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Abstract

This work concerns the mathematical formulation of the continuous adjoint method and
the programming of the corresponding software for the modelling and adjoint-based optimization
of proton exchange membrane fuel cells (PEMFCs) within the OpenFOAM environment.
The PEMFC technology is a promising option for future energy conversion systems; the
main objective of this study is the improvement of a key performance indicator, namely
the generated current density, through the optimization of the porosity distribution in the
porous layer.

In the first stage of the work, the open-source OpenFuelCell2 platform is used and
extended in order to develop a customized continuous adjoint solver. The primary solver
is formulated as a coupled two-phase, multi-species, and multi-region system of equations,
in which the conservation equations of mass and momentum, species transport, heat transfer,
electric potential, and water diffusion in the membrane are solved. The main advantage
of the two-phase solver is that it solves each phase separately, thereby providing higher
accuracy in the description of the physical phenomena and improved numerical stability.

Appropriate modifications are made to the original solver to improve the physical
consistency of the model. Specifically, an analytical Kozeny—Carman formulation is applied
to model porous media resistance as an explicit function of the porosity field, thereby
establishing a direct dependence between permeability and porous resistance. In addition,
an alternative numerical approach for the computation of the Nernst potential is incorporated
into the formulation of the electrochemical source terms.

The development and assessment of the continuous adjoint method is carried out progressively.
In the first part, the development focuses exclusively on the electrical domains (proton
and electronic), while treating the remaining physical quantities as constant and known.
The implementation of the adjoint method is verified through systematic comparison with
finite differences.

The adjoint formulation is then extended to include the full model for single-phase
flow, including the continuity and momentum conservation equations. This extension
leads to the formulation of a system of three adjoint equations. This adjoint model is
again verified through comparison with the finite difference method.

Finally, an iterative optimization framework is developed, which is used to update the
porosity field with the aim of maximizing the generated current density.
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Ieptinyn

H sumhopatikn epyoacio apopd v avantoén e Lafnpoatikng StotdnTmong TG GLVEXOLS
ovluyoig neBddov Kat, Kot’ ETEKTOCT), EVOG VITOAOYLIOTIKOD KOJIKA Y10 TNV BEATIGTOTOINGON
HEG® TOV LTOAOYIGHEVTOV TAPAYDYWOV KOYEADY KOVGILOL e LEUPPAVN AVTOALAYNS TPOTOVIOV
(PEMFCs) oto mepipdriov tov OpenFOAM. H teyvoroyia PEMFC amotelel pio moALd
VTOGYOUEVT] ETIAOYT Y10 LEAAOVTIKA GUOTNHUOTO LETATPOTNG evEPYeLaG. Kiplog otdyoc
™G peAétng etvonn Pertioon evog Paciko deiktn amddoomg, TS TapayOUEVNG TUKVOTNTOG
PEVLLOTOC, LECH TNG PEATIOTOTOINONG TG KATAVOUNG TOL TOPMOOVG GTNV TOPMDIT) GTPAOOT).

270 apyKO GTAOI0 TNG EPYACINAG, YPTCLOTOIEITOL KO EMEKTEIVETOL 1] ALVOIKTOV KMOOTKOL
mhateoppa OpenFuelCell2, pe andtep® K0T TNV AVATTLEN TOV AVTIGTOLYOL GLVEXOVG
ovluyovc emAvtn (continuous adjoint solver). O Tp®TEVOV SLPAGTKOC EMAVTNG OLUTVTOVETOL
®¢ é€va GLLEVYUEVO JPAGIKO, TOAVGVOTOTIKO KOl TOALTEPLOYIKO GUGTNUA, GTO ONOL0
emlvovtat ot e€lomaelg dtatnpnong LAleg Kot 0ppnG, LETAPOPAS YNUIKOV WMV, LETAPOPES
BepuodTTOC, NAEKTPIKOD SLVOLKOD, KOOGS Kot dtdyvong vepov otn pepfPpavn. O d1pactkdg
EMADTNG emADEL K& pdom pe TS dikéG ™S EI0DGELS, TPOSPEPOVTOS £TGL LEYOADTEPN
akpifela otV TEPYPOAPN TOV POUIVOUEVOV Kot BEATIOUEV aplOunTiKn evoTdOeta.

[Tpaypotonotohviot KATGAANAES TPOTOTOWGEL GTOV OPYLKO ETADTY e 6TOYO TN PeATioon
NG PLGIKNG CLVETELONS TOV LOVTEAOV. ZVYKEKPUEVA, EQOUPLOLETOLT AVOAVTIKT LLTOTMOCN
Kozeny—Carman ywo T poviehomoinon g aviictacns Tov mopadovg HEGOV MG PNTNG
OLVAPTNONG TOV TEGIOV TOPMDAOVS, Kablep®VOVTAG £TG1 Apesn eEApTNON HETAED dlomepatdTNTOG
Kol TOpMO0LS avtiotaons. EmumAéov, slodyetol pio eVOALOKTIKY aplOUNTIKN TPOGEYYIoN
Yo TOV VTOAOYIoUO TOL dvvapikod Nernst, 1 0moio EVEOUATOVETOL GTN SLATOIWGCT TOV
NAEKTPOYNUIKOV TNYOV.

211 GUVEYELD, AVOTTUGOETOL GTAOOKA 1] GLVEYTNS GLLVYNG OLOTVTTMOT). € LU0 TPMTN
@AaoM, N AvATTLEY ETIKEVTPOVETOL OMOKAEIGTIKA OTIG NAEKTPIKEG TEPLOYES (TPOTOVIKEG
Kol NAEKTPOVIKES), BempmdVvTag To VITOAOITA PLGIKE LEYEON ®¢ oTabepd Kot yvootd. H
viomoinomn g ovluyovg STVTTOONG EMAANDEVETAL LECH CUYKPLONG LLE TETEPUACUEVOV
dlapopéc.

H ovluyng dwutdnwon enekteivetal 6Tn cLVEKEW OOTE VO TEPIAAUPAVEL TNV TANPN
TEPLYPAPN TNG LOVOPAGIKNG PONG, CUUTEPILAUPAVOUEVOV TV EEIGDOCEDMYV GUVEYELNG KO
dtnpnong g opuns. H enéktaomn avt) odnyel e chomua Tpidv cvluy®dV €E10DGEWMV.

To mpoypappaticfév culuyéc poviéro emainBedetar emiong HEGW GLYKPIONG LLE TEMEPACUEVES
dtapopéc.

TéLog, avamTOooETOL VO ETOVOANTTIKO TANIG10 BEATIGTOTOINGNC Y10 TNV EVIULEPWON
TOV TTEGTOV TOPMOOVG LE GTOYO TN LEYIGTOTOINGT TNE TOPAYOLEVIS TUKVOTNTOG PEVUOTOC.
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Chapter 1

Introduction

1.1 Fuel Cells and PEMFC Technology

A fuel cell is an electrochemical energy conversion device that transforms the chemical
energy of a fuel( H) directly into electrical energy through electron transfer redox reactions.
Among the various types of fuel cells, hydrogen-based systems have gained particular
attention due to their high efficiency and environmentally friendly operation. In contrast to
conventional combustion-based power generation technologies, fuel cells produce electricity
with zero emissions, as their primary by-products are water and heat. This makes them a
promising technology in the transition towards sustainable and low-carbon energy systems.
Proton Exchange Membrane Fuel Cells (PEMFCs) represent one of the most widely studied
and commercially promising fuel cell technologies. Their operation relies on a solid
polymer electrolyte membrane that allows the transport of protons while acting as an
electrical insulator between the electrodes. As shown in Fig. [L.1l, hydrogen is supplied to
the anode, where it dissociates into protons and electrons. The protons migrate through the
membrane to the cathode, while the electrons travel through an external circuit, generating
electric current. At the cathode, oxygen reacts with the protons and electrons to form
water. The overall process is efficient, clean, and suitable for a wide range of applications,
including automotive systems, portable power devices, and stationary energy generation.
The reactions taking place both in anode and in cathode are shown in Fig. [[.2.

1.2 Challenges and Multiphysics Nature of PEMFCs

PEMFCs offer several advantages, such as high power density, fast start-up times, and
relatively low operating temperatures, typically in the range of 60-80°C. These characteristics
make them particularly attractive for transportation applications, where rapid response
and compact design are essential. However, despite their advantages, several technical
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Figure 1.1: Schematic representation of a Proton Exchange Membrane Fuel Cell (PEMFC)
(not to scale), illustrating its main components, including the bipolar plates (BP),
gas channels (GC), gas diffusion layers (GDL), catalyst layers (CL), and the polymer
electrolyte membrane. Hydrogen is supplied to the anode, where it dissociates into protons

and electrons, while oxygen is supplied to the cathode, where water is produced. Source:
From [9]

Load 9 Reactions of a fuel cell:

Fuel (Hy, — | Oxidant | Anode half—celi:_

CHOH, s . e A Hy=——= 2H" + 2e

HeooH) —1 | o 48l T Ble - (05, AN
Cathode half-cell:
%0, + 2H + 26~ —= H,0
Overall cell:

Fuel, o __-__Ox:dant H, + 180, —=H,0

CO, CO; Gas, H,O

/ f \

Anode  Polymer electrolyte  Cathode
membrane

Figure 1.2: Electrochemical reactions in a PEMFC. The transport of electrons through the
external circuit produces electrical power. Source: From [2]
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Figure 1.3: Typical polarization curve of a PEMFC, showing the relationship between cell
voltage and current density. The three main loss regions are identified: activation losses
at low current densities, ohmic losses at intermediate currents, and concentration-mass
transport losses at high current densities. Source: From [[L6]

challenges remain: water management, durability, cost reduction, and performance optimization.
Efficient water management is especially critical, as both flooding and membrane dehydration
can significantly degrade performance [[11].

As shown in Fig. [[.3, this is a typical polarization curve of a PEMFC. The polarization
curve describes the relationship between the cell voltage and the current density, and is
a fundamental diagnostic tool for assessing fuel cell performance. In general, the curve
shows decreasing voltage as current density increases, due to various irreversibilities in
the system.

Three main loss regions are identified [4]: activation losses at low current densities,
which are associated with the kinetics of the electrochemical reactions; ohmic losses at
intermediate current densities, caused primarily by ionic and electronic resistances within
the membrane, electrodes, and interconnects; and concentration (mass transport) losses at
high current densities, which arise from limitations in reactant transport to the catalytic
sites. The maximum voltage is observed at open-circuit conditions at the beginning of the
curve, where no current is drawn from the cell.

1.3 Regions of a PEMFC

As shown in Fig. [I.1], the PEMFC consists of several distinct regions, which can be broadly
classified into porous layers, solid conductive structures, and fluid channels. The porous
regions include the Catalyst Layer (CL) and the Gas Diffusion Layer (GDL), while the

3



Graded Gas
Diffusion Layer

GDL+ Crossed CH : 3

\
]
}
\_Q Synergistic Optimization 1Y l straight channel
II | .

Multiphysics Coupling \ ) crossed curved-wall CH
\, ... crossed straight-wall CH

k. ||. g

)

W

Figure 1.4: Illustration of the multiphysics nature of PEM fuel cell operation, highlighting
the coupling between fluid flow, species transport, electrochemical reactions, and heat
transfer within the different layers of the cell. Source: From [[19]

solid structures are represented by the Bipolar plates(BPs). In addition, the cell contains
fluid flow channels that enable the transport of reactant gases.

The membrane is a key component of the PEMFC and acts as a proton-conducting
electrolyte. Its primary function is to allow the transport of protons from the anode to the
cathode while preventing the crossover of electrons and reactant gases. In this way, the
membrane ensures charge separation and enables the electrochemical reactions to proceed
efficiently.

The fluid channels are responsible for distributing reactant gases, namely hydrogen at
the anode and oxygen (or air) at the cathode. They also facilitate the removal of product
water from the cell. The geometry and flow conditions within these channels significantly
influence the uniformity of reactant distribution and the overall mass transport behaviour.

The bipolar plates provide structural support to the cell and serve as current collectors.
They conduct electrons between adjacent cells in a stack configuration and ensure uniform
current distribution. Additionally, they incorporate the flow field channels and contribute
to thermal management and mechanical integrity of the system.

It is important to note the presence of the porous regions, namely the GDL and the
CL, Fig. [L.1. The GDL serves as a transport medium for reactant gases, liquid water, and
electrons, while also providing structural support and ensuring uniform distribution of
species to the catalyst layer. On the other hand, CL is the electrochemically active region
where the oxygen reduction reaction and hydrogen oxidation reaction take place.

The porosity within these porous layers plays a crucial role in determining the effective
transport properties, including permeability, diffusivity, and water management. In the
optimization, the porosity value of each region is considered as the primary design variable,
as will be discussed in subsequent sections. Its value significantly influences both mass
transport characteristics and the overall performance of the fuel cell.



Among the various components of a PEMFC, the GDL plays a particularly critical
role in performance. It acts as a porous transport medium that facilitates the delivery
of reactants to the catalyst layer, supports the removal of liquid water generated during
operation, and enables electronic conduction toward the bipolar plates. The microstructure
and porosity of the GDL strongly affect mass transport resistance and the overall cell
efficiency. This is why, the optimization of porosity distribution within the GDL has
become an active area of research [[7][[10][20].

1.4 Numerical Modeling of PEMFCs

The operation of a PEMFC involves complex interactions between several physical processes,
including fluid flow, heat transfer, electrochemical reactions, and species transport. These
coupled phenomena occur across several spatial scales, ranging from the microscopic
structure of porous materials to the macroscopic flow channels. As a result, experimental
investigation alone is often insufficient to fully understand and optimize the PEMFC
performance. Instead, numerical modeling and simulation have become essential tools

in fuel cell research.

Early numerical models of PEMFCs were relatively simple and relied on 1D or 2D
approximations. These models provided valuable insight into fundamental processes but
were limited in their ability to capture the complexity of the system. For instance, simplified
isothermal and single-phase models have been used to study the influence of transport
properties such as diffusivity and conductivity on current density distribution, particularly
at the interface between the gas diffusion layer (GDL) and the catalyst layer (CL) [18].

More advanced models incorporate multiphase flow and detailed transport mechanisms.
One of the key challenges in PEMFC modeling is the accurate representation of water
transport within the porous media and the membrane. Water exists in both vapor and liquid
phases, and its distribution significantly affects the performance of the cell. Two main
approaches have been developed for modeling two-phase flow: the mixture model and
the two-fluid model. The mixture model [|10] treats the liquid and gas phases as a single
effective medium with averaged properties, while the two-fluid model [22] solves separate
conservation equations for each phase. Although both approaches have been successfully
applied in the literature, the two-fluid model provides a more detailed description of phase
interactions and is, therefore, adopted in the present work.

1.5 CFD Modeling and Optimization of PEMFCs

The development of Computational Fluid Dynamics (CFD) tools has significantly advanced
the study of PEMFCs. CFD enables the simulation of complex geometries and detailed
physical processes, allowing researchers to analyze flow distribution, species transport,
and electrochemical reactions within the cell. Open-source platforms such as OpenFOAM
have gained popularity due to their flexibility and extensibility. Several studies have

5
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Figure 1.5: Conceptual comparison between the mixture model and the two-fluid model
for two-phase flow in PEMFCs. The mixture model treats liquid water and gas as a single
working fluid with averaged properties, whereas the two-fluid model solves separate
conservation equations for each phase, allowing a more detailed representation of phase
interactions.

utilized OpenFOAM to simulate PEMFC behavior, although many of these implementations
rely on simplified assumptions, such as isothermal conditions or single-phase flow.

Beyond simulation, optimization plays a crucial role in PEMFC design. The performance
of a fuel cell depends on numerous parameters, including geometric characteristics, material
properties, and operating conditions. Optimization techniques aim to identify the best
combination of these parameters to maximize performance metrics such as current density,
power output, and efficiency. Various optimization methods have been applied in the
literature, ranging from gradient-based to stochastic ones, such as evolutionary algorithms.

In the past, relevant work has been conducted within the PCOpt/NTUA group, focusing
on the analysis and optimization of PEMFCs in the OpenFOAM environment. In [10],

a 3D, liquid-gas mixture CFD model was adapted to simulate PEMFC operation, while
optimization techniques were applied to improve performance through the design of porosity
distributions in the gas diffusion and catalyst layers. The study employed evolutionary
algorithms combined with surrogate models to maximize current density and reduce hydrogen
consumption, demonstrating the effectiveness of advanced optimization strategies in PEMFC
design. The geometry used in [[10] is identical to the one adopted in the present study.

Also, in [[7] the effect of the porosity distribution within the GDL of a PEMFC is
investigated, aiming to improve the overall cell performance. His work focused on the
development of a computational model capable of describing the complex transport phenomena
occurring inside the fuel cell, including mass transfer, heat transfer, electrochemical reactions,
and two-phase flow processes. The optimization process was subsequently performed
using the EASY software developed at NTUA, which is based on evolutionary algorithms.
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Through this optimization approach, the spatial distribution of GDL porosity was modified
in order to identify improved porosity profiles compared to the conventional uniform
distribution. The study demonstrated that an appropriately designed porosity distribution
can enhance reactant transport and water management, resulting in improved fuel cell
performance. However, the optimal porosity distribution was found to strongly depend on
the operating conditions of the fuel cell. The results highlight the importance of tailoring
the GDL structure through computational optimization methods to achieve higher efficiency
and better electrochemical performance.

Yan et al. [20] employed the Taguchi method in combination with a 3D PEMFC model
analysis to systematically investigate the influence of key structural parameters, including
the thickness, porosity, and permeability of GDL, as well as the geometry of the flow
channels. The geometry adopted in their study is representative of realistic industrial
applications. The Taguchi approach [[14], based on an orthogonal experimental design,
enables the efficient exploration of the design space by reducing the number of required
simulations while still capturing the dominant effects of the design parameters.

Their results demonstrated that the porosity and thickness of the GDL are among
the most influential parameters governing cell performance. Increased GDL porosity
enhances reactant(Hy/Os) diffusion and facilitates liquid water removal, thereby reducing
mass transport limitations at high current densities. However, excessively high porosity
may reduce the mechanical strength of the layer and decrease effective electrical conductivity,
leading to increased ohmic losses. Similarly, the GDL thickness presents a trade-off:
thinner layers improve reactant transport and reduce diffusion resistance, but may lead
to non-uniform reactant distribution and insufficient water management.

