd W.R. Hamilton to 1843 xou ouclactind amotehodv pior enéxtao
TV Uy adxdy apriumy oTov Tedldotato Yweo. Eivou Staviouato tecodpny otolyeiny
(Q = qo+qi+qi+ a3k, NQ = [qo, q]) T omola Beloxovy evpela epupuoyr 0T HOVTE-
AomolnoT TepPLoTEOPWY, EWWE 0TIS TEELC Do Tdoelg. ‘Onwg elvar yvwotd xdie oTtpogn
07O YWOEO UTOEEL Va TEptypapel TANImE amo Wiot Yovia § xon amd €vay dZova TEpLoTRoPhC
u. H minpogoplo auth anodnxetetor ot éva Te1p0d6vIo wG: Qror = [cos &, usin£]. H
TeploTEOYH evog onueiou P = [0, p] unopel mAéov va exppacTel Ye YpHon TwV TETEO-
doviwy w¢: Prot = Qrot P Q;olt.

H xoataoxeur) tTov teTpadovioy médve otoug oplaxols xéufoug yivetar ouyxplvovtog
TOV TEOCGUVATOMOUO TV 0ploxdV axuey (ot 800 SloTdoelc) 1 twv xehwv (oTig
TEELC SO THOELS) TPV o PETE TNV Topaudegwon. Koataoxeudleton to exdotote te-
TEABOVIO TO OTO{0 6TAY EQUPUOGTEL GTO XOUBO TOU UN-TUEAULOPPWUEVOU TAEYUATOS Vol
TOV TEPLOTEEPEL XATIAANAAL E€TOL WOTE OL 500 OXPES VoL €YOLY TOV (BlO TEOCAUVATONOUO
1 o 800 xehd va Peloxovtoar mdve oTo Blo eninedo. T TELWWICTUTEC TEQITTMOOELS
elvor amopadTnTn GAAN W 6TEOPY €ToL WOTE 1 Yoo PETAC) TV SLIVUOUATWY ToU
EVOYOLUY TOV EXACTOTE XOUSO UE TOUG YELTOVIXOUS TIEWV Yo UETE TNV TORUUORPOCT) Vol
elvon ehdyloT.

n,

YyAue 1: Awdikaoia kataokevris oplakdy tetpadoviov ya tn oibidotatn (apiotepd)
ka1 Tny tpididotatn (6eiid) mepinTwon.

Y& embuevo otddlo umoloyileton 1 amocTacy petald xdle ecwtepixol xOUSou Tou
TAEYHATOC X0l TOU TANGCLEGTEEOU 0ptaxol xouou. O exdoToTe ECWTERINOS xOUP0g Ue-
toronileton ennpealduevoc amd TN Yetartoman (1 omola €yel exppouoTel ue TETPUdOVLX)
ToU TANCLEcTEPOU oplaxol x6ufou. H telud| yetatomion Tou xdlde ecwtepol xOu-
Bou mpoxinTel and To oTUMUOUEVO GUPOLoU TNG UETATOTIONG OTIWE TEOXUTTEL A6 TO
olxtuo RBF xou tng petatdmiong tou TAnctEctepou oplaxol xoufou.

5internal == ’)/5RBF + (1 - 7) (sclosest node (9)
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H ouvdptnon Bdpoug v = y(d) eméyetar xatdhnia €10l WOTE XOVTd GTO 6plO Vo
xuplapyel 1 YeTaTéTIoN BACEL TV TETEABOVIWY EVE) HaXELY ATt TO OELO VoL XUELIEYEL 1)
METATOTILON OTWE aUTY| TEOXUTTEL and To dixtuo RBF.

Egoapuoy? o mAeyua yOpw and QUANO TAATAVOU

Yy evotnto auth, 1 tumxd| uédodoc RBEF xodoe xan 1 mpotewvduevn ueidur| uédodog
epappolovtal 0To TAEYU YOew and éva UANO Thatdvou. Ilpoyuatonotodvral Sago-
PETIXO00 PETEOU GTPOPES TOL YUANOL YUpw amd TNV oy 1) TwV a&ovwy xat axohoiwe To
opyWwod TAEYUA PeTOTOTCETON XATIAANAGL CUUPWVOL UE TN UETATOTIOT TOU Opiou. YTov
Hivonca [I] mapouctdlovton Tor amoTEAEGUAT TNG HETEIXAC TOLOTNTOC TOU TAEYUUTOC OF
otpogt| 30° yio SLdpopeES CUVIPTACELS EVERYOTOMOT.