[20] also highlighted the critical role of flow channel geometry in determining the
uniformity of reactant distribution across the active area of the cell. Optimized channel
configurations were shown to improve local current density distribution, reducing regions
of reactant starvation and mitigating performance losses associated with concentration
overpotentials.

Overall, the application of the Taguchi method allowed the identification of an optimal
combination of structural parameters that significantly improved current density and overall
fuel cell efficiency, while maintaining a relatively low computational cost compared to
exhaustive parametric studies. Similarly, Wang et al. [[1 7] introduced a topology—curvature
optimization approach for flow-field design, achieving improved reactant distribution and
enhanced power output.

1.6 Objectives and Scope of this Diploma Thesis

The present work focuses on the numerical simulation and optimization of PEMFCs using
a CFD-based approach. A detailed single-phase model is employed to capture the essential
physical processes, while a continuous adjoint-based technique is applied to compute the
derivatives of the objective function w.r.t. the porosity distribution and use them in the
framework of a gradient based optimization. A performance metric, namely the current

7
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Figure 1.6: Computational domain of the PEMFC used in [20], including the anode
and cathode flow channels, gas diffusion layers, catalyst layers, and membrane. Due to
geometric symmetry, only half of the domain is modeled, reducing computational cost
while preserving accuracy. Source: From [20]
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Figure 1.7: Computational mesh used for the numerical simulation of the PEMFC. The
domain is discretized into control volumes to numerically solve the governing equations.
Source: From [20]



density is used as the objective function to be maximized. The use of OpenFOAM as the
computational environment allows for flexibility in model development and scalability of
the simulations.

The remainder of this thesis is structured as follows. First, the mathematical model and
governing equations of the primal problem, originally developed in [22], are presented,
together with the associated modelling assumptions. An analytical Kozeny—Carman formulation
is adopted to describe the porous media resistance as an explicit function of the porosity
field, thereby establishing a direct relationship between permeability and porous resistance.
Furthermore, an alternative numerical approach for the computation of the Nernst potential
is incorporated into the formulation of the electrochemical source terms.

Then, a detailed, step-by-step derivation and implementation of the adjoint model is
provided. In the initial stage, the adjoint formulation is restricted to the electrical domains,
while all other physical fields are assumed to remain fixed. Comparison of the adjoint
derivatives with Finite Differences (FDs) is conducted demonstrating excellent agreement.

Thereafter, the formulation is extended to incorporate the continuity and momentum
equations for single-phase flow, leading to a fully coupled three-equation adjoint system.

This is followed by the presentation and discussion of verification results, which demonstrate
the correctness of the developed adjoint implementation. Finally, the outcomes of an
optimization run are presented and discussed, with emphasis on the influence of the design
variables on the overall performance of the PEMFC system.
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Chapter 2

Primal Model Presentation

2.1 Computational Domains-Regions

A PEMFC consists of several regions, each governed by different sets of equations. The
main regions, as shown in Fig. R.1|, include the air region (Cathode Gas Channel-CGC,
Cathode Gas Diffusion Layer- CGDL, Cathode Catalyst Layer-CCL), fuel region (Anode
Gas Channel-AGC, Anode Gas Diffusion Layer-AGDL, Anode Gas Catalyst Layer-ACL),
electrolyte (membrane), and interconnects (Anode Bipolar Plate-ABP, Cathode Bipolar
Plate-CBP).

Initially, a global computational mesh is generated in which the heat transfer equation
will be solved over the entire domain. This global mesh is decomposed into multiple
adjacent local regions, each of which may belong to more than one domain. For example,
the air region is treated both as a fluid domain, where momentum, continuity and species
transport equations are solved, and as an electrical domain, where charge conservation is
considered.

During the simulation, a coupling strategy is employed between the global and local
regions. Material properties, such as density and thermal conductivity, are mapped from
the local regions to the global domain, while the temperature field is transferred from the
global domain back to the local regions. This bidirectional coupling ensures consistency
between thermal and multiphysics solutions across the entire computational domain.

The local regions are classified into three domains : fluid, electric and global.

* Fluid Domain: This domain consists of GCs and porous zones (GDLs,CLs) as
shown in Fig. 2. 1| and it is where fluid flows. In this domain, the following phenomena
are taking place: Fluid flow (single/two-phase), species transfer, electrochemical
reaction, heat and mass transfer.

* Electric Domain: This domain represents the electrically conductive components of
the system and accounts for charge transport via electrons and ions. In a PEMFC,

11



two distinct electric subdomains are identified. The electronic domain, where electron
transport occurs, comprises the interconnects, GDLs and CLs, as shown in Fig. R.1.
The proton domain, where proton transport takes place, includes the CLs and the
membrane. Within this domain, the transport of dissolved water through the membrane
is also considered. The governing equations solved in this domain include the
electric potential equations (Poisson’s equations), as well as the equations modeling
dissolved water transport, accounting for both diffusion and electro-osmotic drag.

* Global Domain: The heat source/sinks in local regions are mapped onto this global
domain (consists of all the subcomponents that were referred), Heat Transfer equation
is solved and, finally, the obtained temperature is mapped back onto the local regions.

air
channel (CGC) electron

CEBP ~—]

CGDL
CCL

membrane = «— tj>
ccL 7_ '
CGDL

ABP

fluid

fluid

op
EI

fuel electron
Channel (AGC)

Figure 2.1: Computational Regions-Domains. Source: From [22]

2.2 Theoretical Model

2.2.1 Assumptions

The basic assumptions made are :

+ All gas phase flows are laminar.

* Both phases (liquid-gas) are assumed to be incompressible and the gas mixtures
obey the ideal gas law.

* Fick’s law is used for multi-component species transfer.

» The properties of the porous materials are treated as homogeneous.
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* The membrane is only permeable to water. No crossover of gases is considered for
the membrane/electrolyte.

* Produced water is in liquid form at low operating temperatures and in vapor form if
the temperature is above 100 C (ambient pressure).

* Gases dissolved in liquid water are not considered.

* Dispersed phases in the gas channels (if present) are treated as if composed of
spherical droplets/bubbles.

2.2.2 Fluid Domain

Definition of the Dispersed Phase and Particle Diameter
Regarding multi-phase flow modeling, in this work, fluid dynamics are modeled using
a two phase Euler-Euler framework. In these models, the phases are defined as follows:

* Continuous Phase: This represents the gaseous reactant stream (typically humidified
air or hydrogen).

* Dispersed Phase: This refers to the liquid water phase. Due to the electrochemical
reaction and the cooling of humidified gases, water vapor condenses into liquid
droplets. These droplets are treated as the dispersed particles” within the flow
field.

The particle diameter (d) specifically represents the characteristic diameter of these
liquid water droplets. In the porous media of CL or GDL, d may also represent an equivalent
capillary diameter or the size of water clusters. However, in the flow channels, d is the
spherical equivalent diameter of the water droplets transported by the gas stream.

The Reynolds number (Re) for the droplet is thus calculated based on the relative
velocity |v,.| between gas (index g) and the liquid droplet (index 1):

dlv. —
Re = M’ 2.1
Hg

The Schiller—Naumann correlation [[12] is subsequently used to determine the drag
force exerted by the reactant gas on the liquid water, which is a critical factor in modeling
water management and convective removal within the fuel cell.

Continuity and Momentum equations (GCs,GDLs,CLs)

In the Eulerian-Eulerian two-phase flow algorithm, the two phases (gaseous and liquid)
are typically considered separately, with the gaseous phase treated as the ‘continuous’ one
and the liquid phase as ‘dispersed’. Given the assumptions, the continuity and momentum
equations are as follows:

d(psrs)

5 TV (pppve) = Ry (2.2)
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O(pprpV
% + V- (appsveve) + V- (apT?) = —agVp + agpeg + My (2.3)
* ¢ € {l, g} denotes the phase

* o denotes the phase volume fraction. Itis o, + oy = 1; if ay = 1 there is no liquid
phase and the system can be treated as single-phase

* p, represents the phase density

* v, is the phase velocity vector

* Ry is the mass source/sink due to electrochemical reaction
* p is the shared pressure of both phases

+ 7% denotes the viscous stress tensor, expressed as:

7%= HoV Ve (2.4)

* 14 1s the dynamic viscosity of phase ¢.

The momentum interphase exchange term is written as :
M¢ = Oy (Fd + Fl + va) (25)

This term is common to both phases but, for each phase, appears with opposite signs
in the momentum equations. Here:

* F, the drag force
 F; the lift force
* F,,, the virtual mass force.

The interphase momentum exchange term appears in the momentum balance to account
for the mechanical interaction between the phases occupying the same control volume.
When relative motion exists between phases, momentum is transferred through interfacial
forces such as drag, lift, and virtual mass effects. The virtual mass effect (also called
added mass) occurs when a phase must accelerate not only its own mass but also some of
the surrounding fluid it displaces. These forces are introduced in the averaged momentum
equations as volumetric source terms, scaled by the phase volume fraction.

Therefore, term M, represents the net rate of momentum exchanged between phase ¢
and the surrounding phases per unit control volume.

14



The drag force becomes significant when a slip velocity exists between phases, and

this is expressed as:
Fq=3ps ACy|v,|vr (2.6)

A is the projected area (for spherical droplets/bubbles A = 7%2)
» (y is the drag coefficient.

The drag coefficient can be obtained empirically, for instance, using the Schiller—
Naumann model [[12]:
24

(&

Cq (140.15 Re®%®7) 2.7)

Momentum Equations in Porous Regions (CLs and GDLs)

In porous electrode regions, such as CLs and GDLs, the fluid flow is commonly
described using Darcy’s law, which accounts for the additional resistance imposed by
the porous structure. Therefore, the Navier—Stokes momentum equation is modified by
incorporating a Darcy-based resistance term, and becomes:

I(psrpVe)
% +V - (agpeVeVs) + V- (apT?) = =y Vp+agps€+Mg +04Snarcey,g; (2.8)

The Darcy resistance term describes the interaction between the fluid phase and the
solid porous matrix, resulting in a pressure loss and attenuation of the flow velocity. It is
expressed as:

1
Sbarcy,p = — (ud,oz + §p¢|v¢|ﬁ) Vo, (2.9)

where « and 3 correspond to the viscous (linear) and inertial (nonlinear) resistance coefficients,
respectively. These coefficients are directly related to the geometrical characteristics of
the porous medium, particularly its porosity.

The porous resistance coefficients (o + ) are evaluated using the Carman—Kozeny
correlations []1]]. This formulation was developed in this diploma thesis and incorporated
into the OpenFuelCell2 solver as a new add on, providing a relationship between the
permeability characteristics and the structural properties of the porous material.

Eqs. R.10-2.11] provide the explicit dependence of the viscous and inertial resistance
coefficients on the porous medium morphology, by relating o and 3 to the porosity and
characteristic pore size through the Carman—Kozeny [|1]] formulation:

2

a@):kﬂ%gﬁl, (2.10)
35(1—¢)

M@__TQE_’ (2.11)
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where d,, denotes the characteristic pore diameter and ¢ represents the porosity of the
porous medium. The aforementioned expressions enable the incorporation of momentum
losses within the porous regions into the governing flow equations, thereby providing
an accurate representation of the transport phenomena occurring within the CL and GDL.
Note that the porosity field is selected as the design variable in the adjoint-based optimization.
Consequently, these correlations establish the required sensitivity relationships between
the porous resistance and the design variable, enabling the computation of the corresponding
sensitivity derivatives within the fluid domain.

It should be noted that the phase pressure p, appears in Eq. R.8, rather than the shared
pressure. Water motion in the porous GDL is driven by the capillary pressure [|15], which
gives the following relation:

, in GCsl
p=1" . 2.12)
Py — P, 1n GDLs and CLs

The capillary pressure is often computed using a Leverett J-function [8]:

K
pczacosﬁw?J(al), (2.13)

* o is the surface tension of the liquid-gas pair
* 0 is the contact angle of the porous material

» J(ay) is the Leverett function.

The Leverret J-function [8] accounts for the non-linear relationship between saturation
and capillary pressure. This can be expressed as:

1A17(1 — ag) — 2.120(1 — ) + 1.263(1 — o)® °
J(a>_{ T(1— ay) — 2.120(1 — o) + 1.263(1 — oy)®, 6 > 90 014

| 1.4170g — 2.12007 + 1.26307, 0 < 90°

Species Transfer(GCs, GDLs, CLs)
The mass fraction is a dimensionless quantity defined as the ratio of the mass of species

1 to the total mass of the mixture: s
(A

Y, = (2.15)

Miotal
At the anode, the primary reaction is the Hydrogen Oxidation Reaction (HOR) as
shown in Fig[l.3 . The species involved in the gas phase are: H, and H,O.
At the Cathode, the primary reaction is the Oxygen Reduction Reaction (ORR) as
shown in Fig[l.2. The species involved in the gas phase are: O, , H,O and N,.
In the modeling of the GCs and porous electrode layers, several simplifying assumptions
are made regarding the multi-component transport. It is assumed that the liquid water
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phase is pure; thus, the solubility of gaseous species into the liquid water is considered
negligible.

Mass transfer within the gaseous phase is governed by multi-component diffusion. To
ensure mass conservation, the sum of the mass fractions (Y;) or molar fractions (z;) of all
species in each region must equal unity:

d vi=1 (2.16)

Consequently, for a system consisting of NV species, the conservation equation is solved
for N — 1 species and the Y value of the last species results from Eq. .16. So:

» At the Anode: The system is treated as a binary mixture (H, and H,0), requiring
the transport equation to be solved for H,, while H,O is obtained as the residual

species.

* At the Cathode: The system is treated as a ternary mixture (O,, N,, and H50),
requiring the equation to be solved for O, and H,0O, while N, is obtained as the
residual species.

The governing conservation equation for the i*" species is expressed as:

a €
ot (Pg g Yi) + V- (g pg vy Yi) = V - (g py DT VY;) + g Ry, (2.17)
* Subscript 7 denotes the species component, where i € {H,} at the anode and ¢ €
{H,, HyO} at the cathode

* R, is the species mass source or sink

« D¢ s the effective species diffusion coefficient.

Heat Transfer

Enthalpy is a global field addressed within the global domain. However, in the presence
of multi-phase flow, it becomes necessary to account for the enthalpy of each phase. In
this case, the enthalpy of the continuous phase is solved in the global domain, while the
enthalpy of the dispersed phase is solved within its respective local fluid region. The
governing equation for the enthalpy of each phase is:

8 €

a (O% p¢ h¢) + V . (Oé¢ p¢ V¢ h¢) = V . (Oé¢ F¢fth¢) + Oé¢ Q¢, (218)
The thermal source term (), accounts for the different heat generation and consumption

mechanisms occurring within the various regions of the electrochemical cell. The governing

terms are defined as follows:

* hg is the enthalpy of phase ¢.
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« I'¢"is the effective thermal diffusivity.

* (), represents the thermal sources or sinks associated with phase change, interfacial
heat transfer, and electrochemical reactions.

2.2.3 Electric Domain

In a closed system/circuit, ions/protons are transferred via the electrolyte/membrane, whereas
electrons are conducted through the electrodes, interconnects, and the external load. Both
are considered to follow Poisson (Ohm'’s law) type relationships:

V- (0pVog) = Jp (2.19)

V- (o/VOr)=J; (2.20)
* & is the potential
* F indices the electronic domains
* [ indices proton domain
* o is the electric conductivity

* J refers to the source/sink of charge, due to the electrochemical reaction.

e.g., at the cathode electrode:

B = ~Jae 2.21)
JI = Jae
and at the anode electrode:
Jg = jre
B= 5 (2.22)
Jr=—Jte

where j,. is the absolute value of the electric source term at the anode and j. at the
cathode. Both are defined in Eq. R.30.

Electric Conductivity

The electronic conductivity o is defined as:

constant,  for BPPs
op = (2.23)

oo(1 —¢), for GDLs and CLs
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Figure 2.2: Schematic representation of the electronic (®.) and ionic (P;) potential
domains. The electronic domain €2, is comprised of the electrically conductive BPs,
GDLs, and CLs, while the ionic domain §2; is confined to the membrane and the CLs.

Ionic Conductivity

The materials employed in typical fuel cells/electrolyzers exhibit much higher electronic
than ionic conductivity. The ionic conductivity in the membrane/electrolyte is usually a
function of temperature and water content in a low-temperature (60° — 90°C') PEMFC,
or of phosphoric acid doping level in a high-temperature (120° — 200°C") PEMFC. As an
example, the expression for a Nafion-based membrane is:

(0.514X — 0.326) exp(1268 (55 — 7)), A>1
g9 =
0.1879X exp (1268 (555 — 7)) » A<l

The ionic conductivity o; is defined as:

constant, for the membrane
or = (2.24)
00 [(1 — &) pory,]"®, for CLs

Water Transport through the membrane.

The membrane is assumed to be impermeable to reactants/products. However, it selectively
permits the cross-over of water. The mechanisms of water transfer include diffusion,
electroosmotic drag (EOD), and hydraulic permeation. Diffusion and EOD are usually
considered dominant in PEMFCs, and the hydraulic permeability coefficient is typically
negligibly small. A non-equilibrium transport equation for water transfer in the membrane
can be written as follows:
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Pm 8)\ i[ Pm off
- = =2 V. (DY) +R 2.25

Ewor Y (F”d> aw Y (PnVA) + By (225)
» )\ represents the water content in molar concentration

* pmn 1s the (dry) membrane density

* EW is the Equivalent Weight, a fundamental property of the ionomer membrane,
defined as the mass of the dry polymer per mole of sulfonic acid groups (—SOs;H).
It is expressed in g - mol ™!

* i; is the ionic current density, defined as

i] = —O'IVCI)[,

* ng4 1s the EOD coefficient
« D®f represents the effective water diffusion coefficient in the membrane

* R, is the source/sink term of water desorption/adsorption.

2.2.4 Global Domain

The governing energy balance for the global domain can be written as:

0
% (pCyT) + pCyv - VT =V - (kexVT) + Q (2.26)

* (), is the specific heat capacity
* kg 1s the effective thermal conductivity

* () represents the heat sources or sinks transferred from all sub-regions. Depending
on the considered domain, the thermal source term is expressed as:

— BPPs:
0=z
=
— Channels:
Q=0
— GDLs:
0=z
=
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— CLs:

— Membrane:

where

* ip: Electron current density (A/m?), associated with electron transport in the solid
conductive phase

* ip: Proton current density (A/m?), associated with ion (proton) transport through
the electrolyte or membrane phase

* op: Electrical conductivity of the electronic phase (S/m), typically associated with
solid matrix materials such as catalyst layers or bipolar plates

* op: Protonic (ionic) conductivity of the polymer electrolyte or membrane (S/m)
* j: Volumetric reaction current density (A/m?)
* 1. Activation overpotential (V)

» AS: Entropy change of the electrochemical reaction (J/mol-K), defined as:

dT dp;
— — R
T I Di

dS; = C,; (2.27)

* z: Number of electrons transferred per reaction event (dimensionless)
* F': Faraday constant (96485 Coulomb/mol).
In porous regions, the effective thermal conductivity is given by
kett = eayky + eagky + (1 — e)k; (2.28)

where ki, k4, ks denote the thermal conductivities of the liquid, gas, and solid phases.

2.2.5 Electrochemistry

The membrane proton domain is electrochemically active and consists of an ion/proton
conducting electrolyte/membrane sandwiched between two adjacent active layers. Oxidation
and reduction reactions occur at the anode and cathode electronic domains, respectively.
The relationship between the electronic and ionic (protonic) potentials is governed by
electrochemical kinetic models such as the Butler—Volmer [3] or Tafel [[13] equations. For
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instance, at the cathode electronic domain (with similar formulas applicable at the anode
electronic domain), the current density can be written as

. . Oz ¢ OéanF ae 1 — Qe ZF ae
i re q g

or, equivalently,

; ; Cl ¢ e 2 M ge C@ ¢ 1 — aue)z2Fnge
st [ ) I ()5
re g re g

(2.30)

* 1 is the reference current density

* 2z is the number of electrons transferred

+ [is the Faraday’s constant

* (; is the concentration of species ¢

* Crer 1s the corresponding reference concentration (typically the inlet concentration)
* (. 1s the charge transfer coefficient

* [ is the power-law exponent

* v is the reaction order

* 74 1S the activation overpotential, given by:

Nae = P — @1 — ENernst,ae (2.31)
where Enemstqc denotes the Nernst potential, calculated as :

1

o > |- (Hi—TS;) w— R,Twinp,] (2.32)

)

ENemst,ae =

where:
* p; is the partial pressure of species ¢
* H, is the enthalpy

* S; is the entropy, defined in Eq.
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* wis the stoichiometric coefficient (negative for consumption and positive for production)
corresponding to the transfer of z electrons.

Eq. (2.37) is adapted from [£].

Physics Governing Equations Domain
0

Continuity M + V- (agpeve) = Ry Fluid(GCs, GDLs, CLs)
a(aat V)

Momentum R2PeYe) 1. (gpyVevy) = —agVp+ Fluid(GCs, GDLs, CLs)

(Eulerian-Eulerian) 506& + My + Sparcy.o
ApyagYi)

V- Y;
Species transport a (PgagVeYi)

Fluid(GCs, GDLs, CLs)
=V - (pyag DSIVY;) + oy R;

Charge conservation V - (cpV®g)=Jg, V- (0;V®;)=J; Electric(Electronic,Proton)
Pm O +V. (ndil>

Water transport EW ot F Membrane
(membrane) =V (p—mDeffV)\) + R,

d(pC,T Ew "
Energy equation (p(‘?tp) +pCpv-VT =V - (kegVT)+Q Global domain

] C é az (1-a)z
Electrochemistry J=1o H (C Z > {67 e F"} CLs
(Butler—Volmer) e

Table 2.1: Summary of governing equations and their computational domains in the
PEMFC model. It is important to distinguish the coupling between the different
computational domains. The global, fluid and electric domains share the same source term
structure, differing only in the corresponding stoichiometric coefficients. Furthermore, the
global and fluid domains share also the same phase velocity, v.

2.3 Boundary Conditions

Appropriate boundary conditions are imposed in each computational domain in order to
accurately represent the physical operation of the PEMFC.

2.3.1 Fluid Domain

For the fluid-flow problem, Dirichlet boundary conditions are imposed on the velocity
field v at the GC inlets, where the inlet velocity is fixed. No-slip conditions are imposed
at all solid walls, resulting in zero velocity at the corresponding boundaries. For the
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pressure field p, a Dirichlet condition is applied at the outlet of the gas channels, while
homogeneous Neumann conditions are imposed on all remaining boundaries.

The fluid-domain boundary is divided into three distinct patches, namely S;, Sy, and
Sol

* S Inlet boundaries of the gas channels (both anode and cathode). A fixed-value
(Dirichlet) condition is imposed on the velocity field, while a zero Neumann condition
is imposed on pressure.

* Sw: Solid-wall boundaries, including the interfaces between the BPs and the GCs,
the lateral surfaces of the GDLs and CLs, as well as the membrane interfaces.
A no-slip condition is imposed for velocity (v = 0), while pressure satisfies a
homogeneous Neumann condition.

* So: Outlet boundaries of the gas channels (both anode and cathode). A zero Neumann
condition is imposed on the velocity, while the pressure is prescribed through a
Dirichlet condition.

Table 2.2: Boundary conditions applied in the fluid domain.

Boundary Patch Location Velocity v Pressure p
Sy GCs inlets Dirichlet (fixed value) | Neumann (Op/dn = 0)
Sw Solid walls/interfaces No-slip (v =10) Neumann (dp/dn = 0)
So GCs outlets Neumann (0v/0n = 0) | Dirichlet (fixed value)

2.3.2 Electric Domain

Dirichlet boundary conditions are imposed at the outer surfaces of the BPs in the electronic
domains, prescribing the operating potential difference of the PEMFC. Zero Neumann
boundary conditions are imposed at all remaining boundaries of the electronic domains,
corresponding to zero normal current flux. For the proton-conducting domain, zero Neumann
conditions are imposed over the entire boundary.

The boundary conditions corresponding to the electric formulation adopted in the
present work are illustrated in Fig. R.3.
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Figure 2.3: Boundary conditions imposed at the electric domain for the formulation
(Method 1), illustrating Dirichlet (prescribed potential) and zero Neumann boundaries
(zero normal current flux).

Table 2.3: Boundary conditions applied in the electric domain.

Boundary Patch Boundary Condition Type Description
Anode Outer BP Patch Dirichlet Prescribed electric potential
Cathode Outer BP Patch Dirichlet Prescribed electric potential
Remaining electronic boundaries Zero Neumann Zero normal current flux
Proton domain Zero Neumann Zero normal proton flux

2.3.3 Implementation of the Nernst Potential in the Electric Domain

Two different approaches have been employed for the incorporation of the Nernst potential
in the PEMFC electric formulation [§]. These approaches differ in the definition of the
imposed electric potentials at the BPs and, consequently, in the formulation of the activation
overpotential within the CLs.
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Method 1 Method 2
d}ch:' = U d}clc = TII.'.'II:I] = E:I' - Ell.'cll

Anode BP

Anode GDL
TI:H = ¢'r.lr -{I:'im Al’lﬁdﬂ CL “:u = ¢:l¢ - ¢'nm

Membrane

Mo =0 =, —E| Cathode CL | n, =6, —9d..

Cathode GDL

Cathode BP

¢¢k— = E:d.'wll ¢¢Ic = ﬂ

Figure 2.4: Comparison of the two approaches used for the implementation of the Nernst
potential in the electric domain.
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Figure 2.5: Indicative potential distribution across the PEMFC for Method 1 and 2. The

reversible potential contribution appears explicitly in the cathode activation overpotential
expression.

In Method 1, corresponding to the boundary conditions presented in Fig. 2.3, the
electronic potential is prescribed directly through the applied cell voltage. The anode
BP boundary face takes on the value

gbele = 07

while, at the cathode BP boundary face,

Qbele - Ecell‘

Under this formulation, the activation overpotentials are expressed as
ngct = ¢ele - ¢i0n

for the ACL, and
nacct - ¢ele - ¢ion - Er
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for the CCL, where E,. denotes the reversible (Nernst) potential.

In Method 2, the reversible potential is incorporated directly into the imposed boundary
conditions of the electronic phase. In this case, the CBP boundary face potential is,
similarly to Method 1, set to

¢ele = 07

while the ABP boundary face potential is prescribed as

¢e1e = Er - Ecell-

As a result, the activation overpotential in both CLs can be written in the unified form
ngétc = ¢ele - ¢i0n7

without explicitly introducing the reversible potential term in the source expressions.
The corresponding distributions of the electronic and ionic potentials across the membrane-electrode
assembly are illustrated in Fig. 2.9 for Methods 1 and 2. Although the two formulations
differ mathematically, they are physically equivalent and yield the same electrochemical
behavior and total cell voltage. Both methods will be presented and implemented in the
following chapters.

2.4 Software and Comparison with Previous Work at PCOpt
NTUA

The detailed software architecture and implementation of the primal solver are beyond the
scope of the present study. Nevertheless, the implementation of the adjoint methodology
required an extensive understanding of the existing source code, together with the modification
and extension of several software components. Readers interested in the implementation
details of the original numerical framework are referred to the openFuelCell2 repository,
where the software architecture is comprehensively documented [22].

Among the previous research efforts conducted at the Parallel CFD & Optimization
(PCOpt) Unit of the National Technical University of Athens (NTUA), the work presented
in [[10, 7] is particularly relevant to the present study. The same computational domain and
geometric configuration are adopted, thereby allowing a direct comparison between the
numerical formulations. The principal difference lies in the treatment of the multiphase
flow within the porous media. In [[10], a mixture model was employed, in which the gas
and liquid phases are represented as a single effective continuum governed by a common
set of mass and momentum conservation equations. In contrast, the present work adopts
a two-fluid Eulerian—Eulerian formulation. This formulation provides a more detailed
representation of liquid water transport and its interaction with the gaseous phase, allowing
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water accumulation and flooding phenomena to be captured more realistically.

The electrochemical performance, predicted by both numerical formulations, is compared
through the polarization curves shown in Fig. P.€. The figure also includes the experimental
measurements reported in [21], which were originally used to validate the mixture-model
formulation. Both numerical models reproduce the characteristic nonlinear behavior of
the polarization curve and exhibit good agreement with the experimental measurements
over the entire operating range. The mixture model provides a slightly closer agreement
with the experimental data, particularly at intermediate and high current densities. The
two-fluid Eulerian—Eulerian model consistently predicts lower current densities for the
same cell voltage, with the discrepancy becoming more pronounced as the operating voltage
decreases. Despite these differences, the overall agreement between the two numerical
approaches confirms that the implementation of the two-fluid model produces physically
realistic predictions while providing a more detailed representation of multi-phase transport
phenomena.

The principal physical and electrochemical parameters employed in the two-fluid model
are summarized in Table 2.4. These parameters include electrochemical reaction constants,
transport properties, porous-medium characteristics, and dissolved-water transport coefficients
adopted in the present implementation.

12000 _ :
Mixture Model —+—
Two Fluid Mode| —s—
10000 | Experimental Data
8000

6000

Mean Current Density (A/m?)

4000

2000

0
0.5 0.6 0.7 0.8 0.9 1
Voltage (V)

Figure 2.6: Comparison of the polarization curves predicted by the mixture model [[10], the
experimental measurements reported in [21]], and the present two-fluid Eulerian—Eulerian
model.
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Parameter Description Symbol | Anode Side | Cathode Side Unit
Exponential coefficient & 1.2 2 —
Reference molar concentration cref 56.4 3.39 mol /m?
Exchange current density Jo 1.0 x 104 120 A/m?
Charge transfer coefficient o 0.5 0.5 —
Bruggeman exponent parameter v 1.5 1.5 —
Reference pressure (Nernst model) Dref 101325 101325 Pa
Diffusivity coefficient (GDL and Dy 11 x 1075 3.2x 107 m? /s
CL)

GDL porosity £GDL 0.5 0.5 —
CL porosity EcL 0.5 0.5 —
GDL and CL Darcy resistance co- | dgpL_cL 1.0 x 1012 1.0 x 1012 m—2
efficient

GDL and CL specific heat capacity | C}, gpL—cL 2062.74 1108.85 J/(kg - K)
GDL and CL thermal conductivity | kgpL_cL 0.08396 0.02867 W/(m - K)
Gas phase Schmidt number Sc 0.7 — —
Electro-osmotic drag coefficient ng 0.12 0.12 —
Ionomer density/equivalent weight p/EW 1964 1964 mol /m?
Water adsorption/desorption coef- &ads 1.3 1.3 —
ficient

Constant liquid water pore/droplet dyater 1.5 x 10~* 1.5 x 1074 m
diameter

Molar weight (H,0) Mhu,o0 18.0153 18.0153 g/mol
Molar weight (H;) My, 2.01594 - g/mol
Molar weight (O5) — — 31.9988 g/mol

Table 2.4: Baseline physical, structural, electrochemical, and dissolved-water transport
parameters used in the Eulerian-Eulerian Model.
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Chapter 3

Electric Adjoint Model Development

3.1 Assumptions

The adjoint method is developed and assessed incrementally. So, the first approach adopted
for the adjoint implementation is restricted to the electric domain, while the remaining
fields of the fluid and global domains are considered frozen. This assumption is motivated
by the nature of the objective function, which is directly related to the current density.
As will be demonstrated in the following sections, the highest sensitivity with respect
to (w.r.t.) the design variable is obtained within the electric domain. Consequently, the
electric potential field, @, is the only physical quantity differentiated w.r.t. the design
variable which will be the porosity value ¢ of each region.

The analysis is conducted under potentiostatic operating conditions, meaning that the
cell voltage is prescribed while the resulting current density is computed as part of the
solution procedure.

All remaining physical fields, including temperature, membrane water content, species
mass fractions, velocity, and pressure, are assumed to be known and independent of the
design variable. Accordingly, the continuous adjoint formulation is derived exclusively
from the governing equation of charge conservation.

3.2 Objective Function

The objective of the optimization process is to maximize the total current density within
a selected CL—specifically, either the ACL or the CCL—under a specified steady-state
voltage constraint. As demonstrated in subsequent sections, the choice of the target CL
does not affect the optimization results, as the derived adjoint derivatives remain mathematically
independent of this selection. The objective function is therefore defined as the volume
integral of the absolute value of the volumetric current source term within the catalyst
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layer:

F = / |J| dS) 3.1)
Qcr

where ()¢, denotes the volume of the selected catalyst layer.

To incorporate the governing equation as constraint, an augmented functional is defined
as:

Fug=F+ / ¢R* dQ (3.2)
Q

where ¢ is the adjoint variable associated with charge conservation.

The residual of the governing equation is given by:

e ( aq)’“) —J,=0 (3.3)

aiL'j 8.1'j

Index k € {E, I} denotes the electronic and proton regions, respectively.

3.3 Design Variables

The design variables correspond to the porosity value of each porous region of the fuel
cell:

by, n=1,...,6 (3.4)

Specifically, these correspond to:

b1 = eacpL, b2 = eampr, b3 = €acr, bs = ecopr, bs = compr, bs = eccr

The optimization loop utilizes these six porosity values as design variables to maximize
the objective function, which corresponds to achieving the peak total current density. The
microporous layer (MPL) regions, situated between the GDL and the CL, are incorporated
to introduce an additional degree of freedom, thereby ensuring a smoother transition for
the design variables during the optimization process. The treatment of MPLs is identical
to GDLs.
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3.4 Electric Domain

3.4.1 Electronic and Proton Charge Conservation

Egs. and can be expressed in indicial notation using the Einstein summation
convention as follows:

o [ 0dp\
o [ 0B\
al'j <UI 8mj > N JI (36)

The source terms are non-zero only within the CLs, where electrochemical reactions
occur.

Differentiation of the Objective Function

As discussed previously, the optimization objective is defined so as to maximize the current
density generated within one of the catalyst layers, namely either ACL or CCL.

Let J denote the volumetric current source term obtained from the governing electrochemical
equations. The objective functional is constructed through integration over the relevant
catalyst-layer subdomains. For a selected catalyst layer ()¢, the total objective can be
written as

F = |.J| dS. (3.7)
a0
However, the sign convention of the electronic current source differs between anode
and cathode regions. In particular:

« within the anode electronic region, J > 0,

« within the cathode electronic region, J < 0.

Accordingly, for the electronic conducting phase, the objective functional is defined
differently for the anode and cathode cases.

Anode Catalyst Layer (ACL) Since J > 0 in the electronic region of the anode,
maximizing the current magnitude is equivalent to maximizing J:

Fiop = / J dSQ. (3.8)
Qel

ACL
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Cathode Catalyst Layer (CCL) Since J < 0 in the electronic region of the cathode,
maximizing the current magnitude is equivalent to maximizing —.J:

Fer = /Q (=D)de. (3.9)

CCL

The volumetric source terms in the conservation equations for electronic and ionic
charges (Eqs. R.19-2.20) are governed by the Butler—Volmer macroscopic kinetic relation
(Eq. 2.30).

Let jq. and js. represent the absolute localized current densities generated within the
anode and cathode catalyst layers, respectively (Egs. R.22-2.21). The signs of these source
terms are mapped dynamically to the electronic and ionic phase conservation equations
based on the charge-transfer mechanisms described in Section2.2.3. Under these conventions,
the source terms are expressed as functions of the local overpotential:

Jae = Cy (eMA? — g7 4282) (3.10)

e = Cy (e7P18% — P2a%) (3.11)

A® denotes the local activation overpotential, defined as the potential difference between
the primal electronic (P ) and ionic ($;) phases:

AD = by — @ (3.12)

To implement the adjoint sensitivity analysis, the variation of these transcendental
source terms must be derived w.r.t. the design variable vector b. Defining the variational
operator as § = %, the differentiation of a general exponential component via the chain
rule yields:

5 (GFA(P) y (er(%—@z)) = 2T (6D — 0D)) (3.13)

where [' represents an arbitrary kinetic scaling exponent (e.g., Ay, —As, —By, Bs). This
form effectively decouples the sensitivity of the electrochemical reactions into variations
of the primal state fields, 0@z and §®;.