Yuvdpetnon fss o, | fsmin

Inverse quadratic 0.696 | 0.258 0
Inverse multiquadric 0.762 | 0.187 | 0.080
Wendland C° (R, = 11) 0.811 | 0.113 | 0.276
Wendland C? (R, = 11) 0.843 | 0.120 | 0.177
Wendland C? (R = 11) (hybrid) | 0.857 | 0.140 | 0.067

ITivaxag 1: Méon tiun, tumkn atékAion kar eAdy10Tn T g UETPIKNIS TO10TNTAS
mAéyuatog yia Oidgpopes ovvaptioes evepyonoinons. H vBpidikn pédodog ypnopuomorel
v ouvdptnon Wendland C° wg ouvdptnon Bdpous.
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(") Inverse quadratic (B") Inverse multiquadric

O

(v") Wendland C° (3") Wendland C*

Yyxnue 2: Ilpoxvntovta mAéyuata ya otpogpn 30°

O

() Wendland C? original (B") Wendland C? hybrid

Yyxnue 3:  Ilpoxintorta mAéyuata ya otpogn 30°. XUykpion petaéd tumkng kai
uBp161Kn§ edodou.
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Y10 Uyfua [2 tapoatneeiton 611 oL cuvapTthoelg Tomxg empporic Wendland C° youn W-
endland C? odnyoldv o€ 6aQOC TOTIXOTEPN TAEYUATO CUYXPLTIXG UE TIC GUVUPTHOELS
ohurc empporc Inverse quadratic xou Inverse multiquadric. Ewdwudtepa ot ouvap-
TYOEIC OAXY|C ETLEEONC TO TAEYHOL YELPOTEPEVEL EUPAVAIS XOVTE GTIC UXUES TOU QUAAOU
xou oo xou oty mepintwon g Inverse multiquadric mou dev epgaviCovtar avo-
oTpauuéva Telywva [on¢ lvan axatdAnio yio omoldrtote tpocouoinor. And tnv
& petall v Wendland C° xou Wendland C?, 1 tehevtado emttuyydver xohltepa
amotehéopato xan UdAo To dnptoveyel wio Lovn yOpw amd To @UALO oTNny onold 1) ToL-
OTNTA TOL TAEYUATOC TURAUUEVEL GYEDOY UUETABANTY CUYXELTIXG UE TO aPYIXO TAEYUL.

‘Ocov agopd t0 Ly fua (3 xou clugpwva ye tov Ilivaxa (1) n uBedu pédodog mapdryel
oplaxd o ToloTixd TAEyua antd Ty Tumxr pédodo RBE. Autd mou €yel evolugpépoy,
oe aUTAY TNV TEpinTwoT, elvor 6Tt 1 Lodvn YUpw amd To YUAAO oTNnV omola To TAEYU
Ottneel TNV ToldTNTA TOL Efval o ToryLd oty epappoleTon 1) LBEWLXY uédodoc. Kovtd
oto oTeEed Opta euaviCovon cuvidwe ol ueyahitepeg xAloelg mleong xou TorydTnTog
X0, OLVETC, ebval ovoryxalo OTIC TEQLOYEC AUTEC TO UTOAOYLOTIXO TAEYUOL VoL EVOL TO
OLVATOY (AAVTEPNS TOLOTNTAG.

Axohodwc otov Hivocm( Topovotdloviat ot UEYIOTES (xplotues) ywvieg yio Tig onoleg
T0 TAEYMA OEV eUQaviEL AVAOTOUUUEVO TElYWVO UETH T HETATOTIOT TOU.

Yuvdetnon ¢crit
Inverse quadratic 22°
Inverse multiquadric 33°
Wendland C° (R, = 11) 48°
Wendland C? (R, = 11) 69°
Wendland C? (R, = 11) (hybrid) 62°

ITivaxag 2: Méyotn ywvia mov umopel va otpagel to gUA0 wpls va eupaviotoly
avaotpappéva oToryeia

Egoapuoy? oto nAgyua yOpw and d€cOTOUY| TEC-
cdewyv cTolyelwy
Y autd To omnuelo Yivetan EQUPUOYT TWV TEOAVAPEPUEITGY UEVOBMY OTO TAEYHA YUEW

amd agpotour| teocdpwy ototyelwy. Ta slats xou to flaps tng agpotouric otpépovton
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PO T xdtw (6mwe oupPaivel xatd Th BIdEXELN TS TEOOYEIMONEC EVOC dEPOOAAPOUC)
xou XotoTY To TAEYpa etotoniCeton xotdhhnha.  Xtov Ilivaa [3] topouvoidlovtan ta
UMOTEAECUATO TNG PETELXNC TTOLOTNTUS TOU TAEYUATOC YLot OLAPOPES CUVIPTHCELS EVEQ-
yomoinomng.