5jae = CleAlAq)Al(é(I)E - 5@[) - CleAQAq)AQ(é(DE - 5@[) (314)
0jfe = —CoeP' 2B (6@ g — 0®;) + Cre* 2P By(60 5 — 5O;) (3.15)
8jae = C1[A1eMA® — Ape22®15D g 4 [C) Age28® — A1eM12%]60, (3.16)
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8jte = Cy[BaeP*2® — B850, + Co[B1eP12% — Bye22%)5, (3.17)

Or:
0Jae = Ca0Pp — C10P; (3.18)
0jte = —Cc0®. + Ccd Py (3.19)
where:
CA = Cl [A1€A1A<I> — AQ@AQA(D] (320)
Co = Cy[B1eP2? — ByeP2A?) (3.21)
and :
T CHz 0.5
Cr=(1-s8)J~—] (3.22)
CHzref
Co,
Cy=(1—3)J] 105 (3.23)
COzref
So, from the objective function:
F= / JredS2 (3.24)
Qp
0F = Cro®pd) — Co®d) (3.25)

Qp Qp

where index k stands for A for the ACL or C for the CCL.

Differentiation of the Laplacian Term

To evaluate the sensitivity of the governing equations w.r.t. the design variables, the
variation of the Laplacian term must be derived. Applying the principles of calculus of
variations, integration by parts, and the divergence theorem, the variation of the diffusion
term is expressed as:

/ Ohg - (mﬁ@’“) dQ = / o) (ak‘?’“) n;ds
0o,

0, dQ2 — [ —010Pn,;d
o Ox; dx; 7k s 0x;j TROTkT S+/Q o3

(3.26)
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Differentiation of the Non-Linear Source Term

The non-linear source term can be analyzed in the two CL zones respectively:
For the anode electronic domain Jg = jg:

/ b0 Tpd) = / S0 iandQ) = / Su[Cad®y — Cadd A (3.27)
QacL Qacr

QacL

For the cathode electronic domain, Jp = —j.:

/ 30T = — / G0 od = / 6u[Coddy — Cod®1d0 (3.28)
Qccor Qcor

Qccr

For the anode proton domain, J; = —7j,.:
/ GroJdQ) = —/ G1074edS) = / Or[Cad®; — CrdPg|dQ (3.29)
QacrL QacL QacrL

For the cathode proton domain, J; = jy.:

/ 6,6.7,d) = — / 1072 = / 61[Cod®; — Cosdpld?  (3.30)
Qcor Qccor

Qccr
So, the final expressions of the source terms at the CLs that correspondto: —¢gdJg — ¢;0J;

For the ¢ z-FAE eq in ACL(coefficient of 0®g): —Cadpp + Caos
For the ¢z-FAE eq in CCL(coefficient of 6®r): —Ceér + Cody
For the ¢;-FAE eq in CCL(coefficient of 6®;): Caop — Cady
For the ¢;-FAE eq in CCL(coefficient of 0®;): Ccopp — Coor

3.4.2 Porosity-dependent effective conductivities

The effective electronic and proton conductivities o in the porous media are modeled
as functions of the local porosity ¢, depending on the material region. This formulation
accounts for the reduction in available conductive pathways due to the presence of void
space.

Electronic conductivity According to Eq. .23, its sensitivity with respect to porosity
is given by:
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de

d 0, for the BPs
oL { (3.31)

—oq, forthe GDLs and CLs

Proton conductivity The corresponding derivative w.r.t. porosity, according to Eq. 2.24,
is:

doy 0, for the membrane (332)
—1.50¢pory (1 —€)%5,  for the CLs '

These expressions are used in the adjoint-based sensitivity analysis, where variations
in the porosity field directly influence the effective transport properties of both electronic
and proton phases.

3.5 Derivative of the Augmented Objective Function

By combinig all the derived terms, the variation 0 F'y,,, is obtained:

®
0F pug :/ (ai < 0 ’“) +Cy - @kéjk) 5y, dS)
Q \0Z; a%

_ / G0 (Uk%> s — agbkaknﬁ(l?de / 0 acp’“(s k92
S S Lj

Oz, z;
(3.33)

where the index £ € {E,I} denotes the electronic and proton domains and the index
t € {A,C} denotes the anode or cathode domain, depending on the CL the objective
function is applied to.

3.6 Field Adjoint Equations

To eliminate the dependency of the total derivative on primal field variations, the coefficients
corresponding to 0®z and dP; in the first term of Eq. are set to zero. Vanishing these
coefficients yields the system of partial differential equations that define the field adjoint

problem.
For the electronic domain:
0 %8y 4 ¢ 5J 5J 3.34
8x3<0E8x3)+ k — Op0Jr — ¢r0J; =0 (3.34)
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For the proton domain:

0 ¢

axj< e j) + Cr — ¢10J; — ppdJp =0 (3.35)

3.7 Adjoint Boundary Conditions

The adjoint boundary conditions are derived from setting the surface integrals that arise
after applying the Green-Gauss Theorem to the variation of the augmented functional to
Zero.

From the variational formulation of F'y,4, Eq. B.2, the boundary integrals associated
with the electronic domain are:

)
o aEa(a E) ds — %UE 5P dS (3.36)
Sk 871 SE 871
Similarly, for the proton domain:
b1 07 (aq”) ds — / %01 5®; dS (3.37)
S] a SI

Dirichlet Boundary (Prescribed Potential) If the electric potential is prescribed:

D, = O, (3.38)
then:

0, =0 (3.39)

and the remaining boundary term vanishes if:

¢; =0 (3.40)

Thus, along the Dirichlet boundaries of the primal problem:
¢i =0 (3.41)

Neumann Boundary (Prescribed Current Flux) If the current flux is prescribed:

0P,
=g 42
T i (3.42)
then:
5(8(1)1‘) =0 (3.43)
on
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and the adjoint boundary condition becomes:

0¢i
o ¢ =0 (3.44)
on
Thus, along the Neumann boundaries of the primal problem:
0¢i
gi—‘b =0 (3.45)
on

Summary of Adjoint Boundary Conditions

For both electronic and ionic domains:

* Along the Dirichlet boundaries of the primal problem (i.e., the two vertical patches
shown in Fig. .3)):
¢=0

* Along the Neumann boundaries of the primal problem (i.e., all remaining patches
of the electronic domain and the entire boundary of the ionic domain):

99

O'%—

0

3.8 Sensitivity Derivatives

The sensitivity of the objective function w.r.t. each design variable is obtained. The
resulting gradients provide the necessary information for gradient-based optimization of
the porous structure.

6F 8¢E 8<I>E (SO'E / (99251 a(I)[ 50’[
= — dQacL — — ds2 3.46
5bACL /S;ACL &cj ail')j 6bACL ACL QacL a.flfj ij 5bACL ACL ( )
oF 0pp 0P dog
=— ds? 3.47
dbampL /QAMPL Oxj Ox; dbampL AMPL ( )
oF 0pp 0Pp dog
= — ds2 3.48
5bAGDL /g;AGDL &Uj aZL'j 5bAGDL AGDL ( )

8@5] 8@[ 50[

dQccr — GOreTr 991
ceL ﬁxj (%vj 5bCCL

dQccr (3.49)

dbccr Qe 025 0 dbecr

QccL
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oF 0pp 0Pr dog
= — dQ) 3.50
dbemp /QCMPL axj axj dbempL MPL ( )
oF 0pp 0P dogp
= — dS 3.51
dbcapL /QCGDL al“j afBj dbcgpL capt ( )

where each design variable b, corresponds to the porosity value of each specific region,
namely the ACL, AMPL, AGDL, CGDL, CCL, and CMPL regions.

3.9 Simulation Results

3.9.1 Geometry of the model

The geometry of the PEMFC contains the BPs, the GCs.the porous zones and the membrane.
The channel length is 30 mm.

Anode BPend  Symmetry Cathode BP en
at y=0mm

Figure 3.1: 2D schematic of the PEMFC (not to scale), with dimensions.

3.9.2 Mesh Statistics

Two different structured, hexagonal, orthogonal 3D meshes were generated using blockMesh.

Fine mesh represents the simplified layered configuration with the following characteristics
shown in Tab. B.1].

Coarse mesh represents the coarse configuration with significantly reduced computational
cost. It contains approximately 19% of the cells of the fine mesh (189,720 vs 999,648)
while maintaining identical geometry and mesh quality (max aspect ratio 400, perfect
orthogonality). The characteristics are shown in Tab. B.2.
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Figure 3.2: Computational mesh, each region shown with different color.
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CellZone Cells Avg. Volume (m®) Total Volume (m?)
BPs 308,672 5.83 x 10713 1.8 x 1077
CGC 70,304 427 x 10713 3.0 x 10~8
CGDL 78,624 1.53 x 10713 1.2 x 1078
CMPL 78,624 7.63 x 10715 6.0 x 10710
CCL 78,624 7.63 x 10715 6.0 x 10710
Membrane 78,624 3.82 x 10~ 3.0 x 107
ACL 78,624 7.63 x 10715 6.0 x 10710
AMPL 78,624 7.63 x 10715 6.0 x 10710
AGDL 78,624 1.53 x 10713 1.2x 1078
AGC 70,304 4.27 x 10713 3.0 x 1078

Table 3.1: Cell zone statistics for Fine mesh (average volume = total volume / cells).

3.9.3 Verification of the Anode Electric Potential Adjoint Model

In this section, the adjoint formulation is verified for the anode electric potential domain.
For this purpose, only the electric potential ¢y is solved as a primal variable only in
anode electronic domain. This approach allows an isolated verification of the adjoint
implementation associated with the electric potential equation.

Model Parameters

The parameters of the Butler—Volmer model used in this verification study are summarized
in Tab.B.3.

The electric conductivity values employed in both electrodes are listed in Tab. B.4.

The temperature is assumed constant at 7' = 343.15 K (70°C). Furthermore, Faraday’s
constant is taken as /' = 96485.33212 C/mol and the universal gas constant as R =
8.32 J/(mol K). The porosity in all zones is initially set to g = 0.5.
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CellZone Cells Avg. Volume (m3®) Total Volume (m?)
BPS 58,560 3.07 x 10712 1.8 x 1077
CGC 13,500 2.22 x 10712 3.0 x 1078
CGDL 14,880 8.06 x 10713 1.2x 1078
CMPL 14,880 4.03 x 10~ 6.0 x 10710
CCL 14,880 4.03 x 1071 6.0 x 10710
Membrane 14,880 2.02 x 10713 3.0 x107?
ACL 14,880 4.03 x 10~ 6.0 x 10710
AMPL 14,880 4.03 x 10714 6.0 x 10710
AGDL 14,880 8.06 x 10~13 1.2x 1078
AGC 13,500 2.22 x 10712 3.0 x 1078

Table 3.2: Cell zone statistics for Coarse mesh.

Parameter Unit | Value
iop (Anode) | Am~3 | 1000
io (Cathode) | Am=3 | 120
« — 0.5
'3
() | - !
Cref

Table 3.3: Parameters of the Butler—Volmer model.

Parameter Unit | Value
oo at BPs, CLs, GDLs Sm~!| 750
Porosity of Nafion (porNaf) - 0.3

Table 3.4: Steady-state electric conductivity parameters.

Adjoint Verification Procedure

To verify the correctness of the adjoint implementation, the adjoint derivative d.JJ /dbacy is
compared with a finite-difference approximation. Only the porosity of the anode catalyst
layer (ACL), eacL, 1s perturbed, while all other regions remain fixed.

For perturbation Ae, around the porosity value &, the central finite-difference approximation
is given by
oF

OeacL o

_ Fleo+ Acg) — F(gg — Ag)
2Ae

In contrast to the finite-difference approach, which requires two primal evaluations
for each design variable, the adjoint method provides the sensitivity d.J /dbacy through a
single adjoint solve, independent of the number of design parameters. This represents a
significant computational advantage in large-scale optimization problems.
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Results and Discussion

Tab. B.3 summarizes the comparison between finite-difference and adjoint sensitivities for
different mesh resolutions and discretization schemes (upwind, backward, and central).

Mesh Ae Scheme  Finite diff. 0F /dbac.  Adjoint OF /dbaci  Deviation (%)
Fine 0.01 Upwind -4.7032E-05 -4.6715E-05 0.68
Backward -4.6987E-05 -4.6712E-05 0.59
Central -4.7011E-05 -4.6709E-05 0.65
0.1  Upwind -5.0124E-05 -4.6715E-05 7.29
Backward -4.5036E-05 -4.6715E-05 3.59
Central -4.7028E-05 -4.6715E-05 0.67
Coarse 0.01 Upwind -4.8126E-05 -4.7523E-05 1.27
Backward -4.8054E-05 -4.7519E-05 1.13
Central -4.7988E-05 -4.7521E-05 0.98

Table 3.5: Comparison between finite-difference and adjoint sensitivities for perturbations
OngCL (60 = 05)

The results demonstrate excelent agreement between the adjoint sensitivities and the
finite-differences approximations. For the smaller perturbation Ae = 0.01, the deviation
remains below approximately 1% for all discretization schemes and mesh resolutions.
This confirms both the consistency of the adjoint formulation and its correct numerical
implementation.

For the larger perturbation Ae = 0.1, the relative deviation increases, particularly for
the upwind scheme. This behavior was expected, since finite-difference approximations
become less accurate for larger perturbations due to truncation errors and nonlinear effects.
The central scheme shows the best agreement, which is consistent with its second-order
accuracy.

Overall, the study verifies that the adjoint model correctly computes the derivative of
the objective function w.r.t. ACL porosity. The observed mesh independence of the adjoint
sensitivities further strengthens confidence in the robustness of the implementation.

AGDL and AMPL Sensitivity Verification

In addition to the ACL porosity perturbation test, further verification was performed for
the derivatives associated with the AMPL and anode parameters. A central perturbation
0e = 0.01 around ¢y = 0.5 was applied.

Tab. B.6 summarizes the finite-difference sensitivities obtained using different schemes
and compares them with the adjoint results.

The results show excellent agreement between the adjoint sensitivities and finite-differences.
For the AMPL parameter, the relative error is below 1%, indicating an excellent consistency
between both approaches.

43



Scheme aF/ﬁbAMpL 0F/8bANODE

Upwind -7.3042E-05 -1.9836E-03
Central -7.2988E-05 -1.9467E-03
Backward -7.3051E-05 -1.9134E-03
Adjoint -7.2526E-05 -1.8429E-03
Deviation (%) 0.71 5.50

Table 3.6: Comparison between finite-difference and adjoint sensitivities for AMPL and
anode derivatives on a mesh with 10° cells.

For the anode derivative, the discrepancy is slightly larger (approximately 5%), which
can be attributed to stronger nonlinearity of the sensitivity w.r.t. this parameter. Nevertheless,
the magnitude and sign of the derivative are correctly reproduced by the adjoint method.

3.9.4 Verification of the Three-Electric Domain Model

This verification study focuses on the coupled three-domain formulation involving the
electronic potentials at the anode (P, 4), cathode (P, ), and the ionic potential (P;).

Simulations were performed on both coarse and fine computational meshes to verify
the consistency of the full-domain adjoint PEMFC model. The analysis was conducted
for both implementations of the Nernst potential (Method 1 and Method 2 ) under
potentiostatic operation at a fixed cell voltage of E .y = 0.6 V.

Model Parameters: Method 1

The electrochemical parameters employed in the Butler—Volmer formulation are summarized
in Tab. B.7. The electrical conductivities used in the simulations are given in Tab. 3.§. The
temperature is assumed constant at 7' = 343.15 K. The physical constants are taken as
F =96485.33 C/mol and R = 8.314 J/(mol K). The initial porosity in all porous regions

is set to €9 = 0.5. The Nernst potential is imposed, with values Enemse = 1.5558 V at the
cathode catalyst layer (CCL) and Enemst = 0.3029 V at the anode catalyst layer (ACL).

Parameter Unit Value
iop (Anode) | Am™ | 1 x 10°
io (Cathode) | Am~3 120

« - 0.5
Ci\*
- 1.0617
(Cref>

Table 3.7: Butler—Volmer parameters for Method 1.
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Parameter Unit | Value
Electronic conductivity o (all electronic regions) | Sm~! | 2000
Ionic conductivity o; (all ionic regions) Sm™! 10

Table 3.8: Electrical conductivity parameters for Method 1.

Model Parameters: Method 2

The corresponding Butler—Volmer parameters for Method 2 are presented in Tab. 3.9. The
electrical conductivity values are listed in Tab. B.10. The temperature, physical constants,
and porosity are identical to those used in Method 1. In this formulation, a constant Nernst
potential of Enemst = 1.23 V 1s assumed throughout the domain.

Parameter Unit Value
io (Anode) | Am™3 | 6 x 10°
ig (Cathode) | Am™3 120

« - 0.5
Ci\*
- 0.6940
(Cref>

Table 3.9: Butler—Volmer parameters for Method 2.

Parameter Unit | Value
Electronic conductivity o (all electronic regions) | Sm~! | 1500
Ionic conductivity o; (all ionic regions) Sm™! 10

Table 3.10: Electrical conductivity parameters for Method 2.

Results and Discussion

A key observation is that the sensitivity derivatives, obtained through both adjoint and
finite-difference approaches, are strongly influenced by the volumetric contribution of
each region. Since the adjoint formulation involves volume integrals, the GDLs, being
significantly larger than the CLs and membrane, exhibit dominant contributions to the
total sensitivity.

To ensure a consistent deviation assessment, the entire porous domain is also treated
as a unified region, and the total sensitivity is evaluated accordingly. This serves as an
initial verification step before extending the model to more complex configurations, such
as spatially varying (e.g., polynomial) porosity distributions.

The derivatives computed using central finite differences show excellent agreement
between the anode and cathode domains, with discrepancies of the order of 10~* to 10~°
as the mesh is refined.
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Similarly, the adjoint-derived sensitivities for the anode and cathode domains are nearly
identical, with agreement up to five significant digits. Therefore, in the following analysis,
results are presented for only one side (either anode or cathode), as the differences fall well
below the desired tolerance.

Furthermore, it is observed that applying the objective function at either the ACL or
the CCL yields nearly identical sensitivity distributions across both electrodes. When
the objective function is applied simultaneously to both layers, the resulting sensitivities
correspond to a simultaneous perturbation of porosity in the respective regions of both
electrodes.

Based on these observations, the verification results are presented for both coarse
and fine meshes, for the two Nernst implementations, and for both sensitivity evaluation
approaches (central finite differences and adjoint method), considering the objective function
applied at a single catalyst layer (ACL or CCL).

Region | Central FD |  Adjoint | Deviation (%)
Coarse Mesh

AGDL | -0.007929183 | -0.007501527 5.393
ACL | -0.000195090 | -0.000192667 1.242

AMPL | -0.000296728 | -0.000294846 0.634

Fine Mesh

AGDL | -0.007799778 | -0.007560392 3.069
ACL | -0.000191860 | -0.000189925 1.008

AMPL | -0.000296018 | -0.000293141 0.326

Table 3.11: Comparison between central finite difference (ée = 0.01) and adjoint-derived

sensitivities for Method 1.

Region | Central FD |  Adjoint | Deviation (%)
Coarse Mesh

AGDL [ -0.004777719 | -0.004700378 1.619

ACL | -0.000121849 | -0.000120401 1.188

AMPL | -0.000182312 | -0.000181186 0.617
Fine Mesh

AGDL | -0.004715906 | -0.004680907 0.742

ACL | -0.000120493 | -0.000119321 0.973

AMPL | -0.000180590 | -0.000180201 0.215

Table 3.12: Comparison between central finite difference (de =

sensitivities for the ¢, case using Method 2.

0.01) and adjoint

The verification results presented in Tabs. and demonstrate an excellent
agreement between the derivatives obtained using the adjoint method and those computed
by finite differences for both Nernst implementations. In all cases, the deviations remain
below approximately 5.4%, with the largest discrepancies occurring in the GDL region
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for the coarse mesh, while ACL and AMPL exhibit deviations close to or below 1%. As
the mesh is refined, the agreement improves consistently, indicating the convergence of
the adjoint method toward the finite-difference solution. The larger derivative magnitude
observed in the GDL is expected since the adjoint method involves volume integrals, and
the significantly larger volume of the GDL leads to a proportionally greater contribution to
the objective function gradient. Overall, the close agreement between the two derivatives
evaluation methods confirms the correctness of the adjoint method and provides confidence
for its application to more complex optimization problems involving spatially varying
porosity distributions.
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Chapter 4

Three Equation Adjoint Model

Development

4.1 Assumptions

After succesfuly developing the electric adjoint, the adjoint method is expanded by adding
the two fluid equations, momentum and continuity, creating a three equation adjoint model
solver. The objective function and the design variables are the same as described in
sections and B.3. The flow is assumed to be single-phase and laminar, serving as an
initial stage for the development and verification of the adjoint method. This assumption is
consistent with high-temperature operating conditions, under which liquid water formation
is neglected and only gaseous species are considered.

All other physical fields, including temperature, membrane water content, and species
mass fractions, are assumed to be known and constant w.r.t. the design variable. For the
adjoint formulation, the derivation is restricted to the governing equations of continuity,
momentum, and charge conservation.

4.2 Augmented Objective Function

To incorporate the governing equations as constraints, an augmented functional is defined
as:

Faug:F+/u,-R;’dQ+/qRPdQ+/¢R©dQ 4.1)
Q Q Q

where u;, q, and ¢ are the adjoint variables associated with momentum, continuity, and
charge conservation, respectively. The residuals of the governing equations (Eqgs. 2.2, 2.8,
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R.19, .20) are given as:

o O(pviv;) 0 dv; O, op
e O Iz, M(ﬁx]— * (%i) * ox; Y + Spacrey0
Rp:—a(pv)+Rk_0

Ox;
9, 0D,
= - —_ — fd

Index k € {E, I} denotes the electronic and ionic phases, respectively.

4.3 Fluid Region

The primary variables in this region are pressure p and velocity field v.

4.3.1 Continuity Equation

d(pv;)
Oz

+ R, =0

(4.2)

4.3)

4.4)

(4.5)

The variation 0 of the continuity equation, multiplied by the adjoint variable ¢, yields:

The contribution from the source term is:

M,
/qédeQ:/ Joas @ 2 Mi s i
Q Q ZF

4.3.2 Momentum Equations

The momentum equations are applied over the entire fluid domain:

d(pvivy) 0 v, Op B
8xj 8xj M@x] + 8 i P9 = 0

dq
4] 0 s —,;0pdS) —pov; d)
/ 8:17] d(pv;) d / q(vidp + pov;)n; +/ “Uj0p +/anjp Uj

(4.6)

(4.7)

(4.8)
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Differentiation of the Convection Term

/ui(S (i(pvivj)) s :/uié(pvivj)nj as
Q 3x3 S

—/%pviévj dQ—/Q%pvjévi ds (4.9)
j

ou;
/ oz, —v;v;0pdQ

By reindexing terms involving dv;:

ou; ou; ou,; ou;
ZpUl(SU ds) — va dv; dQ) = / <—]pv- - —va») ov; dQ (4.10)
o 9,00V o oz, 92,"" 9,V

Differentiation of the Diffusion Term

[ (g )
o Ox;

ov; 8uZ
_/SUi <5 (ua%)) n;dS —|— , 01, ( >> ds2 (4.11)
81}]‘ 8uz
_/Sui (5 (“3@-)) n;dS + o (5 )) 49
Applying the Green—Gauss theorem:
3ui an 8uz azuz
Q= Q 4.12
/Q 7z, ((5 (u(%j)> d . oz, ——povin;dS — / pe 2 — pov;d (4.12)
ou; ov; ou; 0%u;
Q= dS) 4.1
/Q oz, (5 (uaxi)) d /s o ,u5v]nld5 / Da0; pov;d (4.13)

Thus, the diffusion term produces three surface integrals and two volume integral:

0 ov ov; ov;  0v;
- ! dQ) = — , ! J d
/Q "0z {M (893] - 8:1:1)} /suZ ok (aﬂfj - 393i> ;45
ou; ou;
L . d J s d
+/8$] n; S+/Saxiu5vzn] S

0%u; 0%u.;
LGy A9 — Iy S, dS).
/ a2 ! o 9z,0x, 1"

(4.14)
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Differentiation of the Pressure Gradient Term

The contribution of the pressure gradient term to the variation of the objective function is
considered by:

/uii((ip) dQ:/ui(ép)mdS_/ %%dﬂ (4.15)
q Ox; g o 0z

T

Differentiation of the Darcy Porous Resistance Term

The Darcy porous resistance term given in Eq2.9. As referred to previously, the system
is treated as single-phase; hence, the primal velocity corresponds to the velocity of the
continuous phase and is differentiated as follows:

0SDarey = — / w;(pa + 0.5 % p|v|B)dv; dQ2 — / u;v5(0.5 * pﬁ)ﬂévi dQ)
Q Q

v (4.16)
— / wi(poa + 0.5 % p|v]|d8)v; d2
Q
4.3.3 Mixture Ideal Gas Law
The mixture is assumed to obey the ideal gas law:
=pTY ViR Ry = (4.17)
p=p a kL, k= M, .

Since the species mass fractions are constant, p variations simplify to:

op=06pT> ViR (4.18)
k

4.3.4 Porosity Sensitivity of the Porous Resistance

Their derivatives w.r.t. porosity are:

g—j = 1(% [—2(1 —e)e™® = 3(1 —¢)% Y], (4.19)
e I (LI (420

The porous resistance tensor is
1
Cij = povj + §pﬁij‘v|7 (4.21)
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yielding the momentum sink

Differentiation w.r.t. porosity gives

831 aOéij 1 (96U
= = ;. 4.2
88 (/’L 85 + ZPIV‘ 85 u] ( 3)
The adjoint-based sensitivity is then obtained as
1
Q

where u; denotes the adjoint velocity field. This expression is evaluated locally in each
control volume and accumulated to form the total gradient w.r.t. porosity.

4.4 Differentiation of the Objective Function

The objective function is influenced by not only by the primal electric potentials ¢z and
®;, but also by the dependence of the Nernst potential on the pressure field. According
to Eq. .32, the pressure dependence of the Nernst potential introduces an additional
contribution to the adjoint pressure equation through the variation of the objective function.
The corresponding variation can be written as

1 1
5lENernst,ae - Z_F Z |:_R9Tw]7ij| (425)

Furthermore, by differentiating the Butler—Volmer equation (Eq. 2.30), the contribution
of the objective function within the fluid domain can be derived. This contributes to the
continuity equation through the coefficient associated with dp. The resulting sensitivity
term is expressed as

i \¢
5jNernst = iae70(1 — Ckl)’y H < ) 6ENemst,ae

reac,? Cref
OéanF OéanFnae (1 - aae)ZFnae (1 - aae)ZFnae
X { R,T P (_ R,T ) M R,T
(4.26)

An analogous procedure is applied to the source terms appearing in the continuity and
potential equations. Consequently, the total contribution of the objective function to the
continuity equation can be written as follows:
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wXM;
6JNernst — (1 - <I>E + CDI)(;]Nenrst + q - F 5]Nernst (427)

4.5 'Total Derivative of the Augmented Objective Func-
tion

By combining all the derived terms , the total vriation of Fl4,4,  F4,, is obtained.

dq ou;
Fau iYe — \q . T erns Q
O F g = (83:] (0 (0wi N t)p) opd
Ou;  Ouy 0 Ou; Ou;
_ A0
/Q (” oz, (8@ * axj) “ow, o, T am 551’““?’) o0

/ ( ( ‘%‘“) Oy — 6405, — 6485, + Crg 2 ) 5y, d9)
Oz, zF
(—

quing + wv;vin; 4+ uin; = )6/) ds

+
/

/ —pqn; + w;ipvin; 4 w;pvin; + p( Dyn;)v; dS
S ox T ZT;

ov; 81}] 0y,

Iy, Iy, 0% / 1
/ o, - 0kn;0PrdS — / or; 01, —doyd Quz poa; + zpvaﬁu v;d
(4.28)

where index & € {E, I} denotes the electronic and proton domains and index ¢ € {a,c}
denotes the anode and cathode domains, respectively.

4.6 Field Adjoint Equations

In order to avoid the explicit computation of the sensitivities of the objective function
with respect to the primary variables, the field adjoint equations (FAEs) are formulated
such that the coefficients dp and dv; vanish. This leads to a system of adjoint equations
for continuity, momentum, and electric potentials, which are driven by the corresponding
sensitivity source terms.
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Adjoint Continuity Equation

8_%1}] - a—%U]UZ - (8@’2 - 5JNemst) ; =0 (429)
Adjoint Momentum Equation
0 8UZ an Vi _ .
_ u@xj (&Uj + 8@) — u;(pper + 0.5 % p|v|B) — u;v;(0.5 * pﬁ)q =0

Adjoint Potential Equations

Electronic domain:

0 0 M;
Ox; (JE ¢E) Gy — 6588 — 61551 + Crg =M g (4.31)
Oz, 0z 2 F
Proton domain:
0 0 M;
or; (mﬁ) T Ch— 61051 — 6565 — Crg "= _ g (4.32)
Ox; Oz, 2P

4.7 Adjoint Boundary Conditions

The adjoint boundary conditions are derived from the surface integrals in Eq. that
arise after applying the Green-Gauss theorem to the variation of the augmented functional.
These surface integrals must vanish for arbitrary variations, leading to the appropriate
adjoint boundary conditions (ABCs).

For the primal velocity field v, Dirichlet boundary conditions are imposed along the
GC inlets (prescribed velocity), while no-slip conditions are applied along the solid walls.
For the pressure, Dirichlet conditions are imposed at the outlet of the fluid channels and
zero Neumann conditions are applied everywhere else.

4.7.1 Adjoint Fluid Boundary Conditions

For the fluid domain, three surface integrals must vanish. The fluid boundary domain is
divided into three patches: S, Sy, and Sp. These are explained below:

» 57 is the inlet domain of the GCs (both anode and cathode); there, the boundary
conditions are zero Neumann for the pressure and fixed-value for the velocity.
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* Sy is the ensemble of solid walls, where the velocity is set to zero and the pressure
follows a zero Neumann condition.

* So is the outlet patch of the GCs (both anode and cathode), where zero Neumann
for the velocity and zero Dirichlet for the pressure are imposed.

The surface terms dp and §p are grouped together via Eq. §.18.
/ (—qvjnj + wv;vm; + umiz—o) opdS =0 (4.33)
s P

The surface terms dv; and ¢ <g—£y> are grouped separately:

Ou;  Ou,
/ (—pqni + (ujvjpn; + wvipn;) + ( Yy ﬂ)um) (0v;)dS =0 (4.34)
S 83:j (9951

(%z- a’Uj .
/S(umj)u(S (85L’j + a@) dsS =0 (4.35)

Inlet Boundaries S; For Eq. %.39, the primal velocity field has zero Neumann boundary
conditions at the outlet and Dirichlet boundary conditions elsewhere. Therefore, this
term must vanish at the walls and the inlet. The term u;n; is expanded into the normal
component (n;) and the tangential components (¢, t/1) projected onto the inlet surface as:

177
1 1 11 411
U; = Ucn>T5 + u<t>ti + u<t>ti (4.36)

Thus, Eq. becomes:

ov; ov;
[ Gttty md (2 452 ) a5 =
S

8xj 8ZEZ
ovy, I ovl v, I ot v,
/S (5 (2“%) Tt (*‘ (% o)) T\ oy T ) ) )
(4.37)
Taking the continuity equation evaluated at .S; into account:
ov; 0 ov, ovl ot
O = % (v<n>ni + Uit>tif + Ui[t>ti11) = % + a—t; atﬁl =0 (438)
Term %Ln" vanishes automatically for flows with a uniform tangential velocity profile

at the inlet, because
ov, vl ol

on ot ol
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For the surface integral in Eq. to vanish, the tangential adjoint velocities must be
zero at the inlet:
L_ull_ =0 (4.39)

Ugpss Uy

At the inlet, and taking into account that p has a zero Neumann condition, the term dp
(equivalently 6 p) must vanish. Multiplying Eq. by n? yields:

/ <_qv<n> + Ucn>Vn>V<n> + u<n>§> 6[) dS = O (440)
S

Hence, at the inlet, the following boundary conditions are applied:
q, U<n> - O (441)

Walls Using the same procedure, and because v,, = 0 at the walls, no adjoint pressure
derivative condition is required; therefore, a zero Neumann condition is applied. In addition,
U<n~ = 01s needed for the surface integral in Eq. to vanish. For Eq. .33, the adjoint
velocity components must be zero following the same reasoning as in the inlet domain.

Therefore, the following boundary conditions are applied at the walls S,,:

dq
%a U<n>, u1<t>7 UI<It> =0 (442)

Outlet At the outlet, a zero Dirichlet boundary condition is imposed on the pressure,
so the surface integral in Eq. vanishes because op = 0. Also, a zero Neumann
boundary condition exists for velocity, so the surface integral in Eq. vanishes because

o <[l,g—;);> = (. Consequently, only the surface integral in Eq. remains.
Multiplying Eq. by n;n? gives:

ou,

on

/ (‘Pq + (Ucn>Vansp + UcnsVnsp) + 2 ﬂ) ov; dS =0 (4.43)
S

Multiplying Eq. by t! yields:
I oul  ou,
UgysVansp + [ B + e ov; dS =0 (4.44)
s
Multiplying Eq. by tH yields:

out  ou,
/s (ug>v<n>p+ i ( (9;1 + 8t”)> (0v;))dS =0 (4.45)
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Thus, there are three equations for four unknown values. In this work, ¢ = 0 is set at
the outlet, which yields a Robin-type boundary condition Eqs. 4.4, §.43, §.44 for the
adjoint velocity components.

Table 4.1: Summary of adjoint fluid boundary conditions. The notation u.,,~ refers to the
normal component of the adjoint velocity, uZ,. , u},_ to its tangential components, and ¢
to the adjoint pressure adjoint variable.

Boundary re- | Primal BC (for velocity v; and | Adjoint BC (for u;, q)
gion pressure p)
Inlet St
0 o =
- 2=y q
. v fixed value * Ucp> =0
(Dirichlet) cul, =ull_ =0
Walls Sy
o
¢ 8_5 = O L] @ = 0
. ;i fixed value . on 0
(Dirichlet) U<n> =
* ul<t> = ul<lt> =0
Outlet Sp
* p = 0 (Dirichlet) cq=0
* % =0 CUcpss Ul ulhy
satisfy Robin-type
conditions derived from
Eqgs. (#.43)-(#.43)

The boundary conditions for the adjoint potential equations are identical to those derived
in Chapter J.

4.8 Sensitivity Derivatives

The variation of the objective function is given by:

5F = —

0 aq)E(;UE dQ_/ %@
Q

QO 8xj 8xj I l’j ZL‘j

1
50[ dQ+/ U; </M$Oﬁj + —p|U|(5ﬁij) UZdQ
QFiuid 2
(4.46)

From Eq. .46, the adjoint derivatives w.r.t. the porosity of each porous layer are
obtained by restricting the variation to the corresponding region. Consequently, the derivative
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of the objective function w.r.t. porosity of each region is given by:

oF B _/ 0pp 0Py Oog 10
dbacpL QAGDL Ox; Ox; abAGDL
Ju; 00;
+ U; ] - ] )Ui dQ, 4.47
/Q <“ Sy 3 347
oF __/ 8¢E8®E 80E dQ—/ %@ 80'[ dQ
5bACL QacL 8$J’ 8.1'j (%ACL QacL aiL‘j 89@- abACL
+ ; Yo ply| ) . dQ, 4.48
[ (b ol ) (4.48)
ObampL QampL Ox; Ox; (%AMPL
19le% 00;
+ U; 1 - ] )Ui dQ, 4.49
/QAMPL <M abAMPL | |abAMPL ( )
OF __/ 8¢E8(13E aO'E 4o — %@ 601 40
5bCCL QceL 81‘]‘ 8x]~ 8bCCL QceL 89:j 6xj abCCL
+ i | = 4 = plv| ==L ) v; dQ, 4.50
. (e + 3o g5 ) (%30
5bCMPL QoML 81Ej aZL’j 8bCMpL
oo 5
+ u; oy S plv| 2 )vi ds, 4.51
/QCMPL (MabCMPL p| ‘abCMPL ( )
oF B _/ 0¢pp 0Pp Oog a0
dbcepL QcepL Oz Oz; abCGDL
+ U; Y - 4 >Ui dS). 4.52
/QCGDL (HabCGDL pl IabCGDL ( )

4.9 Verification of the Three-Equation Domain Model

The model parameters for the electric domain are those utilized for the electric adjoint
model in Chapter [§, under Method 1. Furthermore, the geometry remains the same as
described in Section 3.9.1].