SuvdpTtnon fss | o5 | Fesmin

Exponential 0.933 | 0.066 | 0.106

Wendland C° (R, =1) | 0.932 | 0.070 | 0.115

Wendland C° (R, =5) | 0.934 | 0.067 | 0.108

Wendland C? (R, =5) | 0.925 | 0.084 | 0.099

IMivaxag 3: Méon niun, tumkn) atékAion kair eAdy10tn Tiun TnNg METPIKNS TOW0TNTAS
TAéyuatog yia Oidpopes oUvapTNoelS evepyonoinoTs.

(") Ezponential (B’) Wendland C°, Ry =1

(v") Wendland C°, Ry =5 (3") Wendland C?, Ry =5

YxAua 4: Ilpoxintovta TAéyuata yia petatomon twy slats kai twv flaps mpog ta kdtw
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Yougpwva pe tov Ilivoxa 8] dhec oL cuvapthcelg Tou Soxudo tnxay oty Tumxh uédodo
RBF &ivouv mAéyuata mapdpolog mototntag. Autd eivon eupoavéc xou oTto Mynua @
BéBoua mapatnpeiton 61t xadodg 1 andotaon and to 6plo auidveton 1 cuvdptnon Wend-
land C° o UE TI¢ 000 oxTVEG ETPEONC TOU BOXIIAC TNXE, TURAYEL GTOLYEl EAPEMS
AAANOTEPNG TTOLOTNTAG CUYXELTIXG UE TIC GAAEC B0 CUVOPTATELS EVERYOTONOT.

Axohowe, oto Zxﬁpa eqopuoleton 1 UBeEdW pédodog oTo mapdy Théyua. Tlopa-
TNEE(TOL 1) EUPAVICT| VOO TRUUUEVY TELY OVWY HETAE) O TUTIXMY X0l XIVOUUEVWY G TOLYE-
fwv. Auto amotekel xon Eva petovéxtnua e uPeLdtnig peddoou. ‘Otav umtdpyet ueydin
oyetny| xbvnon evog optoaxol xo6UBou w¢ TEOg xdmotov ko oploxd xouBo, TOTE ot
eowtepxol xopfol Tou mAéyuatog mou PBeloxovion xovid ot BlduEco TV 800 oplLo-
%10V xopPwy petatonilovion actpfata ueTallh Toug xou €TGL 00NYOUV OTNV EUPAVION
VOO TEAUUUEVOY GTOLYEWY OTNY TEPLOY T AUTH.

ExArna 5: Egappoyn tng vppioikns uedodov oo tAéypa aepotouns tecodpwy otoye-
lwv. Avaotpaupéva tptywva epupaviCortar petall otatikdy kar KIvoUpevwy oToryelwy.
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Egoapuoy? cto mAEypa yOpw aAnd AEpOCAAPOS

Téhog, yivetar doxyr| TV uedodwy oTo TEIEOTATO TAEYUY Y0PK A UEQOOHAPOC.
To agpoordpoc otpépeton YOpw ond tov d€ova y (pitch axis) xou xotémy to Théyua
uetatomileTon xUTIAANAL

Yy 6: To apyiké mAéyua ylpw ané to aepookdgpos. To mAéyua amotedeltar and
TeTpaedpikd oroiyela.

210 CUYXEXEWEVO TAEYUA, AOY® TOL OTL amoTEAELTAL amd TOAD ueydho TAfdog oToL-
yeiov (511888 tetpdedpa), ot petpxéc moldTNTaC Tou dev e€dyouv Wiadtepa Yot
ouumepdopoata. Auté Tou epgavilel evolupépoy elvon va SoVUE oE ol Ywvio GTEo-
g To TAEyUa epgavilel avaotpauuéva TeTededpa. To teleutaio mapovoidletor oTov
ivoorca @

Suvdptnon Perit
Wendland C° (R, = 40) 5°
Wendland C? (R, = 21) 12°
Wendland C2 (R, — 40) 16°

Wendland C? (R, = 40) (hybrid) 4°

ITivaxag 4: Méyiotes ywvies yia Tis onoleg 0to mAéyua dev eupavidovtal avaotpappéva
TeTpdedpa

Hopoatneotue 6t 1 tumxt| uédodog RBE pe cuvdptnon evepyornoinong tn Wendland
C? eivan capag amodoTixotepn. Ewdwdtepa 6tav 1 teleutala e@upuoleTon UE apXETE
HEYEAT oxTiva ETpEoTc Umopel var uTooTNpeiZel Ywvia oTpogrc on e 16°. Xto Lyrua
[7] ropoucidleton to mAéyua o€ Topf peTd omd otpoph 15°.
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