To verify the accuracy of the computed adjoint derivatives, the same procedure established
in Chapter J is followed, validating the results against central finite differences. The fluid
domain model parameters used during this verification process are summarized in Tab. 4.2.
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Table 4.2: Fluid domain model parameters.

Parameter SI Unit Value
Reference Pressure (FPr) Pa 101 325
Pore Diameter (dpore) m 1.333333e-06
Specific Heat Capacity (C,) J/(kg - K) 568
Thermal Conductivity (k) ~ W/(m - K) 1.7
H>0 Molecular Weight kgmol ™! 18.0153e-03
Hs, Molecular Weight kg mol ™ 2.01594¢-03
O, Molecular Weight kg mol ™ 31.9988e-03
N3 Molecular Weight kgmol " 28.0134e-03
Temperature (T) K 434.15K

Table 4.3: Comparison of central finite difference and adjoint sensitivities for the AGDL
parameter. The percentage deviation between both approaches is presented, too.

Voltage Mesh ¢, Ae Central FD Adjoint Deviation (%)
0.6V Fine 0.5 0.001 0.005948924 0.006002257  -0.896517
0.6V  Coarse 0.5 0.001 0.005853548 0.005949379  -1.637138
0.8V Coarse 0.3 0.001 0.074164382 0.073196540 1.304996

Table 4.4: Comparison of central finite difference and adjoint sensitivities for the CGDL
parameter. Percentage deviations are also presented.

Voltage Mesh e Ae Central FD Adjoint Deviation (%)
0.6V Fine 0.5 0.001 -0.000609529 -0.000621632 -1.985624
0.6V Coarse 0.5 0.001 -0.000619043 -0.000633346 -2.310494
0.8V  Coarse 0.3 0.001 -0.006786682 -0.007057185 -3.985793

As shown in Tabs. and f.4, the adjoint derivatives deviate less from the central
finite differences results decreases as the mesh is refined. This behavior confirms the
expected mesh convergence of the adjoint formulation.

Furthermore, it can be observed that, for different initial porosity values ¢, the deviation
increases as the porosity approaches its limiting value of zero. This trend can be attributed
to the nonlinear behavior introduced by the Carman—Kozeny relations (Egs. andR.11)),
where the porous resistance increases significantly at low porosity values. Asa consequence,
the governing equations become increasingly stiff, which negatively affects the convergence
behavior of the numerical solver and reduces the accuracy of the primal solution.

In comparison with the electric adjoint model presented in Chapter 3, a smaller perturbation
value of Ae = 0.001 was employed in the present study, whereas Ae = 0.01 was used
in the purely electric case. This adjustment is justified by the reduced nonlinearity of the
present coupled electro-fluid formulation. The inclusion of the Navier—Stokes equations
introduces additional physical coupling; however, the overall system exhibits a more linear
response w.r.t. the considered perturbation, allowing for a smaller finite-difference step
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size while maintaining numerical stability and accuracy.

4.10 Optimization Loop

Following the excellent agreement obtained between the finite difference approximations
and the adjoint-based derivatives, an optimization procedure was implemented to evaluate
the capability of the developed software to improve the porous transport properties. Two
independent optimization loops were performed at different operating conditions, namely
at 0.6 V and 0.8 V, in order to investigate the influence of the operating voltage on the
optimal porosity distribution. The design variables are those described in B.3.

For the first optimization case (0.6 V), the initial values of all design variables were
uniformly initialized to a porosity value of 0.5. In the second case (0.8 V), a lower initial
porosity value of 0.3 was selected.

The optimization process is guided by the gradient computed from the adjoint method.
Using the current three-equation model, the sensitivities associated with the electrical
transport phenomena dominate over those related to the fluid transport mechanisms. In
particular, the cathode-side electrical contribution presents significantly larger derivatives
compared with the fluid contribution.

As a consequence, the optimization algorithm tends to decrease the porosity values in
the cathode-side layers. This reduction increases the effective electrical conductivity by
improving the solid-phase connectivity, which results in an overall improvement of the
objective function. Although the reduction in porosity increases the porous resistance,
this negative contribution remains smaller than the electrical benefit within the current
physical model. Therefore, the optimization converges towards lower porosity values,
reaching the imposed minimum porosity bound for the cathode regions.

As observed in Tab. .3, the optimized porosity values within the anode regions (AMPL
and ACL) exhibit remarkable similarity regardless of the operating voltage. Specifically,
despite starting from different initial states (0.500 at 0.6 V versus 0.300 at 0.8 V), the
optimization algorithm converges to approximately 0.46 for the AMPL and 0.40 for the
ACL in both operating conditions. This behavior indicates that the mass transport and
electrochemical requirements on the anode side remain relatively insensitive to the cell
voltage variations within this range, guiding the design toward a unified optimal porosity
distribution.

The optimized porosity distributions indicate a clear difference between the anode and
cathode sides. The CGDL porosity reaches the lower imposed bound in both operating
conditions, confirming that the electrical contribution dominates the optimization direction.
On the other hand, the AGDL porosity converges to intermediate values, indicating a
balance between electrical conductivity enhancement and the resistance associated with
reduced permeability.

For the 0.6 V optimization case, the cathode sensitivity remains negative and increases
in magnitude throughout the optimization process, driving the CGDL porosity towards its
minimum value 0.15. The AGDL sensitivity oscillates around zero, indicating that the
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Figure 4.1: Evolution of percentage increase in the objective function value during the
optimization loops at 0.6 V (left) and 0.8 V (right).

algorithm approaches an optimum.

For the 0.8 V case, the optimization demonstrates a faster improvement of the objective
function. The AGDL porosity increases during the first iterations before reaching a plateau,
while the CGDL again decreases rapidly towards the lower porosity bound.

4.11 Evaluation Using the Full Two-Phase Model

Following the completion of the optimization procedure based on the reduced three-equation
single-phase adjoint model, the obtained optimal design was evaluated using the full two-phase
primal solver. This verification step is necessary to assess the performance of the optimized

configuration under the complete physical model, which accounts for all relevant two-phase
transport phenomena.

The current obtained from the initial design was

I = 0.1046 A. (4.53)

After applying the optimized design to the full two-phase model, the resulting current
became
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Table 4.5: Initial and optimized porosity values for the optimized AMPL, ACL, CMPL
and CCL regions.

Region Initial Porosity Optimized Porosity

0.6 V
AGDL 0.500 0.493
AMPL 0.500 0.459
ACL 0.500 0.413
CGDL 0.500 0.15
CMPL 0.500 0.150
CCL 0.500 0.150

0.8V
AGDL 0.300 0.489
AMPL 0.300 0.464
ACL 0.300 0.397
CGDL 0.300 0.150
CMPL 0.300 0.150
CCL 0.300 0.150

Table 4.6: Optimization history and % evolution for the 0.6 V operating condition.

Iteration E€AGDL EcCGDL dF/dbAGDL dF/dbCGDL

0 0.500 0500  -0.0138 -0.801
1 0472 0340  0.0113 -0.783
2 0.495 0.183  -0.0105 -4.167
3 0465 0.150  0.0201 -5.886
4 0475 0.150  0.0092 -6.352
5 0493  0.150  -0.0090 -6.357
6 0475 0.150  0.0087 -6.352
7 0493 0.150  -0.0085 -6.352
I =0.1145 A. (4.54)

The corresponding improvement in the current is

Objective Increase (%) = 9.44. (4.55)

These results demonstrate that the optimized design obtained using the reduced adjoint
model also leads to a significant improvement when evaluated with the full two-phase
model, yielding an increase of approximately 9.4% in the output current. The numerical
simulations were performed using the same set of physical and transport parameters as
listed in Tab. [4.8.

63



Table 4.7: Optimization history and % evolution for the 0.8 V case.

Iteration EAGDL ECGDL dF/dbAGDL dF/dbCGDL

0 0.300 0.300 5.7746 -0.9217

1 0415 0.281 0.8774 -1.1402

2 0.433  0.258 0.6066 -1.4850

3 0.463 0.184 0.2489 -4.9431

4 0.476  0.150 0.1351 -5.2509

5 0.483 0.150 0.0687 -5.2537

6 0.486 0.150 0.0357 -5.2550

7 0.489  0.150 0.0116 -5.2559
Parameter Symbol Value / Units
Faraday’s constant F 96485.34 C/mol
Universal gas constant R 8.314 J/(mol - K)
Condensation rate Veond 1s7!
Evaporation rate Yevap 5x 107° Pa~!s~!
Absolute permeability Ky 3x 1072 m?
Reference temperature Trer 343.15 K
O, diffusivity in H,O vapor Do,_m,0 2.82 x 107> m?/s
O, diffusivity in Ny Do, _n, 2.2 x 107°m? /s
H,O diffusivity in Ny D,0-n, 2.56 x 107° m?/s
H, diffusivity in H,O vapor Dy, 1,0 9.15 x 107> m?/s
Reference pressure Dref 1 atm
Surface tension o 0.0625 N/m
Nafion volume fraction (CL) elﬁ?lf 0.3
Cathode exchange current density i;ifo 120 A/m’
Anode exchange current density juch 1 x10% A/m’
Reference concentration O ngf 5.4 mol/m’
Reference concentration H, C}zf 26.3 mol /m?
Anode transfer coefficient Qlge 0.5
Cathode transfer coefficient Qe e 0.5
Reference current density Ier 6000 A /m?
Cathode stoichiometry & 1
Anode stoichiometry &a 1
Cathode electrons Ze 2
Anode electrons Zq 2

Table 4.8: Physical and electrochemical parameters used in the full two-phase PEMFC
simulations.
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Chapter 5

Conclusions

In this diploma thesis, the baseline two-phase OpenFuelCell2 [22] framework was adopted
and extended for fully 3D simulations of PEMFCs systems. The main objective was
the development of an adjoint-based optimization software capable of providing accurate
gradients for the optimization of the porous media properties. To achieve this, the original
porous resistance formulation was upgraded through the incorporation of an analytical
Kozeny—Carman [|I]] correlation, introducing an explicit dependency of the porous media
resistance on the local porosity field. This modification enabled a physically consistent
sensitivity pathway between the design variables (¢) and the resulting flow resistance,
which was essential for the subsequent optimization procedure.

Furthermore, two different approaches for the treatment of the Nernst potential within
the electrochemical source terms were implemented and evaluated. The first approach
demonstrated higher adjoint derivatives and larger deviations; however, these deviations
decreased with mesh refinement. In contrast, the second approach resulted in smaller
deviations and lower adjoint derivatives, providing improved agreement with the finite-difference
sensitivity evaluation.

The continuous adjoint formulation was developed incrementally, initially for the electric
domain and subsequently extended to the single-phase representation of the fluid-flow
equations within the adopted two-phase primal framework. The final formulation resulted
in a complete three-equation adjoint system consisting of the continuity, momentum, and
charge transport equations. The accuracy and consistency of the developed adjoint implementation
were rigorously validated through comparison with finite-differences. The adjoint-derived
gradients showed excellent agreement with the finite-difference results, with all deviations
remaining below 5% for both the coarse and fine 3D meshes.

Following the verification stage, the developed adjoint model was integrated into an
optimization loop for the iterative update of the porosity distribution under two different
operating conditions (0.6 V and 0.8 V). The optimization procedure exhibited stable convergence
behaviour and achieved a measurable improvement of the objective functional. Specifically,
increases of approximately 3.9% and 5% in the generated current density were obtained
for the respective operating conditions, demonstrating the effectiveness of the proposed
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adjoint-based optimization methodology.

Overall, the obtained results confirm the capability of continuous adjoint methods,
when integrated into advanced multiphysics fuel cell solvers, to provide accurate sensitivity
information and enable meaningful performance improvements. The developed software
establishes a robust foundation for future extensions, in which the incorporation of additional
models simulating physical phenomena such as heat transfer, species transport, water
dissolution, and more advanced two-phase flow effects within the adjoint formulation.
These developments will enable the investigation of more complex degradation mechanisms,
water management strategies, and long-term durability aspects in 3D industrial-scale fuel
cell configurations.
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Extevig Ilepidnyn

AVTIKELPEVO Kol XT0yY0¢ TS Atmlopatikns Epyactog

H dumlopatikn epyacia emkevipdveror otnv avamtuén g HoONUATIKNG S TOTOONG
™G GLVVEXOVG GLLLYOVG HeBBOOV Kot GTNV LAOTOINGT VOGS LITOAOYIGTIKOD £pYAAEiOL YO
™ BeAtioTonoinomn KuyeA®v Kavaipov pe pepppdvn avtoriiayng tpotoviov (PEMFCs),
HES® TV VITOAOYILOUEVOV TAPOYDY®V, GTO VITOAOYLIGTIKO TTEPPariov Tov OpenFOAM.
O Paokdg 6TtOY0G TG HeAETNG etvar 1] evioyvomn TS anddooNG TG KVWEANG, LE KPLTHPLO
™V aOENGN TNG TOPAYOLEVIS TUKVOTNTOG PEVLOATOG, LECH TNG PEATIOTOTOINGNC TG YWPIKTG
KOTOVOUNG TOV TOPMI0VG GTIC TOPMIELS TEPLOYES TN KLYWEANG. H emiloyn Tov Topmdoovg
®¢ HETAPANTNG oYedOGHOV dev elvar Tuyaio, KaO®OG emnpedlel Aueso KPIGUYLES PLOIKEG
dlepyaocieg, Onmwg N HeTaeopd UAloc, 1 OmEPATOTNTA, 1| TOTEAEGLOTIKY] SLdYVOT), N
NAEKTPIKY Oy®YILOTNTO KOl KOT' EMEKTOOT), TI] GUVOAIKT 0TOS0GT] TOL GLGTHLOTOG,

Ynpooio Kot Pvowkn tov PEMFCs

Orkvyéreg kavoipov Tohmov PEMFCs amotehovv pia amd T1g To VToGYOUEVES TEYVOLOYIEG
NAEKTPOYN KNG LETATPOTNG EVEPYELNGS, KAONDC LETATPETOVY aeELOELOG TN YN UIKT) EVEPYELQL
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0V Kowoipov(Hsy) o nhektpikn evépyeto yopig dadikacio kavong. H Aettovpyia Tovg
BacileTton otn dtdcmaoT TOL LOPOYOVOL GTO (IVOS0, GTN LETAPOPA TOV TPMOTOVIOV HECH
™G HEUPPEVNG Ko 6T pON TOV NAEKTPOVIOV HEG® £EMTEPIKOD NAEKTPIKOD KUKAMDUATOC,
TOPAYOVTOG NAEKTPIKO PEVLLOL.

21V k40000 TPOYUATOTOEITAL 1 OVTIOPACT) VALY WYNS TOV 0EVYOVOV, OTTOV TOL TPWTOHVIN
Kol To NAEKTPOVIA avTIOpovV oynuotiCovrog vepd og teAko mapompoiov. [lapd ta onpovicd
TAEOVEKTNLATO TNG TEYVOAOYIOG, 1| LOVIEAOTOINOT] TNG GLVOJEVETAL OO VIOV PLGIKN
TOALTAOKOTNTO, KOOMG EUTAEKOVTOL TOTOYPOVO PUIVOLEVO PONG PEVGTOV, UETAPOPAC
palog, petapopdg Bepprotnrog, dtoyeiptong HOUTOG KAl NAEKTPOYN KOV OVTIOPACE®V.

Ymroloyrotiko Movtélo kot Aopn tov Ilediov

H epyacia Baciletor oty avantuén evog VTOAOYIGTIKOD HOVTEAOV TOAADV TEPLOYDV, TO
omoio meptAapPavel Tig TePLoyES pong aepiwv, Ta oTpmduata didyvong aepiov (GDLs), ta
KatoAvTikd otpopota (CLs), T pepufpdvn Kot to NAEKTPIKA aydYLO OTEPECL.

H avdntuén tov Loyiopkon giye og apetpio avotktd kddika pe dvopa ’OpenFuelCell2”
[22] o omoiog eAEyyOnKe, epmAovtiodnke Kat, 6N GLVEXELL, dNUOLPYNONKE O AVTIGTOYOG
oL{VYNG KOOKOG Y10l EMAEYEIGES GLVOPTNGELS GTOYOVG. TO TPMTEVOV LOVTEAO EIVOIL TOAVGVGTATIKO,
TOALPAGCTKO KOl TOALTEPLOYIKS Ko TEPIAaUPaveL eEl0DTELC dtortpnong LAlog Kot opung,
LETAPOPAS ELODV, NAEKTPIKOD SLVOLLKOD, HeTaPopds Oepuotrac, Kabmg Kat didyvong
vepoy ot pepPpavn.

Ymroloyrotikég Ieproyés kot Xvlevén @vokov Iedoinv

10 Zy. p. 1| mapovctalovtal ot EXUEPOVS TEPLOYES KOl O1 VTTOAOYIGTIKOL TOUEIS TOL LOVTEAOD.
Etvon onpovtico va onuetwbet 0Tt pio puotkn| meployn UIopel vo oviKeL o€ TEPIOCOTEPOVG
amd Evav Touels, avdAoya pe To 100G TV EEI0MGEMY TOL EMAVOVTAL.

Orvmoloyiotikol Topelg dtokpivovtal o¢ €ENG:

* 000 TopElg pevoTOD (avddoL Ko KaBOO0V), oL TEPIAAUPEVOLY Ta KavdAla aepiov
(GCs) ka1 mopmoelg otpmoelg (GDLs kot CLs),

* TPEIG NAEKTPIKOL TOUEIG (MAEKTPOVIKOG 0vOd0L Kot KaBOd0oV), Tov TepAapfdvouv
T1G dmolkég mAdkeg (BPs), Tic Topdoelg 0TPDOELS Kol TO KOTOAVTIKG GTPMUOTOL,
€VaGg TPOTOVIKOG TOPENS, 0 0oiog mePAapPdvel T HepPpavn Kol To KATOAVTIKA
GTPOUATA.

I'evikég EClomoelg ko ookt Movtehomoinon
Ytov Iiv. 5.1 mapovcidlovtar ot KOpleg eE16DGEIS TOV EMAVOVTOL GE KAOE PUGTKO TOUED.
To povtélo mepthapfavel EE1I0MGELG CLVEYELOG KO OPUNG Y10, TO PEVGTO, LETAPOPAS ELODV,

AYWYNS NAEKTPIKOD QOPTIOL, LETAPOPAS VEPOD 0N LEUPpavn Kal elcmon eveépyelag.
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Figure 5.1: Yrmoloyiotikéc meployés kot Topeig Tov povtédov. Inyn: [

[Swaitepn onuacio £xer n ovlevén peta&d TV TopEmV, KOODS TO NAEKTPIKO TTESIO
oLVOEETAL TOGO e TO PELOTO OGO Kol UE TO GUVOMKO eSO PHECH TOV NAEKTPOYNUIKOV
Op®V TYNG, EVO TO PELGTO Kot TO Beppcd medio culevyvbovtal HECH TNG TALTNTOGS, TNG
HETAPOPAS EVEPYELNG KO TOV OP®V TNYNC.

Movteromoinon IHopwoov Méocmv

[dwitepn épupacn 060nKe 6T LOVTELOTOINGT TOV TOPWODY TEPLOYDV TNG KVYEANS KOVGILLO,
KaBMG TO GUYKEKPIUEVA GTPOUATA TALPOVSLALOVY EVTOVT AAANAETIO PO LETAED POUVOUEV®V
UETAPOPEG LAL0C, PONG PEVGTOV, NAEKTPIKNG Oy OYIUOTNTOG KO NAEKTPOYNUIKOV AVTIOPAGE®DV.
Ewwotepa, ta otpodpata didyvong aepiov (Gas Diffusion Layers — GDL) kot ta katoAvTiKA
oTpopaTo yapoktnpilovioar and cvvheTn pikpodoun, 1 omoia exnpedlel CNUAVTIKA TN
LETOPOPE TV AVTIOPDOVTOV TPOG TIG EVEPYES TEPLOYES TNG KLYWEANG.

"o v TocoTIKN TEPTYPOPT TNG EMOPAON G TNG UIKPOOOUNS, TO TOPMOES € EMAEYOINKE
o¢ Paotkn petafint) oxedacpov. H petafoin tov mopddovg emnpedlel aueco v
avTioTOON TOL TAPOLGLALEL TO TOPMDIEG LEGO GTN SIELELGT TOL PEVCTOV, LEGM TNG LETOPOANG
™G JSmEPATOTNTOS KOl TV adpaveElOK®V pavouéveov. H cuoyétion avt meptypdonie
pécw tov oxéoewv Kozeny—Carma [1j], ot omoieg cuvoéovy T HKPOSOUIKT TOPAUETPO
TOV TOPDOOOVG LE TOVG CLUVTEAECTES OVTIGTAOTG TOV HLEGOL:

150(1 — ¢)? 3.5(1 —
ale) = %75(5) = % (5.1

omov d, amotelet to yapoakmmproTcd péyebog tmwv topwv. O cvvtereotg o oyetiletar pe
T1G 1EDOELG ATMAELEG TOV PELGTOV AOY® TPIPNG GTA TOYYDLOTO TOV TOPMV, EVD O GUVIEAEGTNG
B mePypAPEL TIG AOPAVELNKES OTDOAEIEG TTOL EULPAVICOVTAL Y10 VENUEVEG TOYVTNTEG POT|G.
Yuvendmg, 1 adénon N N pelwon Tov ToPMOOVE LETOPAALEL TNV AVTIGTOGT] TOV TOPDOOOVE
HEGOV Kol KAT  EMEKTACT] TNV KOTOVOWUY TNG PONG Kol TN UETOPOPE TOV AVIIOPOVI®V
péca otV KoyéAN. Ot mapoamdve oyxéoelg elodyoviot angvbelag otov 0po YN TG
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Mpotevovoeg Meproyég
E&wsmoeig

0

Awnpnon Malag (a;t%) + V- (agpeve) = Ry Topéag Pevotod(GCs,
GDLs, CLs)

0
Awtipnon M + V- (appeVevey) = —ayVp+ Topéag Peuston(GCs,
Oppng(Eulerian- $Ps€ + My + Sbarcy ¢ GDLs, CLs)
Eulerian)

0 Y;

] . M + V- (pgagvg}/;-) , .
Metagopd Xnukov ot Topéag Pevotou(GCs,
Edv =V - (pgagDE'VY;) + ayR;  GDLs, CLs)
Metagpopd V- (cgV®g)=Jg, V-(0;V®;)=J Topéog
Pevpatog Pevpatog(HAextpovikoc,

[Ipwrtovikdg)

P OA o (ndlf)

Audyvon Nepov EW ot F Mepufpdvn
—V. (E’L”WD;?VA) + Ry

a(pC,T
Awohpnon (p&tp) +pCpv-VT =V - (kestVT) 4+ Q Ohcog Topéog
Evépyelag

C‘ § azFr (1—a)z

Hektpoynpuikoi j= iOH (C’Z ) {e‘ G Fq CLs
Opot Iy i\

(Butler—Volmer)

Table 5.1: ZOvoymn TOV TPpOTEVOVOWOV £EICMOCEMV GTOVS OVTIGTOLYOVG VITOAOYIGTIKOVG
TOUELC.

eElomwong opung, 0 omoiog TEPIYPAPEL TNV AVIIGTOCT TOV OOKEL TO TOPMOEG VAIKO OTN
pon. Zvykekpyéva, ypnoorombnke n dwutdnwon Darcy—Forchheimer, couemva pe
Vv onoia 0 6pog AVTIGTUONG Sparcy,¢ OtveTOL OTTO:

1
Sbarcy,6 = — (ud,oz + §p¢|v¢|ﬁ) Vo, (5.2)

OTOV 1y KO Py EIVOL TO SLVOLLKO 1EMOEG KaL 1| TUKVOTNTO TOV PEVGTOV AVTIGTOL(N, EVA
Vs amotelel TNV todTNTA TOV PEVOTOD PECH G6TO TOPMOdES HEGO. O TPAOTOG OPOG NG
napévleong avtiotol el otV 1EGON cvvieTOGA TG avtictaong (Darcy term), evd o 0e0TEPOG
Opo¢ avTimpoo®TevEL TNV adpavelakn cuviot®od (Forchheimer term).

Me tov 1pdmo aT0, 1 ETIOPACT TNG LIKPOSOUNS TOV TOPDSIOVS VAIKOD EVGMLATMVETOL
otV e&lomon dlTNPNoNG TG OPUNG LECH TV GUVTEAESTOV () ko B(€), EmTPEmOVTAS
TNV TPOGOUOIMOT TNG EMLOPACTG SLUPOPETIKMOV KATAVOLDY TOPDOIOVS GTY| POT| T®V aepiwV
K0l TN GLVOMKT 0rdd0om TS KLOYEANC Kowoipov. To cuykekpluévo HOVTELO TOP®ODV
HECOV EVOOUUTOONKE GTOV TPMTELOVTA ETAVTN TOV AVATTUYXONKE GTNV €pyacio AVTY.
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Oprokég XovOnkeg

210V peuoToduvapKd Topén eQaprolovial ot oplakés cuvinkeg mov cuvoyilovtal cTov

Miv. 5.2, mepiopBavovtoc cuvBikeg 16680V, ££050V Kol TOLYOUATOV.

Table 5.2: Opuokég cuvOnNKeg TOV PELGTOSVVALLKOD TOUEA.

Yvovopwokn Emeavela Ofon Toayvmmra v | Ilieon p
St Eicodot GCs | Fixed value | dp/dn =0
Sw Y1eped Opia v; =0 dp/on =0
So "E€0dot CGs | Jv;/0On =0 | Fixed value

AvTioTOyY0, 01 0pLaKEG GUVONKEC TOV NAEKTPLKOD Topén Tapovstdloviat 1o Xy. B.2,
omov epappoloviar cuvonkeg Dirichlet Yo 10 NAEKTPIKO SUVALIKO KOt GUVONKEG UNOEVIKNG
Neumann.

Anode Side (QEAnode)
GDL CL

Cathode Side (QEcathode)
CL GDL

BPP BPP (I)E(QE)

DOMAINS
(TWO DOMAINS)

g (Bg =0V)
elsewhere

Dirichlet Boundary \ .:

(q)E =0.6 V) Homogeneous

Neumann Boundary

[oli3)
Be_ )| | (52 =0)
——=0) on Q
Homogeneous ! b DOMAIN
Neumann Boundary pudind | 0)
on
(GCIJI )
— =0 Homogeneous
on CL M CL Boundary

Figure 5.2: Opuokég cuvOnkeg Tov NAEKTPIKOD TOUED.

Evoopdatmon Avvapikov Nernst

[Swaitepn Tpocoyn 666nke 6T cWGTH EVoOUATOOT TOL dvvaptkoh Nernst ot datHnwon
TOV NAEKTPIKOV povTéAov. To duvapikd Nernst avTimtpocOmEVEL TO AVTIGTPEYILO NAEKTPOYTLUKO
SVVaUIKO TNG avTidpaons kot umopel va ety del eite pnTd HECH TOV VTEPTAGE®Y EVEPYOTOIN GG
elte EUpEcH HECH TOV OPLOKDOV GLVONKDOV TOV NAEKTPIKOD OLVOLLKOD.

Ed® avoamtoydniov d0o pabnpotikcd 1c060vapeg S0 TUTOGELS, 01 OTTOIEG 031 YOUV GTNV
{010 PLGIKY TEPLYPAPT] AALA SLOPOPOTOLOVVTOL TN LB LATIKY TOVG VAOToinon. H emthoyn
™G KOTAAANANG TTPOGEYYIoNGg €MNPEAleEl TOV OPIGUO TMV VIEPTAGEMY GTO, KOTOUAVTIKA
OTPMUATO KO, KOTA GUVETELN, TN SIOUOPP®ON TV Opwv TNYNG otTic elomaelg Butler—
Volmer.
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Method 1 Method 2
¢c|-\.‘ = ﬂ ¢|.'I-: = nl-.ll.ll = E:'r - E'n‘li

Anode BP

Anode GDL
o, = b, — b, Anode CL MNoct = Bote = P
Membrane
Mt = Pee =i —E, Cathode CL | i, =d,. -4,
| Cathode GDL

Cathode BP

{i}clc = E~:¢I'. ¢ulu = ﬂ

Figure 5.3: ZOykpion dVo mpoceyyicemv yio v eveoudtmon Tov duvapukoy Nernst.

I'eopetpio ko Yroroyrotiko ITAéypa

H yeopetpio g umd perétn koyéing kavsipov PEMFC tepilapfavet Tic durolkéc mAdkec,
T0 KavaALo pong aepimv, Tig Topddelg meployés (GDLs kot CLs) kot ™ pepfpdvn avtoriayng
npotoviov. To cuvolkd pnkog tov kavol®v gival 30 mm, OT®G TOPOVSIALETAL GTO
>y F.4.

H ap1Buntucn dakpiromoinon tov mediov mpaypatoromonke pe 3A dounuéva TAEypoto
(blockMesh). H telkr] popen tov VIOAOYIGTIKOD TAEYUATOG Kol O So®PIoUOS TOV
EMUEPOVS PUOIKAOV TTEPLOXGOV Tapovotdletar oto Zy. B.3. T v apdpmricy exivon
ypnopomomdnkay 600 TAEYLATO SLPOPETIKNG AVAAVLGTG, LE GTOYO TN SEPEVVION TNG
EMIOPAONG TNG SLOKPLITOTOINONG GTO OTOTEAECUATO KO TV aSl0A0YNoN TS OPlOUNTIKNG
GUYKALIOTG TOV LLOVTEAOV.

To mukvd TAEY O aVTIGTOXEL GE DYNANG OVAAVGON G SLOKPITOTOIN O™ LE QVENUEVO OLLMG
VTOAOYIOTIKO KOOTOG. AvTifeTa, TO apotd TAEYUO LELOVEL CNUAVTIKE TO VTOAOYIOTIKO
(QOPTIO KO YPNOIUOTTOLEITAL KUPIMG Y10 GLYKPITIKOVG Kot EMPEPAOTIKOVS VTTOAOYIGHOVG.

H ypnion tov 600 TAeyUAT®VY EMTPETEL TNV TOLOTIKT KO TOGOTIKY| a&loAdYN o TNG evaioOnciog
TOV OTOTELEGUATMV MG TPOG TNV OVAAVGT) TOV TAEYHOTOG.
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Figure 5.4: Awdotarn yeoperpio tng PEMFC (yopig kAipoka).
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Figure 5.5: Ymoloyiotikd mA&ypa kot S1oy®piopds QUGIKAOV TEPLOYDV.

MaOnpotikny Arotdnmon Kot Avartoén tns Xvlvyovg Mebooov
otov Hiektpko Topéa

H avantoén g ovluyovg (adjoint) pebdoov amoteel To kKeVTpkd OempPNTIKO KOl VTTOAOYIGTIKO
oKEAOG TNG TOPOVGUG EPYNCING. XTO 0PYIKO 6TAS10, 1| cLLLYNG dTvwoN TeplopileTan
OTTOKAEIGTIKA GTOV MAEKTPIKO TOpEN ONAadn OlapopileTan povo M eEiomon HeTapopdg
pedportog IMiv. B.1], evéd o vrdrowma puowcd medion TV Tov MAEKTPUOD duvatkod P
Bewpovvtol Yvootd Kot avedptnta and tn HETOPANTH o)Xed10GHOD.

To TpOPAN LA S1ATVRTDOVETOL VTG TOTEVOIOGTOTIKES GLVONKEG AgtTOVPYiG, OTMS TAPOVSIAlETOL
ko oto Xy. 5.2, 6mov 10 emPordopevo duvapcd Oempeiton SedopEVO Kot TO pEDLO TPOKVTTEL
amd TN Adon tov cvotiuatos. H avtikepevikny cuvaptnon opiletor wg 10 OAOKAN PO
NG OYKOUETPIKNG TUKVOTNTOG PEOUATOG GE EMAEYUEVO KaTaALTkd otpdpa (ACL 1 CCL),
avdioya pe to e€etaldpevo oevdpio.

Ot petafintég oyedacpov Tov mTpoPAnuatog Peitiotonoinong opilovtal pécw g
KOTOVOUNG TOV TOPDOOVG OTIG ENMUEPOVS TOPMIEIS TEPLOYES TNG KLYEANGS KOWGTIHOV. ZVYKEKPIUEVO,
Oempeiton 0TL TO TOPMIEC TAPAUEVEL GTAOEPO EVTOG KADE S1OKPITIG TEPLOYNG, LE ATOTEAEGLLOL
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KkG0e meproyn va meprypdoetal and pio aveEdptntn petaPfAnT oxedacpom.

Me ) ypnomn g pnebddov morlhamiaciact®v Lagrange oynuatiletal n emovénuévn
oLVAPTNOT KOGTOVS, GTNV OTOI0. EVOMUATDOVETOL O TEPLOPIGHOG TNG £EICMONE NAEKTIKOV
@optiov. AT TNV amaitnorn UnodEVIGHOD TV OP®V TNG ETAVENUEVIG GUVAPTIONG TPOKVITEL
1 6L{VYAE SraTvmon, kabdg kat ot avtioTotyes ovlvyeic optakéc cuvOrfkec (BA. Iiv.B.3).

210 apyKd LOVTELO AapPdvovtay voyn ta oTpdpaTo didyvong aepiov (GDL) kot ta
katoivtikd otpopoto (CL). Xto mhaicto g mapovcag epyaciag, To LoVIEAO emekTdOnke
HE TNV E100Y®YN VOGS EMTALOV IKPOTOPDO0VG oTpduatos (MPL) petalbd tov GDL kot
TOV KOTAAVTIKOU GTPOUOTOG.

Q¢ amotéAespa, 1 Avod0g Kot 1) KAB0d0G NG KLWEANS Teptypdoviot TAEOV o TPELS
aveEapnTeg LETAPANTEG oYedOGOV 1 Kabepia, 01 0TTOIEC OVTIOTOLYOVV GTO TOPMDOES TOV
GDL, tov MPL kot Tov CL. ZuvoAikd, to mpoPAnua Bertiotonoinong nepthapfavet €5
petafAntég oxedlocov, 01 OTOIEG EMTPEMOVV T1) dlEPEHVNOT TNG EMLOPOCTG SLUPOPETIKMV
KOTOAVOLU®MY TOPMOOLG GTNV NAEKTPOYNUIKT] 0TdS00T TG KVWEANG.

H ovluyng pébodog emttpémel Tov VTOAOYIGUO TOV TOPOYMYMV TNG CVTIKEWLEVIKNG
GULVAPTNONG WG TPOG TIG LETAPANTEG OXEOLAG OV LE VTOAOYIGTIKO KOGTOG TOV OEV EE0PTATAL
and Tov aplud TOV oYESICTIK®OV TOPAUETPOV. To YEYOVOG 0VTO AOTEAEL GNUOVTIKO
TAEOVEKTNLLO EVOVTL TOV TEXEPUGUEVOV OAPOPDOV.

H eyxvpotta g ovluyoig dtotdnwong a&lohoyndnke HEGm GUYKPIONG TV TOPUYDY®V
OV TPOKLTTOVY amd TN cLLVYT HEBodO e exeivec Tov voroyilovion aplBunTikd PEcw
KEVIPIKAOV Temepacuévov dapopmv. Ta amoteléopota mapovoidlovror otovg Iliv.
ko 5.9, TTopapeitor modd Kodf copeovia petaéd Tov §Ho pedddmy, Wiaitepa yio pkpd
prpota dteTapayng TG TOPMO®OOVS TIUNG.

H ovluy1c néBodog tov ouigvypévov HovtEAOL TPLAOV EELICMGEMV

e emdpevo 01ad10 1 6VLVYNG SATLTTMOT) EMEKTAONKE MOTE VOL GUUTEPTAAPEL KOL TO PEVGTOOVVOUIKO
nedio, pe amotédeso T dnpovpyia evos sulevypévon culuyoHs LOVTELOL TPLOV EEICDGEDY
(Awtapnon Matoc-Opung/ Metagopd Pevpatog ITiv. 5.1)). H enéktacn oty sivon onpovTiky,
O10TL TO TOPMOES OEV EMMNPEALEL LOVO TIG NAEKTPIKES 1010TNTES (MAEKTPIKT] AYOYIHOTNTAL),
OAAG Ko TN poT| TOL aepiov HEGH GTNV KLWEAN, Gpol Kol TN LETAPOPE TOV AVTIOPOVIWOV
TPOG T, EVEPYE onueia TV KataAlvTikdv otpoudtov. H ocvluyng avaivon tov mediov
PONG TOPEYEL TPOGOHETEG TOPAYDYOVE, O1 OTTOIES EVOMUOTOVOVTOL GTNV TEAIKN KaTEVOVVON
BeAtiotomoinong. Kot oe avtv v mepintmon, 1 cvluyng datvmmon enaAnfedtnke
LEG® GVYKPIONG LLE TEMEPAGLEVEG OLOUPOPES, EMPEPALDOVOVTAG OTL TO AOYICUIKO TOPAUEVEL
akpPEG Kot Yo 1o TANPEG GLLEVYUEVO TPOPANLLOL.

H avtikeipevikn covapmnon kabadg kot ot petafAntég oyedtacpov opilovior 0mmg
neptypaonkay otov Iiv. 5.3.

H Beltictomoinon mpaypoatonoteitor pe emavoAnmikd adyopidpo tHmov amdtoung
k0a0650v. Ze kdbe KOKAO, 01 GVLVYEIG LETAPANTES TPOSPEPOLV TIG TAPAYDYOVG TNG GLVAPTNONG
GTOYOL MG TPOG TO TOPMIES TMV EMUEPOVS TEPLOYDV, KO O1 TIUEG OVTES YPTCUYLOTOLOVVTOL
Y0 TV EVNUEP®ON TOV GYEOGTIKOV ediov. H dtadikacio avtr 6Toyevel 0T GTASIOKY|
OVOKOLTOVO LT TOV TTOPMAOVG LE TETOL0 TPOTO MGTE VO AVEAVETAL 1) TOPOYOLEVT] TUKVOTNTO
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Yroyyeio Xoloyng Alatvmoon

AvTikeuevik
Xuvaptnon J— / jdQ)
Qcr
Mé£y1010 GUVOMKO PEVUO GTO EMAEYHEVO KOTOAVTIKO GTPOLO
(ACL 11 CCL).
Merafintég
Xye01001L0D EAGDL; EAMPL, EACL
€CGDL, €CMPL, €CCL
To mpoPAnua Peitictomoinong ovdystor oe &L aveEdptnreg
UeTaPANTEG OYESOOLOV.
Enravénpévn Zovaption
Jaug:/ de+/ ® R® d
Qcr Q
E&icmon Xvlvyovg
(Hiektpovikog Topéoc) V- (0gVog)+ Cr — ¢pdSg — ¢16S1 =0
Eicwon Xvlvyovg
(MpoTovikog Toptac) V- (o01Vor)+ Cx — ¢16S1 — ¢pdSg =0
Opraxég Zovonkeg Dirichlet (yvoot6 dvvapiko):
Yvloyovg IpoPfijpatog
¢=0
Neumann (yvo6T1i] pon} peONATOC):
9¢
|
“on

Ioyvovv avtioTotrya Y10 TOV NAEKTPOVIKO KoL IOVTIKO TOUED.

Xvvaptnon
EvaweOnociog

5] =— | Vor -VOpsopdQ— | Vér-Vd;dordQ
QE QI

Telkn popen ovluydv Topaydywv gooucnciog o¢ mpog Tig
LETAPANTEG OYEOIAGLLOV TOPDIOVG.

Table 5.3: XOvoyn avtikelpevikng cuvaptnong, LETUPANTOV oYeSOCHOD, ETAVENUEVG
dltvmmons, cv{LYOV EEICMOEMY, OPLIKMOV GLVONK®OV Kol TEMK®OV TOPOYOY®V Yol TO
TPOPANUa BeATioTONOINONG TG KLYWEANS KOVGILOV. 78



Meproyi | Kevipwéc A | Adjoint | Améxhon (%)

Apauio [ éyuo.

AGDL | -0.007929183 | -0.007501527 5.393

ACL -0.000195090 | -0.000192667 1.242

AMPL | -0.000296728 | -0.000294846 0.634
Ivkvo [ éyuo.

AGDL | -0.007799778 | -0.007560392 3.069

ACL -0.000191860 | -0.000189925 1.008

AMPL | -0.000296018 | -0.000293141 0.326

Table 5.4: X0ykpion peta&d nemepacpévov dtapopav (de = 0.01) kot g ovluyodc

TEYVIKNG Y1 TN pébodo 1.

Heproyf | Kevipuic A | Adjoint | Améxhion (%)

Apoud IAyuo.

AGDL | -0.004777719 | -0.004700378 1.619

ACL -0.000121849 | -0.000120401 1.188

AMPL -0.000182312 | -0.000181186 0.617
TTorvo TTAéyuo.

AGDL | -0.004715906 | -0.004680907 0.742

ACL -0.000120493 | -0.000119321 0.973

AMPL | -0.000180590 | -0.000180201 0.215

Table 5.5: XOykpion peta&d KEVIPIKOV TETEPUCUEVODV S0QOPDV (e =
ovluyoig TeXVIKNG Yo T HEBodo 2.

0.01) xo g

pevpatoc. H ovykekpyévn pebodoroyia etvor katdAinin yio mpofAnparta peydiov peyédoug,
KaB®OG AmOPEVYEL TO TEPAGTIO VTTOAOYLIOTIKO KOGTOG TTOL Har amantovse 1 Eexmploth) S10pOpion
¢ TPOoG KAOE peTafAntn oyed0GHOV.

>tov Iiv. 5.4 mapovsialerar n podnpatiky Sopn Tov avertuypévon culuyods Loviéhov.
H sicayoyn tov S1a@optkdv TEPLOPIGUAOY 6TV ETALENUEVT GUVEPTNOT LEGH TV TOAAUTAACIOCTOV
Lagrange emitpénet tov Tantdypovo vwoAoyiopud TV cu{uy®v HETARANTOV Yo TO TEdI0
TAYLTHTOV, TECNG KOl NAEKTPIKOD SUVAUIKOV.

Mo v emkdpwon g aomotiog Twv VTOAOYILOHEVOV GV VYDV KAICEWV, TpayoToToOnkKe
ToGOTIKN 60YKpion pe T pébodo Kevrpimv [enepacpévaov Atapopov, To amoteAéouato
™g onoiog cuvoyilovrat otov ITiv. 5.7, H ovykpion die&qydn yia 1o otpdpa Stdyuong
aepiov g avodov (AGDL) yw tdoeic 0.6 V ko 0.8 V Kot S1000peTiKég TuKVOTNTES
VTOAOYIOTIKOV TAEYHaToG. H péylotn andkiion peta&d twv dvo pedddmv dev vepPaivet
10 1.64%, yeyovOg mov moTomolel TV akpifeio TG HOONUATIKNG YPOUUKOTOINoTG Kot
™G apOuNTIKNG VAOTOINGoNG TOV GLLVYOVE KOAIKA, AKOUN Kol Y10 To cLVOETO GulEVYUEVO
QOLVOUEVO.

Y10 2. .6 answovietar 1 ovykhon g Sadikaciog PelticTonoinong HEc® TG
€EEMENG NG AVTIKEIUEVIKNG GUVEAPTNONG GE GLVAPTI O UE TOVG KUKAOLS TOV 0Ayopifov,
v TG dvo e€etalopeveg Taoelg Aettovpyiag. Tapatnpeiton 6TL 0 adydpOpog emTvyydver
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Eravénuévn Xovvaption
Fayg = F—i—/uindQ—i—/qudQ—i—/ (bRcbdQ
Q Q Q
Yvlvuyeig E€iomoseig 5 5 5
(Zbotnpo 3 eEiodoE0V) e I S (et N ¥ | P_y
Ox; v Ox;j vt ox; Nenst )

dq Ou; ouy; 0 (0u; Ou;
_ gt 5 Sparey =
3£Cip 89:1 pU] 833]‘ pv] M@xj <8:C] + 8931 + SDa e 0
0 0P M;
— (UEE> +Cy — PpdSg — 1051 + quL =0
Ox;j Ox;j zF
Oproxég XZovonkeg Eicodog: ¢ =0, uy =0, up, =0

Yvluyovg Mpopmparog  Toiyopa: dg/on =0, u=0
"E€odog: ¢ = 0, Tomov Robin yia u;
Hlextpikd medio: Dirichlet | Neumann 6nwg 610 mpmtevov
TPOPAN L

Table 5.6: Xvvontikn dwtdmwon Tov cvluyovg povtélov 3 efichoewv (medio ponc—
OCUVEYEL—MAEKTPIKO TEDIO0).

Table 5.7: Z0Oykpion TV OMOTEAECUATOV KEVIPIKMOV TETEPACUEVOV OLOPOPDY KOl TOV
Tapay®ywv omd 1 cvluyn uébodo yia v meproyn AGDL.

Taon TTAéypa ey Ae  Kevipwég [TA  Xvloyng Mébodog  Amodxhion (%)

0.6V Tlukvo 0.5 0.001 0.005948924 0.006002257 -0.896517
0.6V Apao 0.5 0.001 0.005853548 0.005949379 -1.637138
0.8V Apawo 03 0.001 0.074164382 0.073196540 1.304996

LOVOVOTOVI aOENGCT TNG TOPAYOLEVIG TUKVOTNTAG PEVUATOG, 1 Tdom otabepomoinong
(mhatd) mov epeaviCeTon 6T CLVEXELN VTOSEIKVIEL TNV EMLTLUYN TPOGEYYLIoN TNG PEATIOTNG
KOTAVOUNG TOPDS0VG VIO TOVG TEDEVTES YEMUETPIKOVG KO UGIKOVS TEPLOPIGHOVS. ZVVOMKAL,
n PeAtiotomoinon anédmwoe avénon katd 3.9% xat 5.0% yia Ti¢ tdoelg Asttovpyiag 0.6 V
ko 0.8 'V, avtiotowya.

Ot ITiv. B.8 kou 5.9 mopéyovv o Aentopept| katoypagn g mopeiog Bedtiotonoinong
yw ta 0.6 V ko 0.8 V avtictoyo, mapovstaloviog Tig TIES TOL ToPMOoVS (€) Kol TV
avtiotoymv mapoydyev evoictnoiog (dJ/db) ywo ta otpdpate didyvong TG avodoL
(AGDL) ka1 g kaf866ov (CGDL). Amd v avdAivon tov dedopévaov TpoKHTTEL OTL TO
CGDL amotehei v kupiapyn meploxn Exppons, Kabdg ot evacinoieg Tov eivot onpavtika
VYNAOTEPEG GE OMOALTY TN, 0ONYDOVTOS TO TOPDOES OTO KATMTOTO EMTPENTO PLGIKO
opo (ecapr = 0.150). AvtifBeta, n meproyn tov AGDL gpoaviletl pukpdtepeg Kot eVOALACCGOUEVES
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Figure 5.6: EEEMEN ¢ BerTimong TG AVTIKEWEVIKNG GUVAPTNONG KOTA TN SIUPKELD TOV
KOKA®V Bertiotonoinong ota 0.6 V (aptotepd) kot 0.8 V (5e&1dr).

Table 5.8: Iotopikd BertioTonoinong kot eEEMEN Tapaydymv yio Aettovpyio oto 0.6 V.

Kokhog eagpr ecepr dJ/dbagpr dJ/dbcepr

0 0.500 0.500 -0.0138 -0.801
1 0.472  0.340 0.0113 -0.783
2 0.495 0.183 -0.0105 -4.167
3 0.465 0.150 0.0201 -5.886
4 0.475 0.150 0.0092 -6.352
5 0.493 0.150 -0.0090 -6.357
6 0.475 0.150 0.0087 -6.352
7 0.493 0.150 -0.0085 -6.352

TILEG EVAICHN LDV, VTOINADVOVTOG L0 TLO NTTLOL AVOKATOVOLT YOPM OO TNV OPYIKN TN
o€ UOD.

Metd v oloxAnpwon g dwadikaciag Pedtiotomoinong, n onoia Pacictnke 6to
ATAOTONUEVO LOVOPAGIKO GVLVYEG LOVTELD TPLOV EEIGADCEWV, 1 BEATIOTN Ye®UETPia TOV
TPOEKLYE AEI0A0YNONKE YPNOUOTOIDVTOS TOV TANPN S1PACIKO TPpmTELOVTA EMAVTY. To
0TAd10 aVTO etvar amapaitnTo yio v enaAnfgvon g amddoong g BeATIGTOTOMUEVNS
SUOPE®ONG VO TNV TANPY UK TEPLYPOUPY] TOL TPOPANUATOG, N omoia AapPdver
VIEOYN OAOL TOL GYETIKA POVOLEVO SUPOGIKNG LETAPOPAG.

To NAEKTPIKO PEVLLLO TTOV OVTICTOLYEL GTNV OPYIKN YEOUETPia Etvar
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Iy =0.1046 A. (5.3)
Metd v epappoyn g PEATIOTNG YEOUETPIOG 6TO TANPES S1PACTKO LOVTELO, TO TAPAYOUEVO
NAEKTPIKO peVLOL SOUOPPDONKE GE
I, = 0.1145 A. (5.4)

H avtioctoym Peitimon tov nAekTpikov pedpatog vwoAoyileton g

[Tocootiaio AvEnon = 9.44%. (5.5

To amotedéopato ovtd Kotadekviovy 0Tt 1 BEATIOT YempueTpia, 1 ool Tpodkvuye
péom g dwdikaciog Pedtiotonoinong pe to amiomomuévo cvluyég poviého, odnyel
emiong o€ onuavtikn Pertioon e anddoons 6tav aloAoyeiton Pe TO TANPES OLPACTKO
HOVTELD. ZuYKEKPUEVA, TOpATNPEiTOL aHENGTN TOV TOPAYOUEVOL NAEKTPIKOD PEVLOTOG
Kkatd nepinov 9.4%.

Table 5.9: Iotopkd Pertictomoinong kot EEMEN Tapay®Y®V Yo T GLVON KT Aettovpyiog
ota 0.8 V.

Kbokhog eacpr ecepr dJ/dbagpr dJ/dbeapr

0 0.300 0.300 5.7746 -0.9217
1 0.415 0.281 0.8774 -1.1402
2 0.433 0.258 0.6066 -1.4850
3 0.463 0.184 0.2489 -4.9431
4 0476  0.150 0.1351 -5.2509
5 0.483 0.150 0.0687 -5.2537
6 0.486 0.150 0.0357 -5.2550
7 0.489 0.150 0.0116 -5.2559

Enriloyog

To apBuntiKd amotedéopota £6e1Eav T 1) cvVEXNS GLLVYNG SOTVTMOOT TAPEYEL GUVETELG
Ko akpIPBElG TapaydyoLus Kot 0Tt 1 ETavaAnmTiky BeAtiotonoinomn odnyel og Pedtioon g
niektpoynuikng amddoong tov PEMFC. H eraAnBgvomn tov pHovtéAov pe TEMEPUGUEVES
dwpopés emPePainwaoe v 0pHOTNTA TG VAOTOINGNC, EVD O1VTOAOYIGTIKES OOKIUES KATEGEIEAY
OTL 1] TPOGEYYIOT AT UTOPEL VO VTTOGTNPIEEL TOGO TNV AVAALGT OGO KOl TOV GYESLUGLO
BeAtiopévov dopmv Koyeddv kavoipov. Emmiéov, n epyacio avadewkvoel ) onpacio
NG TPOGEKTIKNG POUNTIKNG dtarxeipiong, KaOMG 1o TpOPAN e Vol 1OLOHTEPQ LT YPOUUIKO,
ovlevYEVO Kot E0aictNTO o€ EMAOYEG OPLOKDV KOl OPYIKAOV GUVONKAOV.

‘Eva emmdéov mheovékTna TG Tapovoag Epyaciag eivatl 0Tt cuvovalet T BempnTiKn
StHmmon pe Eva TANP®G AETovpyIKO VToAoY1oTIKO TEpBdriov. H avimtuén oto OpenFOAM
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EMUTPENEL TNV EKUETAAAEVOT SOKILAGUEVOV aplOuNTIK®OV epyoieimv, TV eveMéia otV
TPOTOTOINGT| TOL KMOOKO Kot T1 duvaTOTNTA EMEKTOCNS GE o cvvOeTa TPpOofAnaTe 6TO
pérdov. H evoopdtwon tg ovluyovg pebodov oe éva tétoto mepifdirov kabiotd to
TA0LG10 11HTEPOL YPTGLLLO Y10 TEPALTEP® EPEVVL, EITE Y10L TLO AETTOUEPT] PUGIKT) LOVTEAOTOIN O
elte yuo peréreg oyxedlaotikng Pertiotonoinong oe Propmyavikng kKAMpoKog yewpetpieg.
ZVVOAIKA, 1 TPOHSO SMAMUOTIKY €PYAGio GUUPAAAEL GTNV avATTTLEN EVOG TANPOVG
KOl GUVETOVG VTOAOYIGTIKOU TAOGIOV Yoo TNV avaivon kot BeAtictonoinon PEMFCs
HEG® TNG oLVEYOVS GLVOJOV HeBBOOV. H Tpocéyyion avtr| emttpénel Ty amodotikn e€oymyn
VUGN CIOV WG TPOG TO TOPMIOESG, TNV ASIOMIGTY EXAANOEVOT| LLE TEMEPUTUEVEG SLOPOPESG
K0l T CLGTNUOTIKY PeATioon ¢ amddoong Tov ototyeiov. H pedétn katadeikvoel 0TI n
GLVOLACLEVT YPNON PUGIKNG LOVTELOTOINONG, APOUNTIKNG AVAAVGNG Kol GUVOS0L BEATIGTOTOINGNG
UTOPEL VO TPOGPEPEL OVGLUGTIKA OTTOTEAEGLOTO GTOV GYEOLAGHO TPONYUEVOV NAEKTPOYN UKDV
CLCTNUATOV KOl VAL ATOTEAEGEL T BACT Y10 LEAAOVTIKEG ETEKTAGELS GE OKOUT L0 cLVOETA
HOVTELQ.
AéEeic-kherdnd: PEMFC, OpenFOAM, cuveyng culuyng nébodog, fertioTonoinon, mopmoeg,
Kozeny—Carman, Nernst, VTOAOYIGTIKY] PEVGTOOVVOLLIKY.
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